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Abstract. In this paper growth estimates on certain discrete inequalities involving
iterated sums are established. Applications are also given to illustrate the usefulness of
one of our results.
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1. Introduction. In the book of FILATOV and SAROVA [4] (see, also
[1,3]) the growth estimates on the following integral inequalities, due to
BYKOV and SALPAGAROV [2]:

(1.1) u(t)§c+/tk:(t,7)u(7-)d7'+/t /Sh(t,s,a)u(a)da ds,
u (t) §c+/tb(s)u(s)ds+/t /Sk(S,T)’LL(T)dT ds+
(1.2) L “oe
+/ / /h(s,T,J)u(U)da dr | ds,

are given, under some suitable conditions on the functions involved in (1.1),
(1.2). The estimates obtained on the above inequalities can be used as tools
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in certain applications for which the other inequalities do not apply directly.
It is natural to expect that the growth estimates on the discrete versions of
the above inequalities would be equally important in the study of certain
finite difference equations. The main purpose of this paper is to establish
the growth estimates on the discrete versions of the inequalities (1.1), (1.2)
and their generalizations which can be used as handy tools in the study of
certain classes of finite difference equations. Some applications of one of
our results to study the behavior of solutions of a certain finite difference
equation involving iterated sums are also given.

2. Statement of results. In what follows, R denotes the set of real
numbers and R = [0,00), No = {0, 1,2, ...} are the given subsets of R. We
denote by D = {(n,s) e N3:0<s<n<oo}, E={(n,s,0) € N;:0<
o < s <n < oo}, and for any function p(n), n € Ny, z(m,n), m,n € Ny,
denote Ap(n) = p(n+1) —p(n), Apz(m,n) = z(m+1,n) — z (m,n).
We use the usual conventions that the empty sums and products are taken
to be 0 and 1 respectively and assume that all the sums and products
involved throughout the discussion exist on the respective domains of their
definitions.

Our main results are established in the following theorems.

Theorem 1. Let u(n) : Ng — Ry, k(n,s),Ank(n,s) : D — R4,
h(n,s, o), Aph(n,s,0) : E— Ry and ¢ > 0 is a constant.
(al) If

(2.1) u(n)gc+§k(n,s)u(s)+§(séh(n,s,o)u(a)),
for n € Ny, then

(2.2) u(n) < cli:[:[l—irA(s) +B(s)],

for n € Np, where

(2.3) A(n)—k’(n—i—l,n)—i—nz_:lh(n—i-l,n,a),

o=0
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n—1 n—1 /7—1
(2.4) B(n) = Z Apk (n,T) + Z (Z Aph (n,T, a)) .
7=0 7=0 \o=0

(a2) Let g(u) be a nondecreasing continuous function defined on R
with g(u) > 0 for u > 0. If

n—1 n—1 /s—1

(25) um)<c+ Y k(n,s)g(u(s)+ ) <Zh(n,s,0)g(u (0))>,
s=0 s=0 \o=0

for n € Ny, then for 0 < n < njy, n,ny € Ny,

(2.6) u(n) <Gt

G()+ Y [A(s) + B(s)]
s=0

where A(n), B(n) are given by (2.3), (2.4),

r

(2.7) G(r) = /

T0

dt

, >0,
g(t)

ro > 0 is arbitrary, G~! is the inverse of G and n; € Ny, be chosen so that
n—1
G(c)+ Y [A(s)+ B(s)] € Dom (G7'),
s=0

for all n € Ny such that 0 <n < nj.

Theorem 2. Letu(n), k(n,s),h(n,s,o),c be asin Theorem 1 and b (n) :
NO — R+.

(br) If
n—1 n—1 /s—1
u(n) <c+ > b(s)u(s)+ Y (Zk(s,7)u(7)>—|—
(2.8) n—1 Si)l 7—1 B
+> (Z <Zh(s,7,a)u(a)>>,
s=0 \7=0 \o=0

for n € Ny, then

n—1
(29  u(m)<c]]
s=0

s—1 s—1 /7—1
1+b(5)+zk(3,7—) +Z (Zh(s’7a0)>] )
=0 =0 \o=0
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for n € Np.
(b2) Let g(u) be as in Theorem 1 part (ag). If

for n € Ny, then for 0 < n < ngy, n,ng € Ny,

(2.11)
n—1 s—1 s—1 /7—1
u(n) <Gt G(C)—I-Z b(s)—l—Zk(s,T)—i—Z(Zh(s,7’,a)>]],
s=0 7=0 =0 \o=0

where G, G~! are as in Theorem 1 part (a2) and no € Ny be chosen so that

n—1 s—1 s—1 /7—1
G(C)—l-z b(s)+Zk(S,T)+Z<Zh(s,770)>] GDom(G_l),
s=0 7=0 7=0 \o=0

for all n € Ny such that 0 < n < ns.

Remark 1. We note that the inequalities established in (a;), (b1) pro-
vides the growth estimates on the discrete versions of the inequalities given
in (1.1), (1.2) while the inequalities in (a2), (b2) provides the growth esti-
mates on the general versions of the inequalities in (ay), (b;) which can be
used conveniently in certain applications.

3. Proofs of Theorems 1 and 2. (a;) Define a function z(n) by

the right hand side of (2.1), then 2(0) = ¢ and u(n) < z(n). From the
hypotheses we observe that z(n) is nondecreasing in n and

Az(n)=z(n+1)—z(n)=

n n s—1
:Zk(n—i—l,s)u(s)—i- (Zh(n—i—l,s,a)U(U))—
s=0 s=0 =

n—1 n—1 :s—l =
ka:(n,S)u(S)*Z h(n,s,a)u(a)):
s=0 s=0 \o=0
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n—1 n—1
= k(n—l—1,n)u(n)+2k;(n+1,s)u(s) —Zk(n,s)u(s)—i—
s=0 s=0
n—1 n—1 /s—1
—i—Zh(n—l—l,n,a)u(a)%—Z (Zh(n—i—l,s,a)u(a))—
o=0 =0 \o=0

n—1 /s—1
—Z <Zh(n,s,a)u(o)) =
=0 \o=0

n—1
=k(n+1,n)u(n) +2An/~c (n,s)u(s)+
s=0

n—1

n—1 /s—1
—i—Zh (n+1,n,0)u(o) + Z (Z Aph(n,s,o)u (0)>
o=0 =0 \o=0

IN

n—1
<k(n+1,n)z(n) -l—ZAnk:(n,s)z(s)—l-
s=0

n—1

n—1 /s—1
+ Z h(n+1,n,0)z (o) + Z (Z Aph(n,s, o)z (0))
s=0 \o=0

o=0
<[A(n)+B(n)z(n).

Now a suitable application of the Corollary 1.2.2 given in [5, p.12] to (3.1)
yields

IN

|
—

(3.2) z(n)<c 1+ A(s)+ B(s)].

s=0

Using (3.2) in u (n) < z (n) we get the required inequality in (2.2).

(a2) First we assume that ¢ > 0 and define a function z(n) by the right
hand side of (2.5), then z(n) > 0,2(0) = ¢ and u (n) < z(n). By following
the arguments as in the proof of (a1) up to (3.1) with suitable modifications
we get

(3.3) Az(n) < [A(n)+ B(n)]g(z(n)).
From (2.7) and (3.3) we observe that
z(n+1)

dt Az (n)
ORrIa)

(34) G (2(n+1))—G (2 (n)) = / .
z(n)

<[A(n)+ B(n)].



70 B.G. PACHPATTE 6

By taking n = s in (3.4) and summing up over s from 0 to n — 1, it follows
that

(3.5) G(z(n) <G(e)+ ) [Als)+B(s)].
s=0

From (3.5) we have
n—1

(3.6) 2(n) <G G () + > [A(s)+B(s)]] -
s=0

Using (3.6) in u (n) < z (n) we get the inequality in (2.6). The subdomain
0 < n < nj is obvious.

If ¢ > 0, we carry out the above procedure with ¢+ ¢ instead of ¢, where
€ > 0 is an arbitrary small constant, and subsequently pass to the limit as
¢ — 0 to obtain (2.6).

(b1) Define a function z(n) by the right hand side of (2.8). Then z(0) = c,
u(n) < z(n), z(n) is nondecreasing in n and

(3.7)
n—1 n—1 /7—1
Az (n)=b(n)u(n) —l—Zk (n,7)u(7) +Z (Z h(n,7,0)u (O’)) <
7=0

7=0 \o=0

n—1 n—1 /7—1
<b(n)z(n)+ Zk(n,T)Z(T) + Z (Zh(n,T,O’)Z(O‘)) <
7=0 =0 \o=0

n—1 -1 /7—-1
b(n)+ Zk(n,T) + Z (Zh(n,T,J))] z(n).
7=0 =0 \o=0

Now a suitable application of Corollary 1.2.2 given in [5,p.12] to (3.7) yields

s—1 s—1 /7—1
1+0b(s) +Zk‘(s,7) —I—Z (Zh(s,7‘,a)>] :
=0 =0 \o=0

Using (3.8) in u (n) < z (n) we get the desired inequality in (2.9).
(b2) The proof can be completed by following the proof of (b1) and
closely looking at the proof of (az) given above. Here we omit the details.

<

n—1
38)  z(n)<c]]
s=0

4. Applications. In this section we present applications of the in-
equality established in Theorem 1, part (a;) to study certain properties of
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solutions of the nonlinear sum-difference equation of the form

(4.1) y(n)zf(n)%—ZF n, 8,y ( —l—Z(ZH n,s,o,y (o )))

for n € Ny, where y(n) is an unknown function, f: Ng — R, k: D x R —
R, H:ExR— R.

The following theorem deals with the estimate on the solution of equa-
tion (4.1).

Theorem 3. Suppose that the functions f, F, H in equation (4.1) satisfy
the conditions

(4.2) If (n)] <e¢,
(4.3) [F (1, 8,9)] <k (n,s) |y,
(4.4) |H (n,5,0,y)] < h(n,s,0)y|,

where ¢, k(n,s), h(n,s,o) are as in Theorem 1. If y(n) is any solution of
(4.1) on Ny, then

n—1
(4.5) ly(m)| <c]J[1+A(s)+B(s),
s=0

for n € Ny, where A(n), B(n) are given by (2.3), (2.4).

Proof. Let y(n) be a solution of (4.1). Using (4.2)-(4.4) in (4.1) we
have

n—1

(46)  ly(m)|<c+Y k(ns)|y(s !+Z<Zhn80 [y ( )\)
s=0 s=0

Now an application of Theorem 1, part(a;) to (4.6) yields the required
estimate in (4.5). O

Remark 2. We note that, if the right hand side of (4.5) is finite, then
the solution y(n) of (4.1) is bounded on Ny.
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The next result deals with the uniqueness of solutions of equation (4.1).

Theorem 4. Suppose that the functions F, H in equation (4.1) satisfy
the conditions

(47) ’F (n7$7y) _F(nv‘S?g)’ < k(n, S)‘y—g‘,

(4.8) |H (n,s,0,y) — H (n,s,0,§)| < h(n,s,0)ly—7|,

where k(n,s), h(n,s,o) are as in Theorem 1. Let A(n),B(n) be as in
Theorem 1, part (a1). Then the equation (4.1) has at most one solution on
No.

Proof. Let u(n) and v(n) be two solutions of equation (4.1) on Np.
Using this fact and the conditions (4.7), (4.8) we have

uln) o] < T blns) lu(s) v ()+

+S§%<Zhnsa\u o) — ()\).

Now a suitable application of Theorem 1, part (a;) (when c=0) to (4.9)
yields u(n) = v(n) i.e. there is at most one solution of equation (4.1) on
No.

(4.9)

Remark 3. We note that the inequality given in Theorem 2, part (b;)
can be used to study the similar properties as in Theorems 3 and 4 of the
following sum-difference equation
(4.10)

n—1

Ay (n) = L(ny ZFnTy ,Z(iHnTUU )))),
0

T=

with the given initial condition

(4.11) y (0) = yo,

under some suitable conditions on the functions involved in (4.10), (4.11).

In conclusion, we note that the results given here can be extended to
obtain explicit bounds on discrete inequalities involving functions of two in-
dependent variables (see[5]). We also note that the inequalities in Theorems
1 and 2 can be extended very easily, involving several iterated sums.
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