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1. Introduction. The notion of Lie algebroid is a generalization of the
concepts of Lie algebra and integrable distribution. In his paper [19] WEIN-
STEIN gives a generalized theory of Lagrangian on Lie algebroids and obtains
the Euler-Lagrange equations using the structure of the dual of Lie alge-
broids and Legendre transformations associated with a regular Lagrangian.
The same Fuler-Lagrange equations were later obtained by M ARTINEZ us-
ing the symplectic formalism for Lagrangian [10] and Hamiltonian [11] as
it appears in KLEIN’s paper [7]. In [9] LIBERMANN shows that such a for-
malism is not possible, in general, if we consider the tangent bundle TFE
to the Lie algebroid w : E — M as the space for developing the theory,
one of the problems being the different dimensions of vertical and horizon-
tal distributions. The difficulty is solved with the notion of prolongation
of Lie algebra over a mapping introduced by HIGGINS and MACKENZIE
[5]. Following the MIRON, ANASTASIEI [13] and DE LEON, RODRIQUES [§]
for the case of tangent bundle, we will study in this paper the geometry
of Lie algebroids using the notions of semispray and nonlinear connection
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(see also GRIFONE [4] and CRAMPIN [3]) and we will give an application to
distributional systems with homogeneous cost.

2. The geometry of lie algebroids. Let M be a differentiable, n-
dimensional manifold and (T'M,myr, M) its tangent bundle. Let (E, 7, M)
be a vector bundle with the dimension of type fibre m. A Lie algebroid
over a manifold M is a vector bundle (E, 7, M) equipped with a Lie algebra
structure [,] on its space of sections and a map ¢ : E — TM (called the
anchor) which induces a Lie algebra homomorphism (also denoted o) from
sections of E to vector fields on M, satisfying the compatibility conditions

(1) 81, fs2] = fls1, s2] + (o (s1) f)s2,

where f is a smooth function on M and si, sy are sections of E. Therefore,
we also have the relations

[0(51),0(s2)] = ols1,82], [s1,[52,53]] + [s2,[83, 51]] + [83, [51, 52]] = 0.

The properties of Lie algebroids permit us to define an exterior differential
operator d on A\ E = Sec((E*)"? — M. If f is a function on M then
df (z) € E¥ is defined by < df (z),u >= o(u)f, for every u € E,. If w is an
element of AP(E) with p > 0, then the element dw € AP (E) is given by
the formula

p+1 R
dw(s1, .y spi1) = D (1) o(s)w(s1, 81y Sppa)+
=1
+ Z (1) w0([84.87], 81, +vvy Siy very Sy ++-Spt1)s
1<i<j<p+1

where the hat over an argument means the absence of that argument.

If we take the local coordinates (%) on M and a local basis {s,} of sections
of the bundle, then we have the local coordinates (z%,4%) on E. These
coordinates determine the local functions o?,(z), L] s(z) on M given by

;0 .
(2)  o(sq) = a;@, [Sas S5) = Lzﬂsy, i,j=1,n, o B=1m,

and satisfying the relations

do? yoly ; 2 : , 0L
Jé] 9% _ irvy L By o LT =
O Oages g = e 2 >("a du *L“”Lﬁ”> -
a7 7’)/
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which are called the structure equations of Lie algebroid. In local coordi-
nates the differential d is determined by

; ; 1
(4) dx' = ops%, ds® = —§Lgvsﬁ NS,
where {5} is the dual basis of {s,} and we have the relations d?z = 0 and

d*s* = 0. The differential of a function f on M is given by df = g J{Z ol y®
and in particular we have ' = o, y“.

2.1. The induced vector bundle. Let (R, p, M) be a vector bundle.
For the map o : E — T'M we can construct the induced vector bundle of
(TR,T,,TM) given by

(5) TE = {(u,v) € Exppm TR | o(u) = Tp(v)},

but fibered over R by the projection m(u,v) = wr(v), where 7 : TR — R
is the tangent projection. We have also the canonical projection wo : TE —
E given by 75 (u,v) = u. The projection onto the second factor ¢! : TE —
TR, o'(u,v) = v will be the anchor of a new Lie algebroid over manifold
R [17]. An element of TFE is said to be vertical if it is in the kernel of
the projection my. We will denote (VT E, my,,,, R) the vertical bundle of
(TE,m1,R).

In this paper we will restrict our attention to the case R = E (also
considered in [16], where T E is called the "relative self-tangent space”). We
have also that KerT), is a vertical bundle in (T'E, 7, E)) which is denoted
(VTEvWE\nga E) and 01|VTE :VTFE — VTE is an isomorphism.

The local basis of sections of T E is given by {X,, Va}, where

0
u>7 Va—<07ayau>a

(a?ci , ay%) is the local basis on TE. If V is a section of 7E then in terms
of basis {X,,Va} it is V = Z9X, + VYV, and the vector field (V)
€ x(F) has the expression o!(V) = o0& Z2 8?:2' + VO‘%. The vertical lift of
a section p = p%s, and the corresponding vector field are p¥ = p*V, and
al(p?) = pa%. The structure functions of 7 FE are given by the following

formulas

© A= (sl ok

™ o' (X) = ol
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(8) [Xa, Xg] = L) g Xy, [Xa, V5] =0, [Va, V5| =0.

If {X, V*} denotes the corresponding dual basis of {X,,, V4 } then the local
expression of the differential of a function L on 7F is dL = o, ggfi X<+

E?TLQVO‘, and therefore, we have dz! = 0! X and dy® = V. The differential
of sections of (7 E)* is determined by

1
(9) dxe = —ELgWXﬁ AXT, dV* =0.

2.2. Semispray

Definition 1. The vertical section given by C = y*V, is called the
Liouwille section.

The Liouville section measures the homogeneity of functions and sec-
tions. A function f € C°°(F) is said to be homogeneous of degree r € Z if
Lef = rf, where L¢ is the Lie derivation with respect to Liouville section
on Lie algebroid. A section Z of 7F is said to be homogeneous of degree
reZif LeZ =rZ.

Definition 2. The linear mapping given by J = V* ® X, is called the
tangent structure.
We have the following properties:

TJ(Xa) =V JV*) =0, J*=0, JC=0, ImJ = KerJ = VTE,
Moreover, J is an integrable structure and is homogeneous of degree —1.

Definition 3. A section & of TE satisfying the condition JEC is called
semispray.
In local coordinates a semispray has the expression

(10) E(z,y) = y* X + (2, y)Va

and the associated vector field is o!(¢) = o y® 8?& + fo‘ay%. The integral

curves of o!(€) satisfy the differential equations

dx’ ‘ dy®
11 — L0 @ 29 e )
(11) dt oo (z)y”, i (2, y)

We shall express now the non-homogeneity of the semispray.
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Definition 4. Let £ be a semispray on E. We call deviation of £ the
section & = [C,&] — &.

Proposition 1. The deviation £* is a vertical section.

Proof. We have J¢* = J[C,£] — T& = T[yVa, v’ X5 + 9Vg] — C =
J (yﬁ)(ﬁ + yo‘%V5 — {ﬁV[g) —C= yﬂvﬁ — C = 0, therefore £* is a vertical
section. U

Definition 5. A semispray £ is called spray if £ = 0, that is £ is 2-
homogeneous and it is of class C' on the null section. If, moreover, £ is C?
on the null section, then £ is called quadratic spray.

Proposition 2. If £ is a semispray on E, then we have
(12) JETZ)=-TJZ, Zex(E)

Proof. Since Ny = 0 (Nijenhuis tensor of tangent structure) we deduce
Ny(6,7) = (7€, T 7] - JITE 2] - J1€,T2) = 0 and [, TZ) - TC, 7] ~
JETZ =0=[C,TJZ] - TJIC,Z] = J|§, TZ]. But, on the other hand,
(LeJ)(Z2) = [C,TZ]) — J[C, Z] ( Lie derivative) and LeJ = —J (J is
(-1)-homogeneous, so J[§, JZ| = —-TJZ. O

2.3. Nonlinear connection

Definition 6. A nonlinear connection in (TE,m,E) is a subbundle
HTE (or a distribution H) such that TE =VTE & HTE.

If H is a nonlinear connection, then a section of F may be decomposed as
follows s = vs+hs (vs is vertical component and hs is horizontal component
of section s). Then v and h are vertical and horizontal projectors and we
have the relations h?> = h, v> = v, hv = vh = 0. But we know that
VTE = KerJ = ImJ, where J is the tangent structure and we can easily
prove that Jh =7, hJ =0, Jv=0, vJ =J. We put N = 2h — Id and

it results
(13) IN=J, NT =-T

Conversely, if N satisfies (13) then we get N? = Id. In fact, N(V,) =
N(T (X)) = =T (X)) = Vo and if N (X,) = AL X3+ BiVs then TN (X,) =
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J(A0Xs + BiVs) = ASVs. But JN(Xy) = J(Xa) = Vo so AL = 84 and
we obtain

(14) N(X,) = X+ B2V, N(Va) = —Va.

From (14) we get N2 = Id. Now, if we put b = 3(Id+N) and v = £ (Id—N)
we obtain Imv = VT E, Imh = HTE, and h and v define a nonlinear
connection in 7 F. From previous results, we get:

Theorem 3. A nonlinear connection is a section on TE, C* on TE\
{0} such that

(15) IN=J, NJT =-J.
From (14) we have that N is locally given by
(16) N(Xy) = Xo = 2N (2, y)Vs, N(Va) = —Va.

where BZ = 2N and N are the components of nonlinear connection.
If p is a section on E, p = p®s,, then we define the horizontal lift p =

%X — pONF Vg, and the corresponding vector field is ot (p?) = p®o?, aii —

pa/\/f %. From (16) we deduce that h is locally given by

(17) hMXa) = Xo — NPV, h(Va) = 0.
Next, we express the non-homogeneity of a nonlinear connection.

Definition 7. The tension of a nonlinear connection N is a section H
on TE given by H = %Lcj\/, where L is the Lie derivative on Lie algebroid
(LeN)(Z) = [C,.NZ] - NTC, Z].

In local coordinates we have the expression

3
(18) H = (Nf — ‘z)/;/j‘w) XY@ Vs.

Definition 8. A nonlinear connection is said to be homogeneous if N
is homogeneous of degree 1, that is, the tension H vanishes.

Definition 9. A homogeneous nonlinear connection N is said to be
linear connection if N is C on the null section.
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If \V is a linear connection, then the function NV are linear on y, then
we may write N (z,y) = Ty (2)y.

2.4. Covariant derivative associated to a nonlinear connection.
A tangent vector v to E at a point u is called admissible if T, 7(v) = o(u)
[19]. A curve in E is admissible if its tangent vectors are admissible.

Definition 10. A law of covariant derivative associated to a nonlinear
connection N is an application D : Sec(E)xSec(E) — Sec(E) (p,n) — Dyn
such that

Dyon = [Dpn, Dy(fn) = (a(p)f)n+ [Dyn,

for any function f € C*°(M) and p,n € Sec(E).
The covariant derivative has the local expression

P
(19) Dpn = p* (U;E)xi +Ng) 56
where p = p®s, and n = n%ss. Let a : I — FE be an admissible curve and
let b: I — E be a curve in E, both of them projecting by 7 onto the same
curve v in M, w(a(t)) = w(b(t)) = v(t). We can define the derivative of b(t)
along the a(t), denoted Dyb. In local coordinates we have

B
(20) D) = (g +A%a®) ss(4(0)

Definition 11. An admissible curve c(t) is a path (autoparallel) for
nonlinear connection N if and only if Doyyc(t) = 0.
In local coordinates we get

dcP n
dt

Proposition 4. A curve in E is autoparallel for the nonlinear connec-
tion if and only if

(21) NB(z,y)c® = 0.

dz’ ; dy”
(22) =0yt ot NBy* = 0.
2.5. Adapted basis of nonlinear connection. Let A/ be the non-

linear connection with components N (z,y). We set

(23) 0o = M(Xa) = Xy — NPV3,
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then {4, Vo } is a local basis which is called the adapted basis with respect
to V. We have

;0 0 0
1 — At _A/B 1 —
(24‘) o (506) Oa afEZ «@ ayﬂ ’ o (VOC) aya .

The dual adapted basis is given by {X%, §V*} where
(25) SV =V + NGAP,

and { X%, V*} is the dual basis of { X, V, }. On the vector bundle (TE, 7g, E)
we give also a nonlinear connection (see MIRON and ANASTASIEI [13]),
such that TE = HTFE & VTE. The nonlinear connection on TE has
the coefficients denoted by N{*(z,y) and the adapted basis is {%, %}

where 66;& = 8?& — Niaa%w The dual adapted basis is {dz’,dy*} where

Sy® = dy® + Nfdz® and {dz’, dy®} is the dual basis of {%, ay%}.

Proposition 5. The relations between the coefficients of nonlinear con-
nections and adapted basis on TE and TE are given by

. 5
(26) N2 =Nlol, oM0a) = ol

Proof. We know that o*!(dx?) = 0! X* and o*!(dy®) = V%, where o*!
is the dual application of o*. Then we get o*!(dy®) = o*!(dy® + N¥dx?) =
Ve + N{"Uéé’(ﬂ. But on (7E)* we have the dual adapted basis V¢ =
1 %a —I-NﬁaXﬂ and U*l|(VTE)* :(VTE)* - (VTE)*is an isomorphism. Then
we obtain o*}(§y®) = 6V* and it results V + Niaaz;Xﬁ =V —i—J\/:é”X*B =
Nio‘ag = N§. Finally we obtain ol (0n) = o' (X, — Nng) = aga‘zi -

B9 _ i (.0 B0 \ _ i 6
N"‘W*Ua(azi_NiW)*aaW' O

Lemma 6. The Lie brackets of the sections from adapted basis {0q, Vo }
are

ONG

Tyﬁvy, [Va,Vg] - O,

(27) [0a, 55] = Llﬁ(sv + RZng [0a, Vﬁ] =

| o) O]
O o — NS N

(28) R

aB = 98 g Cappi 5 Dy + LogNe.
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Remark 1. The following formula holds o[, 5] = [0(da), o' (05)].

2.6. Semispray and nonlinear connection. Let N be a nonlinear
connection on 7 E, £ an arbitrary semispray on 7 E and h = %(I d+N) the
horizontal projector of N'. We consider £ = h¢’ and for any other semispray
¢ on TE we have h(¢ —¢&") = h(('* — "*)V,) = 0 and it results that
& doesn’t depends on the choose of £. We have JEThE' = JE = C so
¢ is a semispray, which is called the associated semispray to N. If & =
YO Xy + £V, then he' = y*(Xy — NEV3) 50 € = 4o Xy — NEy* V. If N is
a linear connection, then we have £ = y*X, — rgv(:c)yang.

Remark 2. If A/ is homogeneous (linear), then ¢ is a spray (quadratic

spray).
Now, let £ be an arbitrary semispray on 7 E. We consider
(29) N =—-LJ

that is N(Z) = —[§, T Z] + J[&, Z], where Z € Sec(TE).

Theorem 7. N is a nonlinear connection in T E with associated semis-
pray given by £ + %5*

Proof. Using (12) we get: JN(2)=J (=&, T Z|+T ¢, Z2))=—T &, T Z) =

J(Z) and NJ(Z) = —[£,T°Z)+ J£,TZ) = T, TZ] = =J(Z). If ¢
is the associated semispray to N we obtain & = hf = 1+ N (§) =
36+ 3(=[6, TE + TIE,€)) = 56 +3[C. ) = &+ 3¢~ O

Proposition 8. For & = y*X, + £*V, the nonlinear connection N' =
—L¢J 1s given by

B
(30)  N(Xa) = Xt (af T mga) Vi, N(Va) = —Va,

oy~
1o
(31) N = 5(-Ge +y7LE)
Proof. We have N (X,) = —[§, T (Xa)] + TIE, Xa] = X +855VB+
JPLY Xy — a;gfgzv )Xo + ( o8 +y7L )Vg and using the relation

N(X,) = Xy — 2NE (2, y)V5 we obtain (30) and (31). O
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Corollary 9. If & is a spray then N' = —L¢J is a homogeneous nonlin-
ear connection, whose associated spray is £. If € is a quadratic spray then
N = —L¢J is a linear connection.

Proof. If H is the tension of N then H(X,) = 1 (—E + 5P ohey ) Vs.

2 Oy~ Oy oyP
But £ is a spray and it results that £7 is homogeneous of degree 2, so
oE og 027
287 = yﬁ# and 831% = yﬁw and therefore ‘H = 0. O

Theorem 10. A nonlinear connection N and its associated semispray
have the same path.

Proof. The associated semispray is & = y*X, — ./\/'o’?yan so &° =
—NZy* and it results from (11) and (22). O

Definition 12. The curvature of nonlinear connection N is given by
Q = — Ny, where h is the associated horizontal projector of N, and Ny, is
the Nijenhuis tensor associated to h.

In the local coordinates we get

(32)  Q0ardp) = ~R1gVy Q0a,V5) =0, QVa,Vs)=0.

where RZ,@ is given by (28) and are called the curvature of nonlinear con-
nection ' on TE.

Lemma 11. The relation between the curvatures of nonlinear connec-
tions on TE and TFE is given by

(33) Rlﬁ = UéaéRZj,
v _ ON]  ON]
where R} = b —
Proof. Using the relations N = Nfaé and (28). O

Theorem 12. The horizontal distribution HT E of a nonlinear connec-
tion N is integrable iff the curvature vanishes.

Proof. We have [d4, 03] = Llﬁév + Rlﬁvv therefore HT E is integrable
iff R)5=0. O
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Definition 13. The weak torsion of N is defined by t = [T, h], that is

(T, h(Z,W) =[TZ,MW] + [RZ, IW]+ T Z,W] - T Z,hW]—
—JhZ, W] —h|Z,TW| - h|TZ, W]

for any sections Z,W on TE.
In the local coordinates we get

oNy Ny
(39) 10005 = | G ~ gpa — Lo | Vi 100, Vi) = 0,1V, V) = 0

Definition 14. The strong torsion T on N is given by T = i¢t — H,
where H is the tension of N, and i¢ is the contraction with &.
Locally we obtain

ON]
oy~

(35) T(6a) = ( v — N+ yﬁLZw) V,, T(Va)=0.

Proposition 13. The strong torsion T of a nonlinear connection N
vanishes if and only if the weak torsion and the tension of N vanish.

ONG B 4 8L ON
Proof. If 7 = 0 then No = 72" +y’L); and ¢(da,dp) 5,2 +

0PN e ONQ PNY e ~y ~ N (9/\/? ONZ N
ey Y T oys " ayeayB Y +Laﬁ_Lﬂa_Laﬁ = Tgr o8 —Lﬁa = —t(0a,6p)

so, we obtain t(dq,03) =0 and H = 0. O

Proposition 14. Let N and N’ be two nonlinear connections in TE
with the same strong torsion and the same associated semispray. Then
N =N".

The proof follows the case of tangent bundle (see [8]).

3. Lagrangian systems. Let (E,m, M) be a Lie algebroid with the
anchor o : K — TM and L : F — R a differentiable function on E called the
Lagrange function. When £ € C°°(FE) we can define a dynamical system
on E. The Euler-Lagrange equations on Lie algebroids [19] are

oy~

dzxt : d (0L 0L oL
i« % A 1Y 16}
(36) at Yo dt( ) Ooggi ~ apY oy’
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and from [11] we get the Hamilton-Jacobi equations

dx’ OH  dug, . OH oH
37 =0 —, —=-0,=— — T —
( ) dt Ua 8”(]7 dt o-a axz /“L’Y Ba 8,Uﬁ
If £ is a regular and 2-homogeneous Lagrangian and we denote g,3 = aﬁjﬁaﬁyﬁ

then we get:

Theorem 15. The corresponding homogeneous nonlinear connection
N = —L¢J has the coefficients given by

5_1 _8756 Y7o
(38) NE - 2 ( 8y8 +y Ls’y ’

2 * Ozt Yoz OB oy +

¢ = lgéﬁ (ai 995+ 4l 99as i 0oy
+9:aLlpy + geyLpa — gsﬁLia> Yy,

and is called the canonical nonlinear connection associated to the homoge-
neous Lagrangian L.

Proof. Using [11] we get the semispray associated to the Lagrangian £

oL 9% oL
e _ &8 i ) a 7Yy ,a=

and from £ = £g,5y°y® and (31) we get (38). O

Definition 15. A function F : E — [0, 00| which satisfies the following
properties
1) F is C* on E\{0}
2) F(Au) = AF(u) for A >0 and u € E,. x € M.
3) For each y € E,\{0} the quadratic form

1 0*F°
gaﬁ(%y) = §W7

is positive definite, will be called the Finsler function on Lie algebroid.
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We can associate to any Finsler function F on Lie algebroid a Finsler
function F' on Imo C T'M defined by

(39) Fw)={F(u)|u€ E;, o(u)=v},

for each v € (Imo), C T, M, v € M. If we consider the Lagrangians
L= %F2 and £ = %.7—"2 we obtain £ = L o o and the Hamiltonian is

H(p) = sup{(p,v) — L(v)} = sup {(p,v) — L(u);0(u) = v} =
= sép {{(p,o(w)) = L(u)} _ sup {(0” (p), u) — L(u)} = H(o" (1),
and we get
(40) H(p) =H(p), pn=o0"(p),
pETIM, i€ E;.

3.1. Applications to optimal control. Let M be a smooth n-
dimensional manifold. We consider on M the distributional system

(41) E= ui(t)Xi(x),
i=1

where © € M represents the state of system and u € R™ represents the
controls, such that the distribution D = (X3, X», ..., X;;,) has constant rank
m and is integrable. The cost is given by

(42) min | Fu(e)ar

where F is a Minkowski norm on D. A piecewise smooth curvec: I C R —
M is called horizontal if the tangent vectors are in D, i.e. ¢é(t) € D 4y CcTM
for almost every ¢t € I. In order to apply the theory of Lie algebroids we
consider £ = M x D and the anchor ¢ : E — T'M given by

(43) o(z,u) =Y ui(t)Xi(x).
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Let v : I — F be an admissible curve projecting by m onto the horizontal
curve ¢: I — M (i.e. o(u(t)) = ¢(t) and w(u(t)) = c(t)). The length of the
horizontal curve c is defined by

length(c) = /Ij’:(u(t))dt = /IF(é(t))dt,

and the distance is given by d(a,b) = inflength(c) where the infimum is
taken over all horizontal curves connecting a and b. The distance is infinite if
there is no admissible curve that connects these two points. The distribution
D is integrable and it determines a foliation on M and two points can be
joint if and only if are situated in the same leaf. Considering £ = %.7: 2 we
obtain a regular and 2-homogeneous Lagrangian on Lie algebroid.

3.2. Example. We consider the following distributional system with
positive homogeneous cost (Randers metric):

T 1 x
t=wXi +uXe, z=| vy |eR X1=10],Xo=1]1
z 0 1

T
m(u)l/ Flu(t))dt, F=|ul+(b,u), b= (0, u=(u,uz)’, 0<e<1.
u(.) Jo

We are looking for the geodesics starting from the origin and parametrized
by arclength. The associated distribution D =< X7, Xo > is integrable,
because X = 8%7 X5 = m% + % + %, and therefore [X1, Xo] = X1. In the
case of Lie algebroid we consider E = R3 x D and the anchor ¢ : £ — TR?
has the components

' 1
(44) =10
0

=8

2
and we get the Lagrangian £ = % (\/ (u1)? + (u2)? + sul) . Using a result
from [6] we can find the Hamiltonian on E* given by

1 2 2
(45) H= 9 (\/(1%122)2 ™ 1(H_2)52 N 16f152>

2
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From (3) and the relation [Xq, X3] = Lzﬁ)cY we obtain the non-zero com-

ponents Li, = 1, L, = —1 and from (37) we have
(46) jfzai+$8ia 9222%7 /112—/11677—{, /lzz—mai
Our — Ouz Op2 Opa 20
where
OH (14+e*)m € %"’%_ eu?
a0 o [ e
OH H2 Ep1 2

o
O 17 -+ e

The form of the last relations leads to the following change of variables
p1(t) = (1—e¥)r(t)sechf(t), pu2(t) =1 —e2r(t)tanh6(t), and from (46)

we obtain
V1 — €27 = r?csec hf tanh §(e sec h — 1),

48 .
“3) V1—¢20 = r(esechf — 1)?

and we have |r| = But the geodesics are parameterized by

arclength, that corresponds to fix the level 1/2 of the Hamiltonian and we
have H = 555 so ¢ = 1. From (48) we get t = V1 — &2 [ —Ld6.
Finally, from (46) by straightforward computation, we get the following

result z(f) = \5/1{12602 + b(1(;i(2521;9)’ y(0) = z(f) = In %‘

Remark 3. If ¢ = 0 we obtain the case of distributional systems with
quadratic cost with the solution z(¢) = sinh¢+b(1 —cosht), y(t) = z(t) =
In cosh t.
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