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Abstract. In this paper, we study a type of non linear differential equations in
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Mathematics Subject Classification 2000: 34G20, 46A04.

Key words: nonlinear differential equations, Fréchet spaces, projective limits, con-
tinuum, consequent mapping.

1. Introduction. One of the main drawbacks in the study of infi-
nite dimensional non-Banach locally convex topological vector spaces is the
lack of a general solvability theory for differential equations, even for lin-
ear ones. This fact has also direct reflections to various applications which
surpass the borders of Mathematical Analysis. For example, infinite di-
mensional differential manifolds and fiber bundles modelled on spaces of
the aforementioned type, whose usage (especially in Theoretical Physics) is
constantly increasing, appear to have very poor geometrical structure.

This situation led a number of authors to suggest alternative ways
of studying concrete classes of differential equations in infinite dimension
spaces and in particular in Fréchet spaces, (see for example: [3], [6], [11],
[15]). In this frame also belong previous papers of the first author ([4],
[5]) where a new method of solving linear differential equations in Fréchet
spaces is proposed, based mainly on the fact that every Fréchet space can
be realized as a projective limit of Banach spaces.
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In the present paper we extend this work to nonlinear differential equa-
tions:

(1) ¥ =¢(t,x), (t,z) € Q= [ty,) xF,

where F is an arbitrarily chosen Fréchet space. Our methodology is based
on the exploitation of the algebraic but, under appropriate assumptions,
compatible with topological and differential tools, notion of projective limit,
in order to construct a system of countable many equations in Banach spaces
which is equivalent to (1). This approach does not only lead to the solvation
of the equations in study, but provides us also with the exact form of the
solutions, a fact that is used essentially in the applications.

In the second part of this note we present a detailed study of the cross-
sections of the solutions obtained. More precisely, for the n-dimensional
real case it is well known ([8], [13]) that the cross-section of all solutions
emanating from a continuum, at any point in the common domain, is also a
continuum, property known as Kneser’s one. If now w C € is a certain set,
it is important to get a solution of (1) which remains (i.e. having its graph)
in w. To this end, in [13] we used the consequent map K, that is a mapping
of w into dw under the action of solutions. Actually, if K is well defined,
then the image of a continuum is also a continuum and there is no solution
in w. In the same paper, the behavior of the image for the singular case is
also studied where any connected component of it approaches the boundary
02 N Ow. Here all the above results are extended to the Fréchet case. As
an application, we impose sufficient conditions and obtain an asymptotic
in w solution of (1) and further, by suitable choice of w, we conclude the
asymptotic behavior of this solution.

Concerning the differentiability of mappings in Fréchet spaces we adopt
the definition of J.A.Leslie ([12]). However, the ideas of Kriegl-Michor ([9])
fit also to our approach.

2. Ordinary differential equations in Fréchet spaces. Let F be
a Fréchet space, i.e. a linear topological vector space which is metrizable,
locally convex and complete. The topology of such a space can be realized
by an increasing countable family of seminorms

P <p2 <.

A really convenient realization of F is that of a projective limit of Banach
spaces. More precisely: F coincides, up to isomorphism, with the limit of the
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projective system {E;; fj;}i jen where E; is the completion of the quotient
F/ ker(p;) and the connecting morphisms f;j; (j > i) are given by

fii([z + kerp;l;) = [x + ker pil;.

Here the brackets denote the corresponding equivalence classes. In the
sequel each point x of F will be considered identified with the family (x;);en
of its projections onto the Banach factors of the limit, with respect to the
canonical mappings f; : F — E;. The norms of E;’s will be denoted by || - ||,
respectively. We recall here that fj; and f; always satisfy:

fiko fji = fjx, fiofi=1rfi, j=i>k.

The previous construction allows us more to consider each f; as an isometry
in the sense that

pi (z) = || fi(2)]li,z € F.

Our aim is to study ordinary differential equations in Fréchet spaces using
the identification [ ~ @ Ei by translating any possible problem or question
to the corresponding ones on the factors. This methodology apart from
leading to an existence theorem, also allows us to obtain unique solutions
under appropriate conditions, a fact that in general is also false and, more
important, to clarify the exact form of these solutions.

As a first step, we consider the following generalization of the notion of
Lipschitz condition for functions in Fréchet spaces.

Definition 1. A mapping ¢ : F — F will be called k-Lipschitz, where k
s a positive real number, if and only if

pi(@(z2) — ¢(x1)) < k- pi(w2 — 1)

for any x1, xo € F and i € N.
In case where ¢ is the projective limit of a system {¢;:E; — E; }en, i.e.
¢ and ¢; are related in the following way:

fiioo;j=dio fji, fico=¢iofi, J=>1i,

then, we may check if ¢ satisfies the previous Definition or not by the
behavior of its components:

Proposition 2. ¢=1lim ¢; 1is k-Lipschitz if and only if each ¢; is k-
Lipschitz on [E;.
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Proof. Let z; = f; (z), yi = fi (y) be two arbitrarily chosen points of
E;. The relations between ¢ and ¢;’s that we described above leads to

10; (i) — @i (yi) ll: = pi(P(x) — (y))-

Therefore, a k-Lipschitz condition for ¢, in the generalized sense of Defini-
tion 1, leads directly to an analogous condition, in the classical sense, for
each ¢; on E; :

1 (zi) — @i (i) lli < k-pilw—y) = k- |lz; — yilli

On the other hand, k-Lipschitz conditions for all ¢;’s (for the same constant
k) concludes that:

pi(p(x) —d(y) < k-llwi —willi = k-pi(z—y).
|

The above result enable us to proceed with the proof of the first main
Theorem of the paper.

Theorem 3. Let IE‘:liLn E; be a Fréchet space and

(2) o' = ¢(t,z)

a differential equation on F, where ¢ : R x F — F is a projective limit k-
Lipschitz mapping. Assume that for an initial point (to,z9) € R x F there
exists a constant T € R such that

M, :=sup{pi(¢(t,x0)); i € N, t € [to — 7, to + 7|} < +00.
Then (2) has a unique solution in the interval I = [ty — a,tg + a], where
a = il’lf{T, m}

Proof. Let {¢; : R x E;— E;};en be a family of continuous functions
realizing ¢. Then, a system of ordinary differential equations on the Banach
spaces [E; is defined:

(3) xy = ¢i(t, ;)

According to Proposition 2, each of the mappings ¢; is also k-Lipschitz and,
for any i € N and = € E; with ||z; — fi(x0)|l; < 1 we see that:

pi(t, @)l < @it filzo))ll + l¢ilt; ) — @ilt, fi(wo))[l: <
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< |lfile(t, zo))lli + k- lz = filzo)lli = pi(d(t, o)) +k < M+ k.

Therefore (see [2]; Corollary 1.7.2), a unique solution z; can be defined for
each equation (3) on the interval I = [tg — a,tp + a.

On the other hand, these solutions are clearly related. Indeed, for any
J > i we observe that the mapping fj; o x; is also a solution of (3) since:

(fji 0 xj)' (t) = fu(@5(t) = F1i(5(t, 25(1))) = dilt, (F1i 0 25)(2))-

For more details concerning the calculations involving derivatives in
Fréchet spaces, we refer to 4. Moreover, both f;; o x; and z; emanate from
the same initial point (to, fi (xo)), therefore they coincide. As a result, the
C'! mapping

z = lim z;
—

can be defined on I. This is the desired solution of (2) since:
a'(t) = (2i(t) = (it 2:(t) = (dilt, fi(2(?)) =
= (fi(o(t,2(1)))) = (¢, x(t)).

This solution is unique, with respect to the initial data (to,zp). Indeed,
if y: J C R — F is another solution of (2) satisfying y(tg) = x¢, then y
can be realized as the limit of the projective system {f; oy; : J — E;}ien.
Employing analogous calculations as above, we check that the mapping
fi oy coincides with z; (for each i € N) as a solution of (3) through the
same initial condition (Zo, fi(zo)). Thus, y = lim(f;oy) = limz; =z. U

Remark 4. It is now clear that we have succeeded not only to obtain a
solution of the problem in study, but also to clarify the exact form of it. This
is necessary for the applications that follow (see also relevant comments in
the Introduction).

3. Asymptotic behavior of the solutions-applications. In this
Section we grow up some topological results concerning the set of solutions
of a differential equation in Fréchet spaces.

3.1. Cross-sections of solutions funnel. Our aim here is to study
the cross-sections of the family of solutions of equation (2) which is assumed
to be subjecting to the assumptions of Theorem 3. To this end let X'(S) be
the set of solutions of (2) with z(tp) € SC F. If F = R" and S is a continuum
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(i.e. compact and connected) subset of it, then there is an interval [tg, a)
such that any solution x € X () is defined on and further the cross-section
of the solutions funnel over any point (3 € [to, a):

X (8,8) ={z(B); = € X(9)}

is also a continuum of R". Here we prove an analogous result on the Fréchet
space I, provided that its factors E; are of finite dimension.
As a first step we characterize continuum subsets of F:

Proposition 5. A subset S of F is continuum if and only if it is the
limit of continuum subsets of E;’s.

Proof. Let S be continuum in F. We define the sets:
Si == fi(S) CEi, i€N,

which are also continuum since the canonical projections f; are continuous
mappings. Moreover the limit lim S; can be defined, since

£3i(S;) = fi(fi(9)) = fi(S) = Si, j > i.

Any point now s € S belongs, by definition, also to lim S;.Conversely, if (si)
is an arbitrarily chosen point of lim S;, then fj;(s;) = s; (j > i) and we may
find elements {s® € S};en such that s; = fi(s), i € N. We construct in this
way a sequence of S which, necessarily, has a subsequence {s"} converging
to a point s* € S, since S is compact. This limit equals to (s;). Indeed,

for a fixed index 4, by choosing any n > i, we observe that liIJIrl s =s*
n—-r+oo

implies that ngrfoo fi(s™) = fi(s*). Taking also into account that

(") = fai(fa(s")) = fui(sn) = si,

we conclude f;(s*) = s;, for every i € N, or, equivalently, s* = (s;). There-
fore, (s;) belongs also to S.

The above thoughts ensure that every continuum subset of F can be
realized as a projective limit of continuum subsets of E;’s. The converse
is also true, since compactness and conectness are properties compatibles
with the notion of projective limit. (I

Remark 6. The previous result is the best that one would expect
to have in the framework of projective limits since not only guarantees
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that treating continuums via limits we remain in the same category but in
addition, it clarifies that any of these sets is a projective limit, a fact which
is not succeeded for any class of subsets of F.

We are now in a position to prove the main Theorem of this Section
which extends to the Fréchet case a basic result of the study of solution
space of ordinary differential equations.

Theorem 7. Let F be a Fréchet space which is obtained as a limit of
finite dimensional Banach spaces {E;;i € N}. Then for every continuum
subset S of F, the cross-section X(3,5), over B € [to,a), is also continuum.

Proof. By Theorem’s 3 proof, a system of differential equations on the
factors E;

(3,1) .’E; = (;Si(t,l'i), 1 €N,

corresponds to the equation (2), where ¢ = h(iruéZ On the other hand,
according to Proposition 5, S can be thought of as the limit of a projective
system of continuum subsets S; C E; (i € N). Therefore, the following
continuum cross-sections are defined for equations (3,i):

X; (8,8:) = {zi(B); zi € X(Si) }, i€eN,

where X;(S;) denotes the space of solutions of (3,i) through all initial points
P()i < SZ
The above family defines a projective system, since

fii(X; (8, S;)) C &; (B, S;), for any j > i.

Indeed if a belongs to X; (3,5;), that is a = x; (), where z; is a solution
of (3,i) such that z; (to) € S}, then fj;(a) = (fjiox;) (B), where, as we have
already seen, fj; o z; is a solution of (3,i) and (f;; o x;)(to) € fji(S;) € Si.
As a result, fji(a) € &; (53,5;).

Considering now a point a € X (3, .5) and following analogous thoughts,
we easily verify that f;(a) € &; (5, 5;) (¢ € N). Thus

(4) X (8,8) Clim &; (8, Si) -

On the other hand, if a = (a;) € ImA; (B, 5;), then there exists a
sequence of solutions {z;};cn such that a; = z;(5) and z; (tg) € S;. These
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solutions form a projective system. Indeed, working as in the proof of
Theorem 3, and since z; is a solution of (3,j), the composition fj; o x; is
a solution of (3,i) satisfying further at least one common initial condition
with x;:

(fji0oz;)(B) = fii(as) = ai = z;(B).

Therefore, based on the uniqueness of solutions of each equation (3,i), we
immediate conclude that fj; o x; = x;, for every j > ¢, or equivalently,
T = @xl can be defined.

This mapping z is a solution of (2) and

z(to) = (z; (to)) € im S; = 5, z(B) = a.
As aresult a € X (3,S5) and so
(5) lim &; (8, 5;) € X (8,5).
Relations (4) and (5) combined with Proposition 5 yield now the result. OJ

3.2. The consequent mapping and a topological method. Con-
sider again the differential equation

(1) ¥ =¢(t,x), (t,z)eQ,

where Q C [tg, +00) x F is open, and let w be an open subset of Q0 with
Q —w # (). We shall say that a solution x of (1) remains (right) asymptotic
in w if its graph is a subset of w:

G(z|Dom™ (z)) = {(t,z(t)) : t € Dom™ (x) = [tg, +00) N Dom(z)} C w.

A point P = (1,§) € 2N Jw is a point ofsemi-egress of w if there exists
a solution z € X(P), a point t; € Dom™ (z) = (—o0, 7] N Dom(z) and an
e > 0 such that G(z|[t; — e, t1); P) C w® and G(x|[t;,7); P) C Ow. If,
moreover, for any solution x € X(P) there exist t € Dom™(z), € > 0
such that G(z|[1,t2); P) C Ow and G(z|[t2,t2 + €); P) C Q — w, then P
will be called a point of strict semi-egress of w. The family of all points of
semi-egress or strict semi-egress will be denoted by w?® or w*® respectively.

A point Q = (0,n)€ w*® with o > 7 is a consequent of the point P =
(1,€) € w if there exists a solution z € X(P,Q) = X(P) NX(Q) and a
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t1 € [, 0] such that G(z|[t1,0]) C Ow and G(z|(T,t1)) C w, provided that
7 < t1. The multipoint correspondence

K:P—{Q :Q is a consequent point of P}

defines the so called consequent mapping.

Finally, we shall say that a set-valued mapping F, which maps the
points of a topological space X into compact subsets of another one Y
is upper semicontinuous at a point zg € X, if for any open subset V of
Y with F(z9) C V there exists a neighborhood U of zy such that F(xz) C V
for every x € U.

Lemma 8. The consequent mapping is an upper semicontinuous func-
tion and so if A C w(ty) = {(t,z) € w; t =1t} is a continuum, its image

K(A)=U{K(P): Pc A}
18 also a continuum.

Proof. It follows directly by the analogous result in R™ (see [8]) and
Proposition 5. O

Let X,,(A) be the family of all solutions z € X'(A) which remain asymp-
totic in w, i.e. G(z|Dom™(x)) C w. It is clear that whenever X (Py) =
X, (Pp), the consequent mapping cannot be defined at Py. Further, by the
previous Lemma, if A is a continuum and X,(A) = ), the image K(A) is
also a continuum.

The set w is said to be R-almost compact in Q if w(I) ={(t,z) Ew:t €
I} is compact in €, for every compact subset I of pri(w). In the sequel we
assume that

t* = suppri(w) = suppri(f) .

We need also the following Lemma([10]; ch.V), which directly leads to
Proposition 10 below (see also [13], [14]).

Lemma 9. If A is an arbitrary proper subset of a continuum C and S
a connected component of A, then SN OA # (.

Proposition 10. If w® = w® and Z is a set such that X,(Py)# 0, for
some Py € Z, then either
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that is every solution x € X(Z) remains (right) asymptotic in w, or

i) any connected component S of K, (Z) approaches the boundary 0 of
Q, i.e. SNON# D and

i) there is a ty € [to,t*) such that for any t € [t1,t*) every connected
component C of X,(t; Z) approaches the boundary dw, i.e. CNKy(Z) # 0.

Proposition 11. If the set w is R-almost compact in Q, t* = sup pri(w)
= suppri(Q) and dw(ty,t*) = w® = W, then there exists a solution x €
X (PRy), Py € w(to), which remains (right) asymptotic in w.

Proof. Consider a sequence {P,}, P, = (t,,&,) € w®, such that t, <
tnt1, limt, = t* and a sequence of solutions z, € X(P,), n = 1,2, ....
Since dw(tg,t*) = w® = w*¥, we get, by the extensibility of solutions, that
[to, tn] € Domxy, and G(xy|[to,tn]) C w. Moreover, z,(ty) € w(to), the last
set w(tp) being compact, and, therefore, we may assume that

lim(to, zn(to)) = Fo.

As a result, by the well known Kamke’s theorem ([1]), which is valid for (1)
(since the solutions are projective limits of corresponding solutions on finite
dimensional spaces), there is a subsequence {xy, } of {z,} and a solution
x € X(FPp) such that limxzy, = x uniformly on every compact subset of
Dom™* .

Further, Dom™z = [ty,t*) and G(z|(tg,t*), Py) C w. If not, by the
compactness of wlto, 7] for any 7 < t*, there would have been a t € (tg, t*)
such that

Ea2(d) € Q- w.

But (t,z, (1)) € @ for sufficiently large n € N and this contradicts the
above convergence of {zy, }. O

Combining the outcomes of the previous Propositions we obtain the next
general existence result:

Theorem 12. If the set w is R-almost compact in Q, t* = suppri(w) =
sup pri(Q), dw(te, t*) = w® = w* and in addition, the cross-section w(ty)
is a continuum, then there exists a solution x € X (w(tp)) which remains
asymptotic in w. Furthermore, SNOw(tg) # O for every connected component
S of the set X, (t;w(ty)), provided that K., (t;w(ty)) # 0.
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3.3. Applications. In this subsection, we will give an application
which concerns the asymptotic behavior of solutions of a 1-order differential
system. The key of our approach is the fact that the basic open sets of I,
which is assumed to be the limit of finite dimensional Banach spaces, are
of the form

{p;}(U);i € N,U C R open}.
Consider the R-almost compact set
w = {(t,x) eRxF:t>tg, pi(z) <P(t)}

where v : [tg, +00) — R is a positive differentiable map. On the spaces R"
we use the norms

|(x1, 22, ..., xn)|| = max{|z;|, i =1,2,...,n}
and let
Pu(9(t, ) = ¢u(t, x) = (¢n1(t, 2), -, Pun(t, ), (8, 2) € R X F.
Theorem 13. Suppose that for any x € F with p,(z) = ¥(t), we have

6 min{¢n;(t,x), 1 <i<n} > /(t), t >tg, x>0 and
(6) On(t,—x) = —pn(t,x), (t,x) € [to,+00) xF, n=1,2,...

Then, there exists a solution x € X(w(ty)) of (1) which remains (right)
asymptotic in w.

Proof. By Theorem 12, it is enough to show that dw[ty, +o0) = w® =
w® since obviously t* = suppri(w) = +o00. Let P = (7,¢§) € Ow(7T) and a
solution z € X(P). Since P is a boundary point, any open neighborhood
U of P intersects both w® and (€2 —w)°®. Especially, we may choose as U
any basic open ball

B, (P,§)={z€F:p,(x—&) <d}; §>0.
Considering the ordinary vector initial value problem

(7) Th(t) = nlt,2n), @n(T) =&n,
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where z, = fn(x), & = fu(§), n € N, and using the existence theorem in
R™, we immediate conclude that there is an € € (0, d) such that the solution
x, of (7) satisfies:

(tr—€¢,74+¢€ C Dom(xy,) and G(x, | [T — €, 7+ €]) C B, (P,0).
However, there is an ¢ € {1,2,...,n} such that
| 2n(7) [l= max{|prj(zn (7)1 < j < n} =| 2ni(7) |= pi(x(7)) = ¥(7)

and so we have to examine the following two cases:
If ,;(7) > 0, then 2 ,(7) = ¢ni(T, 2i(7)) > ¢¥'(7). Consequently,

{ Tni(t) > (t), t € (1,7 + €*) and
Tni(t) < (t), t € (1 —€*,7)

for some €* < e.
Similarly by (6), if x,;(7) < 0, then

Ti(7) = bni(T, 2i(T)) = —ni(7, —2i(7)) < —¢(7).
Consequently,
{ Tni(t) < —(t), t € (1,7 + ) and
Tni(t) > —(t), t € (1 — €, 7).
Thus, by the definition of the topology of F, we have

{ |z (7)]] > 9(7) and
|zn (T)]] < (7)

ie. Pcw’®=w. O
Remark 14. If further we assume that . lilJrrn P(t) = 0, then by the
— T 00
previous Theorem, we get a solution x of (1) such that , ligrn x(t) = 0.
— 400
Example 15. Consider the system
2’ =2 (14 exp(—t? — 52?)), (t,z) € [0, +o0) x C=,

where exp denotes the generalized exponential mapping on C* defined in
[5]. We shall prove that the above system has a solution such that limz(t) =
0as t — +oo.
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Proof. Using the notations of previous Theorem and setting ) (t) =
exp(—t), we may check that for any x = (z,,) € C®, z, > 0 and t > 0 we
have

mini<i<n Gni(t, n) > ¢'(1)
On(t,—xp) = —dn(t,zn) (n=1,2,...)

Since pp(z) = exp(—t) , the result follows by the previous Remark. O

Notation 16. The above applications make once again obvious the
importance of the exact clarification of the form of the solutions in study,
since the analogous classical proofs on finite dimensional spaces collapses
within the Fréchet framework.

REFERENCES

1. BoGACHEV, V.I. — Deterministic and stochastic differential equations in infinite
dimensional spaces, Acta Applicandae Mathematicae, 40(1999), pp. 25-93.

2. CARTAN, H. — Differential Calculus (1971), Hermann Paris.

3. DuBINSKY, E. — Differential equations and differential calculus in Montel spaces,
Trans. Amer. Math. Soc. 110 (1964), pp. 1-21.

4. GaLaNis, G. — On a type of linear differential equations in Fréchet spaces, Annali
della Scuola Normale Superiore di Pisa, 4 No. 24, (1997), pp. 501-510.

5. GALANIS, G.; VassiLiou, E. — A Floquet-Liapunov theorem in Fréchet spaces, Annali
della Scuola Normale Superiore di Pisa (4), 27 (1998), pp. 427-436.

6. HaMILTON, R.S. — The inverse function theorem of Nash and Moser, Bull. Amer.
Math. Soc. 7 (1982), pp. 65-221.

7. HARTMAN, P. — Ordinary Differential Equations, Wiley, New York, 1964.

8. JacksoN, L.; KLAASEEN, G. — A wariation of Waz ewskv s topological method,
SIAM J. Math. 20 (1971), pp. 124-130.

9. KRIEGL, A.; MICHOR, P. — The Convenient Setting of Global Analysis, Mathem.
Surveys and Monographs, 53, AMS 1997, USA.

10. KuraTowskl, K. — Topology, (1968) Halner, New York.

11. LEMMERT, R. — On Ordinary Differential Equations in Locally Convex Spaces, Non-
linear Analysis, Theory, Methods and Applications, 10(1986), pp. 1385-1390.

12. LESLIE, J.A. — On a differential structure for the group of diffeomorphisms, Topology
6 (1967), pp. 263-271.



54

G.N. GALANIS AND P.K. PALAMIDES 14

13.

14.

15.

16.

PALAMIDES, P. — Singular points of the consequent mapping, Ann. Math. Pure Appl.
CXXIX, (1982), pp. 383-395

PALAMIDES, P. — Boundary and Periodic Value Problems for Differential Systems,
Via Sperner’s Lemma, Math. Japonica 34, No 1 (1989), pp. 89-110.

PapacHIUC, N. — Equations differentielles lineaires dans les espaces de Fréchet, Rev.
Roumaine Math. Pures Appl. 25 (1980), pp. 83-88.

ScHMITT, K. — Periodic Solutions of Systems of Second-Order Differential Equations,
J. Differential Equations 11 (1972), pp. 180-192.

Received: 21.X.2008

Hellenic Naval Academy,
Terma Hatzikyriakou,
Pireaus 185 39,
GREECE

ggalanis@snd.edu.gr, ppalam@otenet.gr



