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Abstract. We give a geometric interpretation for the non-geodesic biharmonic curves
on the unit euclidian sphere S* and, using the stereographic projection, we study the
second variation of the bienergy functional for some biharmonic surfaces in S®.
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1. Introduction. Let ¢:(M,g)—(N,h) be a smooth map between
Riemannian manifolds. The tension field of ¢ is defined by 7(¢)= trace Vdo,
and when M is compact, the bienergy of ¢ is Ea(¢) = 5[5, |7(#)|* vg. The
critical points of Ey are called biharmonic maps. JIANG obtained in [15,16]
the first and the second variation formula for the bienergy, showing that
the Euler-Lagrange equation corresponding to Es is

() = —J%(7(¢)) =0,

where J? = A? 4 trace RV (d¢-, )d¢- is the Jacobi operator associated to ¢.
It is well known that J? gives the second variation for the energy functional
E(¢) = % f M |dep|? vy at its critical points, which are the harmonic maps
(see [9,10]).

As the Jacobi operator is linear, harmonic maps are trivially biharmonic,
so we are interested in non-harmonic biharmonic maps.

There exist several results concerning the conditions under which a bi-
harmonic map is harmonic. CHEN and ISHIKAWA proved in [8] that there
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exist no non-minimal biharmonic submanifolds of the Euclidian space R?
and, similarly, in [4], the authors proved the non-existence of such subman-
ifolds in 3-dimensional constant negatively curved manifolds.

In [5,6], CADDEO, MONTALDO and P1U determined the non-geodesic bi-
harmonic curves on revolution surfaces in R®. The non-minimal biharmonic
submanifolds of the 3-dimensional euclidian sphere S? were classified in [3]:
the only non-geodesic biharmonic curves are certain helices, and SQ(%) is
the unique non-minimal biharmonic surface. Two methods for constructing
non-minimal biharmonic submanifolds in S”, n > 3 were given in [4].

In [18] it was given a partial classification result for the non-minimal
biharmonic submanifolds M in S" in terms of the mean curvature |H|: if
|H| = constant > 1, then M can not be biharmonic; if |H| = 1, then M is
biharmonic if and only if M is pseudo-umbilical and V+H = 0, i.e. M is
minimal in the hypersphere S”_l(%). In particular, if M is a hypersurface
of S™ with |H| = 1, then it is biharmonic if and only if M = S"_l(%).

The biharmonic submanifolds into a space of nonconstant sectional cur-
vature were also investigated. In [7] the authors obtained the parametric
equations of all non-geodesic biharmonic curves of the Heisenberg group,
and INOGUCHI classified the biharmonic Legendre curves and the Hopf cylin-
ders in 3-dimensional Sasakian space forms (see [13]). Then SASAHARA gave
in [20] the explicit representation of the non-minimal biharmonic Legendre
surfaces in 5-dimensional Sasakian space forms.

As biharmonicity derives from a variational principle, the study of the
second variation of the bienergy comes as a natural problem. By taking into
account the non-existence of non-harmonic biharmonic maps from compact
to non-positively curved manifolds, the second author obtained the second
variation formula for the bienergy of biharmonic maps into S" ([17]) and
computed the biharmonic nullity for the identity map of S” and for the
totally geodesic inclusion of S™ in S". Other results concerning the stability
of certain classes of biharmonic maps into spheres were obtained in [14].

In [21,22], the author showed that non-minimal biharmonic Legendre
curves and surfaces in Sasakian space forms are unstable.

Further results concerning the biharmonic Legendre surfaces and 3-
dimensional anti-invariant submanifolds in Sasakian space forms were ob-
tained in [1].

The goal of the present paper is to give a geometric approach for the
non-geodesic biharmonic curves on S? and to study the stability properties
of biharmonic surfaces of S*. Using the stereographic projection we obtain



3 SOME REMARKS ON THE BIHARMONIC SUBMANIFOLDS OF S? 173

the geometric image in R? of the biharmonic curves in S*. Then, we study

the variation of the bienergy for the biharmonic inclusions of S? and 82(%)

in S*. As S? and 82(%) are projected in S?, respectively S*(1 + v/2), their
normal variation in S* becomes the radial variation in R?®. This enables us
to give a nice geometric interpretation of the bienergy variation, recovering

some results obtained in [3,17,14].

Conventions. We place ourselves in C'® category, i.e. manifolds, met-
rics, connections, maps are assumed to be smooth. By (M™, g) we indicate
a connected manifold of dimension m, without boundary, endowed with a
Riemannian metric g, by V its Levi-Civita connection and for the curvature
tensor we adopt the following sign convention R(X,Y) = [Vx, Vy]|=V|x y.
For ¢ : (M,g) — (N,h) we denote by V¢ the induced connection in the
pull-back bundle ¢~ 'TN.

2. Biharmonic curves on S*. In [3] the authors studied and classified
the non-minimal biharmonic submanifolds of S3. First, they proved that
an arc-length parameterized curve v : I — S? is non-geodesic biharmonic
if and only if it is a helix, i.e. its curvature k£ and its torsion 7 are both
constant, and k% 4+ 72 = 1.

We recall here that, as in R3, two helices of the same curvature and
torsion in S® are congruent, i.e. there exists an isometry of S which takes
one onto another (see, for example, [12]).

Theorem 2.1. [3] Let v : I — S* C R* be an arc-length parameterized
curve. Then it is biharmonic on S* if and only if, as a curve in R, it
satisfies

727+ (1= Ky =0,

3 3
where k = |V§ T| is the curvature of vy, VS is the Levi-Civita connection
on'S® and T = 4.
By integrating this equation it results

Theorem 2.2. [3] Let v: I — S* C R* be a non-geodesic biharmonic
arc-length parameterized curve. Then k is constant, k € (0,1] and, up to
an isometry of S*, we have two cases:

. . . . 1 .
(A) k=1, and vy is the circle of radius 75



174 A. BALMUS and C. ONICIUC 4

(B) 0 <k <1, and 7y is geodesic on the Clifford torus Sl(%) X Sl(%) C
S3.

M

We can obtain Theorem 2.2 in a different manner, a geometric one:

" . 1 1 .

we shall study the conditions under which a curve on S7(JZ;) x §7(J%) is
biharmonic on S3.

Let

N =8'() xS} (%) =

1
_ {p = (z%,22,5%,92) : (z))2 + (22)% = (1) + (y2)? = 5}
The set of all vector fields tangent to N is given by
C(TN)={X = (X" XYY : X'z' + X%2* =Yy + Y?y* = 0}.

Let p € N and n(p) = (z!,22,—y',—y?). Then 5 satisfies (n,p) = 0,
(n,X) =0 and |n|?> =1, i.e. 1 is a unit section in the normal bundle of N
in S3.

For X = (X', X2,Y',Y?) € C(TN), we have V%7 = 0 and 4,X =
(=X, —X2 Y Y?), where A is the Weingarten operator, and V* is the
normal connection in the normal bundle of N in S®. We also recall that N
is a flat, parallelized Riemannian manifold.

Indeed, Fi(p) = (—z2,2%,0,0) and Es(p) = (0,0, —y2,4') are globally
defined vector fields on N and they satisfy

1
|E11|2 = |‘E2|2 = 57 <E17E2> =0

and
VR E; =0, Vij=12.

The second fundamental form of N in S? is given by

1 1
B(E:, Ey) = —5" B(E3, Ey) = 37 B(E, Ey) = 0.

Let i : N — S? be the inclusion map and for v : I — N, an arc-length
parameterized curve on N, denote by ¥y =io~vy: I — S*. We get

r(3) = (1) + en,
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where T =4 = fiE+foEs, 7(7) = VAT = fiEy+ f5 and ¢ = (225U
In order to determine the bitension field of v, we have

S* (1~ N 3.
Ve 1(¥) = V() +c(f1E1 — f2E2) + ol

V8 VE 1) = VEVEr() + () + Sef) B — ((ch) + Séfa) Bat

+%(—flfi + fofa + 3¢ —20)n

and 5
RS (T, 7(3)T = —7(7) — en,

SO
nFH)* = %(_flfl + fofa + 30)n.

If 5 : I — S? is a biharmonic curve, then 75(3)* = 0, i.e.

(2.1) —fifi + fofo+ 36 =0.
From 2¢ = —(f1)? + (f2)? and (f1)* + (f2)* = 2 we get (f1)> =1 —¢, and
(f2)2 =1 + c.

If ¢ =0, then f; and fo are constant, which implies that v is a geodesic.
Assume now ¢ # 0.
As (2.1) is equivalent to
cé?

14 _
c—l——2(1_c2) 0,

dividing by ¢ and integrating, we obtain

c'16

(2.2) 2= constant.

Since 4 is biharmonic, its curvature is constant, so we have

F )2 f V2 22
- + (f2) ¢
K= |r 2 _ (f1) ACL VARSI g + ¢ = constant.
@) . )
Substituting ¢ from (2.2) in the last equation we get a polinomial equation
in ¢. So ¢ = constant and we have a contradiction.

Thus,
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Proposition 2.3. Let v: I — N be an arc-length parameterized curve.
Ify=iow:I—S® is non-geodesic biharmonic, then -y is a geodesic.

Conversely, let v : I — N be an arc-length parameterized geodesic on
N. Writing

! (cos a(t), sin a(t), cos B(t), sin 5(t)),

v(t) = NG

we get T =+ =aF; + BEQ, and it results that & and ﬂ are constant, i.e.

1
’}/(t) = 7§(cos(a1t + bl), sin(alt + bl), COS((IQt + bQ), sin(agt + bQ)),
where (a1)? + (ag)? = 2.

Further, we obtain

o _ (a2 = (@)’
) =g

and conclude that a geodesic on N is geodesic on S? if and only if its slope
is equal to +1.

Moreover, for (a1)? # (a2)?, a straightforward computation shows that
72(7) = 0.

We resume,

Theorem 2.4. Let v : I — N be an arc-length parameterized curve.
Then 57 =iovy : I — S is non-geodesic biharmonic if and only if v is a
geodesic of slope different from +1.

Remark 2.5. If (az)? — (a1)? € {£2}, then 7 is the circle of radius %
Remark 2.6. As the curvature of the non-geodesic biharmonic curves
2 2
¥y=ioy: 1= S k=R = w, completely overlaps the
interval (0, 1], we can conclude that they are, up to an isometry, the unique
non-geodesic biharmonic curves of S3.
1 2

Let br: Sg \ {(07 07 07 1)} - R37 p’l’(fEl, $27 $37 $4) = <1fz4a lfx‘“ lf:;l)a
be the stereographic projection from (0,0,0,1) € S3.
It transforms the Clifford torus,  : [0, 2] x [0,27] — S?

1 ) .
r(u,v) = —=(cos u, sinu, cos v, sinv),

V2
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onto the torus in R, pror: [0,27] x [0,27] — R?

cos U sinu CcoS v )
V2 — sinv’ V2 — sinv’ V2 — sinw '

In the following we shall present the geometric images through stereo-
graphic projection of the three classes of geodesics on the Clifford torus.

We noted that when the slope of the geodesic on N is +1, it is also a
geodesic on S*. Such an example of geodesic is the curve

(pro7)(u,v) = (

(cost,sint, cost,sint),

Yo(t) = NG

which, through stereographic projection becomes

(rr o 70) (1) = (

cost sint cost )
V2 —sint’ V2 —sint’ V2 —sint/’

and whose geometric image is presented in Figure 1.
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Figure 1: Geodesic on S* (geodesic of slope 1 on the Clifford torus). Image
through stereographic projection.

Considering the geodesic vy, : I — N,

1 2 2 2, . 2
7 (t) = 7 ( Cos 2\/;15, s1n2\/;t, cos \/;t, sin \/;t>
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of rational, different from +1, slope we get a closed non-geodesic biharmonic
curve on S*. We have

cos 2\/%15 sin2\/gt cos \/gt
(prom)(®) = ( , , )
\/i—sin\/g \/i—sin\/g ﬁ—sin\/g

and its image is presented in Figure 2.

S
-i’,, <
!

Figure 2: Closed non-geodesic biharmonic curve on S* (geodesic of rational
slope on the Clifford torus). Image through stereographic projection.

The curve

Yo : I — N, vy =——=(cosy/=t,sin/ =t,cos/=t,siny/ =
2 s )2 \/— 2" 2" 9 2

is a geodesic of irrational slope, so dense, on the Clifford torus, and its
image through stereographic projection,

oS \/gt sin\/gt cos \/gt )
\/i—sin\/g ﬁ—sin\/g ﬁ—sin\/g

is presented in Figure 3.

(proy2)(t) =
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Figure 3: Non-geodesic biharmonic curve on S* (geodesic of irrational slope,
so dense, on the Clifford torus). Image through stereographic projection.

3. The stability of biharmonic submanifolds in S®. In [17] the
author studied the second variation for the bienergy of biharmonic maps in
spheres. Let ¢ : (M, g) — (N, h) be a smooth map between two Riemannian
manifolds. Suppose M is compact and orientable. We remind that the
bienergy of ¢ is given by

1
B) =5 [ 1@ v,
M
and the bitension field 72(¢) has the expression

(3.1) 7a(¢) = —AP7(¢) — trace RN (d-,7(¢))deb - .

Suppose now ¢ : (M, g) — S" is a biharmonic map and consider a two-
parameter smooth variation of ¢, {¢s}, R, i-e. consider the map ® given
by

P:RxRx M — Sna Q('S?tap) = ¢S,t(p)7

where @(0, 07p) = ¢0,0(p) = ¢(p)7 Vp € M.
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The variational vector fields corresponding to this variation, V and W,
are given by

d

V(p) = -

0
T |, Ps.0(P) = d00,) (&) € Typ)S™,

and d 9
W(p) = %‘t:()(ﬁo,t(l?) = d®,0,) (@) € Typ)S™

V and W are sections in ¢~ 'TS", i.e. VW € C(¢~'TS").

The Hessian of Fs in its critical point ¢ is defined by
82

E .

D50t |(s,)=(0,0) 2(¢s.1)

The next result gives the explicit form of the Hessian for the bienergy.

H(Ez)(V,W) =

Theorem 3.1. [17] Let ¢ : (M,g) — S™ be a biharmonic map. Then
the Hessian of the bienergy Fo in ¢ is given by

H(B)o(V, W) = /M(I(V),W) -

where
(3.2)
I(V) = AY(A®V) + A{trace(V,d¢-)dep - —|dp|*V }+

+2(d7(¢), dp)V + |7($) |2V — 2trace(V, dr($)-)de - —
—2trace(r(¢p),dV-Ydp - —(1(¢), V)7(d)+

+ trace(d¢-, A®V)de - + trace(dg-, trace(V, do-)dg-)dgp - —
—2|de|? trace(dep-, V)dp - +2(dV, dp)7(p) — |dp|> APV + |dg|*V.

Although the expression of the operator I is complicated, at least for
some particular cases it becomes rather easy to study.

Theorem 3.2. [17] The totally geodesic inclusion i : S™ — S" is
biharmonic weakly-stable and we have

a) if m =2, then nullity(i) = 3n and
ker] = {X €C(TS? : X is Killing} ®
®{grad f : f € C®°(S?) and Af =\ f}

Difni: f € CP(S?) and Af = M f}.
=3
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b) if m > 2, then nullity(i) = (n — m)(m + 1) + m(";+1) and
ker] = {X e€C(TS™): XisKilling}

P {fn;: f €CP(S™) and Af = i f}.

j=m+1

Here {nm+1,...,n} denotes a global parallel orthonormal frame in the nor-
mal bundle of S™ in S", and {)\j};‘;o are the eigenvalues of the Laplacian
on S™.

Theorem 3.3. [14] The biharmonic index of the canonical inclusion
i: S”(\/Li) — S"* s exactly 1, and its nullity is w +n+ 1. Moreover,

the subspace which gives the index is
{en:c € R}
and the subspace which gives the nullity is
ker I = {X € C(TS"(J)): XisKilling} &
©{2fn+grad f : f € CF(S"(J)), Af = Af}

Here 1(p) = (p, —Z5) is a unit section in the normal bundle of S”(\/Lﬁ) in

Sn+1

Proof. We shall present here a sketch of a proof somewhat different
from that presented in [14].

The idea is to split C(i7'7S"*!) into a sum of (finite dimensional)
subspaces, mutually orthogonal and I-invariant. Then we shall compute
the index and nullity of I restricted to these subspaces. We have

CHET'TS™) = {fn:feC®ES"(L)}@{X: X € C(TS"(L)}

= {fn:feCE" (L)} @ {gradf: f e CF(E"(5))} @
®{X € C(TS"(J5)) : divX =0} =

= @{fn Af=Nf} @@{gradf tAf=Xf1 e
=0 Jj=1
e{X :divX =0} =

= Sodps;es

i=1
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where So = {cn:ce R}, Sj={fn: Af =X ft®{gradf: Af = X;f} and
S={X:divX =0}.
By a straightforward computation we obtain

I(Sy) C So, I(Sj) C S5, Vj>1, I(S) C S,

and these spaces are mutually orthogonal.
Moreover,

e (I(n),n) = —4n? fSn(%) vg <0
e (I(X),X)>0,VX €S, with equality if and only if X is Killing
o (I(V),V)>0,VV €8;,j >2

e (I(V),V)>0,VV € Sy, with equality if and only if V' = 2fn+grad f,
Af=Mf.

In order to prove the last two statements, let {fi,..., fs} be an L*-
orthonormal basis in {f : Af = X\;f}, 7 > 1. Then

J

1 1
sz{fm,...,fsn,Wgradfs,...,ﬁgradfl}
J

is an L?-orthonormal basis in S;. With respect to Bj, I restricted to S; has
the associated matrix

00
0 0
0 0 a 0|0 d 0 0
0 0 0 a|d O 0 0
0 0 0 d|b 0 0 0 [’
0 0 d 010 b 0 0
0(0 0
0 0 0

where

a=(I(fin), fin) =X} +4\; —4n? VI =Ts



13 SOME REMARKS ON THE BIHARMONIC SUBMANIFOLDS OF S? 183

1 1 _
b=(1 rad f;), — grad f; | =A24+2(n+2—2e) \;+4e? —den, YV I=1, s
( (\/ng fi) \/ng fz) 5+2( )RY

a= (I(fm),%jgradfz) —4y/N(e—N) V=T

and e = 2(n — 1).
This matrix has two real eigenvalues of multiplicity s, 1 and z2, which
satisfy

z129 = ab — d?
{ T1+x2=a+b>0.
If j > 1, then ab — d* > 0, thus z; > 0 and z5 > 0, i.e. I restricted to
S; is positive definite.
If j =1, then ab — d?> = 0, thus z; = 0 and zo > 0, i.e. T restricted to
S1 is non-negative definite and its nullity is s = n + 1. O
The stability of the inclusions S* — S* and SQ(%) — S? can be stud-

ied by using the stereographic projection and by analyzing the problem in
R3. The normal variation in S* corresponds, in this context, to the radial
variation in R?. In the following we shall only study the variation along the
normal direction.

For the study of the first case, let ¢ : S* — S*\ {(0,0,0,1)} be a smooth
map. Through the stereographic projection we can identify ¢ with

¢: (S%,e%°(,)) = (R, e™(,)),
where (,) is the canonic metric on R?, i: S? — S? is the inclusion map and
p: RS =R, p(p) = IHW%.

Let ¢ : (S, (,)) — (R?,(,)) such that ¢ = 1 0 ¢ o 1, where 1 denotes
the identities 1 : (R3,(,)) — (R3,€?°(,)) and 1: (S?,e%°1(,)) — (S%,(,)).

Denoting 0 = poiand o = po ¢, we can describe this situation in the
following diagram

(8200 —2 (81 {0,0,0,1)},(,))

r| K

2,70, —2 @)
ll Tl

(S2a<7 )) — (R3a<7 >)
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The tension field of ¢ has the expression

7(¢) = ¢ {r($) + 2d(grad ) — |dg|* (grad p) o $}
and the bienergy

1 ~
Ba$) = 5 [ (@) v .

can be written as
1 o—0
Ba9) = 5 [, "7
(3.3) B .
~|d[(grad p) o 9| vy .

Consider now ¢ to be

7(¢) + 2dd(grad 5)—

¢i(p) = (L +tf)i(p),

i.e. a normal variation of the map i, with f € C®(S?) and Af = \f.
In the following we shall determine the bienergy of ¢;. We have

7(¢;) = —tAfi—2(1 + tf)i+ 2t grad f,
N 2
or=pog, =lnma

2t(1 4+ tf)

TERTIEE L

dgt(gra,dbv) = —%(ﬂ grad f|%i + (1 +tf grad f)),

grad(oy) = —

[ddp|* = %] grad > + 2(1 + tf)”

and
21+t
(1+tf)2+1"
By replacing these expressions in (3.3) we obtain

(grad p) o ¢, = —

2
—2(14ft)(2f + f2t—a?t)+ f(2+ ft(2+f1))A
By () 2/2%2{( (HIOCIF 0O+ U2 ON)
(3.4) (24762 +£1))
+4f2a2t2(2+f t)2} vy
(2+71t(2+11)) ’
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where o? = | grad f|%.
From (3.4) we get
d
Esy(¢o) =0, a‘tZOEz(gbt) =0
and 2
_ . o 2 9
| Ba(#) = (1), i) = (=2+N) /S fuy >0

Asi:S? = S? is totally geodesic, it is an absolute minimum for the bienergy,
so weakly-stable as a biharmonic map. We also note here that the first
non-zero eigenvalue of the Laplacian on S?, A\; = 2, contributes to the
nullity of this map and the nullity provided by the normal variations is 3
(the dimension of the eigenspace corresponding to A1), remark conformal
to Theorem 3.2.

We shall now analyze the case of Ay = 0 and of the corresponding
eigenfunction f = 1. In this case

321t (1 +1)2(2 + t)?
2+t2+1)"

E2(¢t) =

and its graphic is presented in Figure 4.

-1 _z .'.Im"? JI- 'v':Z_ ZI
Figure 4: The bienergy Fy(¢,) corresponding to A\g = 0, for i: S? — §?

The critical points of the bienergy, i.e. the solutions of

d 647t(—8 — 28t — 28t% + 14t + 75 + 15)
d_E2(¢t) = - 5
¢ (2+t(2+1))

=0,
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in [—1, 00) are —1,0,v/2, —2++/2. As we can notice, among these —1 and 0
are minimum points: —1 corresponds to the constant map, which is trivially
biharmonic, and 0 corresponds to the inclusion i : S — S?. Among the
maximum points of the bienergy for this variation, only v/2 corresponds,
up to a homothetic transformation, to the biharmonic submanifold SQ(%)
in S3.

For the case ofSQ( =), if ¢ : SQ( 1) — S*\{(0,0,0,1)} is a smooth map,
through stereographic prOJectlon we can identify it with

¢ 1 (S*(1+V2),e%°4(,)) = (R®,e%(,)),

where (, ) is the canonic metric on R?, i : SQ(%) — S? denotes the inclusion

map and p: R* = R, p(p )—an%

Let ¢ : (S*(1+v2),(,)) — ())besuchthat¢_1o¢ol where
1 denotes the identities 1 : (R? ( )) (R3,€e27(,)) and
12 (S2(1L+v2), () — (§(1 + VD), (, ))

Denote by 0 = poiand 0 = po ¢. We get the diagram

22000 —2 53\ {(0,0,0,1)},(, ))

Prl lpr

(S (1 +v2),e7(,)) —— (R?, %, ))

and

becomes
(3.5)

1 2G—0)
B($) = /S o

Let now ¢ be a normal variation of the inclusion map i: S?(1 + v/2) —
R?,

7(3) + 20 (grad 3) — |d[(grad p) o P v, ).

¢i(p) = (1+ V2t f)i(p)
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where f € C®(S*(1 4+ v/2)) with Af = Af, A being the usual Laplacian on
S?(1+v2).

In this case

_ 200+ V21f).
t\/_)\f 7( +\/§) +2\/_tgradf,
e b 1+ Va1

2v2t(1 + v2)%(1 +\/_tf)
(1+V2tf)2(1+v2)% +

Ay (grad ;) = — 22O (1 4 V31f) grad | + V21| grad [},

grad(?ft) = — rad f’

|dy|* = 2t3(1 + v2)?| grad f|* + 2(1 + V2t[)?,

2(1 4+ V2tf)
(1+V2tf)2(1 +v2)2+1

and by replacing these in (3.5) we get the expression for the bienergy of ¢,,

(grad p) o by = —

_ 2 4V/2(14v/2)2t(14v2F1)? | 2
Es(¢y) _/S2(1+\/_) {(2(6+4\/§) (0‘ (2‘@‘ (V22 (1+V2F1)? ) +

2(14+V2ft) _ 404+vV2/1)((3+2v2)a’t?+(14V2[1)?)
(3+2‘/_)< (1+v2)2 1+(3+2v2) (1+V2f1)? +

8(34+2v2)a? 2 (14+V2ft) 2\2
e SLELEIIN ) /(14 34+ 201+ VI v

where o? = | grad f|2.
From this expression we note that ¢ = 0 gives a critical point for the bi-
energy,

(6 / A v =—2/ Af v =0,
dt‘t 0 V= S*(1+v2) G S*(1+v2) =

Furthermore,

d2
P20 = TUVEDVED) = (2 + 4= 16) |

f2'1)620' g
SQ(I—Fﬁ) <7>
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with 1 = 727\, result conformal to Proposition 2.1 in [14].
For Ao =0 and f =1 we get
8(1+1)2(4 + V2(1 4 2t)(3 + 5t) + 2t(8 + 71))

Es(¢y) = (2 + 4t + 32 + V2(1 + t)(1 + 2t))*

bl

SO

Es(¢y) = 4m > 0, 2 () =

il
and 2

— | By(d) = (I(V2i),V2i) = —321 < 0.

dt? lt=0
The graphic of the bienergy shows that in the critical points obtained for
t = —24 /2 and t = 0, the bienergy assumes the same value. These are
maximum points for the bienergy, but only ¢, = i is a biharmonic map.
Also, the critical point obtained for t = 1 — /2 is an absolute minimum for
the bienergy, the corresponding map being, up to a homothetic transforma-
tion, the inclusion of S? into S°.

_712_ —t 44T 1-4F

Figure 5: The bienergy Es(¢,) corresponding to Ao = 0, for the inclusion
i:8%(%) -8

For the first non-zero eigenvalue Aq,

dt‘t 0 2(¢) =

but 2
— E 10) 24 — 16v2 / 2o,y >0.
di2 |- 2( t) ( ) SQ(H—ﬁ) ()
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So the variations corresponding to this eigenvalue do not contribute to the
index of the biharmonic map in question, remark conformal to Theorem

3.3.
We mention that the figures and some of the computations from the last

part of this section are made with Mathematica 4.0.
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