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1. Introduction. The notion of Lie algebroid is a generalization of the
concepts of Lie algebra and integrable distribution. In his paper [19] Wein-
stein gives a generalized theory of Lagrangian on Lie algebroids and obtains
the Euler-Lagrange equations using the structure of the dual of Lie alge-
broids and Legendre transformations associated with a regular Lagrangian.
The same Euler-Lagrange equations were later obtained by Martinez us-
ing the symplectic formalism for Lagrangian [10] and Hamiltonian [11] as
it appears in Klein’s paper [7]. In [9] Libermann shows that such a for-
malism is not possible, in general, if we consider the tangent bundle TE
to the Lie algebroid π : E → M as the space for developing the theory,
one of the problems being the different dimensions of vertical and horizon-
tal distributions. The difficulty is solved with the notion of prolongation
of Lie algebra over a mapping introduced by Higgins and Mackenzie
[5]. Following the Miron, Anastasiei [13] and de Leon, Rodriques [8]
for the case of tangent bundle, we will study in this paper the geometry
of Lie algebroids using the notions of semispray and nonlinear connection
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(see also Grifone [4] and Crampin [3]) and we will give an application to
distributional systems with homogeneous cost.

2. The geometry of lie algebroids. Let M be a differentiable, n-
dimensional manifold and (TM, πM , M) its tangent bundle. Let (E, π, M)
be a vector bundle with the dimension of type fibre m. A Lie algebroid
over a manifold M is a vector bundle (E, π, M) equipped with a Lie algebra
structure [,] on its space of sections and a map σ : E → TM (called the
anchor) which induces a Lie algebra homomorphism (also denoted σ) from
sections of E to vector fields on M , satisfying the compatibility conditions

(1) [s1, fs2] = f [s1, s2] + (σ(s1)f)s2,

where f is a smooth function on M and s1, s2 are sections of E. Therefore,
we also have the relations

[σ(s1), σ(s2)] = σ[s1, s2], [s1, [s2, s3]] + [s2, [s3, s1]] + [s3, [s1, s2]] = 0.

The properties of Lie algebroids permit us to define an exterior differential
operator d on

∧
E = Sec((E∗)∧p → M . If f is a function on M then

df(x) ∈ E∗
x is defined by < df(x), u >= σ(u)f , for every u ∈ Ex. If ω is an

element of
∧p(E) with p > 0, then the element dω ∈ ∧p+1(E) is given by

the formula

dω(s1, ..., sp+1) =
p+1∑

i=1

(−1)i+1σ(si)ω(s1, ...,
ˆ
si, ..., sp+1)+

+
∑

1≤i<j≤p+1

(−1)i+jω([si,sj ], s1, ...,
ˆ
si, ...,

ˆ
sj , ...sp+1),

where the hat over an argument means the absence of that argument.
If we take the local coordinates (xi) on M and a local basis {sα} of sections
of the bundle, then we have the local coordinates (xi, yα) on E. These
coordinates determine the local functions σi

α(x), Lγ
αβ(x) on M given by

(2) σ(sα) = σi
α

∂

∂xi
, [sα, sβ] = Lγ

αβsγ , i, j = 1, n, α, β = 1,m,

and satisfying the relations

(3) σj
α

∂σi
β

∂xj
− σj

β

∂σi
α

∂xj
= σi

γLγ
αβ,

∑

(α,β,γ)

(
σi

α

∂Lδ
βγ

∂xi
+ Lδ

αηL
η
βγ

)
= 0,
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which are called the structure equations of Lie algebroid. In local coordi-
nates the differential d is determined by

(4) dxi = σi
αsα, dsα = −1

2
Lα

βγsβ ∧ sγ ,

where {sα} is the dual basis of {sα} and we have the relations d2xi = 0 and
d2sα = 0. The differential of a function f on M is given by df = ∂f

∂xi σ
i
αyα

and in particular we have ẋi = σi
αyα.

2.1. The induced vector bundle. Let (R, p,M) be a vector bundle.
For the map σ : E → TM we can construct the induced vector bundle of
(TR, Tp, TM) given by

(5) T E = {(u, v) ∈ E ×TM TR | σ(u) = Tp(v)},

but fibered over R by the projection π1(u, v) = πR(v), where πR : TR → R
is the tangent projection. We have also the canonical projection π2 : T E →
E given by π2(u, v) = u. The projection onto the second factor σ1 : T E →
TR, σ1(u, v) = v will be the anchor of a new Lie algebroid over manifold
R [17]. An element of T E is said to be vertical if it is in the kernel of
the projection π2. We will denote (V T E, π1|V TE

, R) the vertical bundle of
(T E, π1, R).

In this paper we will restrict our attention to the case R = E (also
considered in [16], where T E is called the ”relative self-tangent space”). We
have also that KerTp is a vertical bundle in (TE, πE , E) which is denoted
(V TE, πE|V TE

, E) and σ1
∣∣
V T E

: V T E → V TE is an isomorphism.
The local basis of sections of T E is given by {Xα,Vα}, where

(6) Xα =
(

sα(π(u)), σi
α

∂

∂xi

∣∣∣∣
u

)
, Vα =

(
0,

∂

∂yα

∣∣∣∣
u

)
,

( ∂
∂xi ,

∂
∂yα ) is the local basis on TE. If V is a section of T E then in terms

of basis {Xα,Vα} it is V = ZαXα + V αVα, and the vector field σ1(V )
∈ χ(E) has the expression σ1(V ) = σi

αZα ∂
∂xi + V α ∂

∂yα . The vertical lift of
a section ρ = ραsα and the corresponding vector field are ρv = ραVα and
σ1(ρv) = ρα ∂

∂yα . The structure functions of T E are given by the following
formulas

(7) σ1(Xα) = σi
α

∂

∂xi
, σ1(Vα) =

∂

∂yα
,
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(8) [Xα,Xβ] = Lγ
αβXγ , [Xα,Vβ] = 0, [Vα,Vβ] = 0.

If {Xα,Vα} denotes the corresponding dual basis of {Xα,Vα} then the local
expression of the differential of a function L on T E is dL = σi

α
∂L
∂xiXα +

∂L
∂yαVα, and therefore, we have dxi = σi

αXα and dyα = Vα. The differential
of sections of (T E)∗ is determined by

(9) dXα = −1
2
Lα

βγX β ∧ X γ , dVα = 0.

2.2. Semispray

Definition 1. The vertical section given by C = yαVα is called the
Liouville section.

The Liouville section measures the homogeneity of functions and sec-
tions. A function f ∈ C∞(E) is said to be homogeneous of degree r ∈ Z if
LCf = rf, where LC is the Lie derivation with respect to Liouville section
on Lie algebroid. A section Z of T E is said to be homogeneous of degree
r ∈ Z if LCZ = rZ.

Definition 2. The linear mapping given by J = Vα ⊗ Xα is called the
tangent structure.

We have the following properties:

J (Xα) = Vα, J (Vα) = 0, J 2 = 0, J C = 0, ImJ = KerJ = V T E,

Moreover, J is an integrable structure and is homogeneous of degree −1.

Definition 3. A section ξ of T E satisfying the condition J ξC is called
semispray.

In local coordinates a semispray has the expression

(10) ξ(x, y) = yαXα + ξα(x, y)Vα

and the associated vector field is σ1(ξ) = σi
αyα ∂

∂xi + ξα ∂
∂yα . The integral

curves of σ1(ξ) satisfy the differential equations

(11)
dxi

dt
= σi

α(x)yα,
dyα

dt
= ξα(x, y).

We shall express now the non-homogeneity of the semispray.
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Definition 4. Let ξ be a semispray on E. We call deviation of ξ the
section ξ∗ = [C, ξ]− ξ.

Proposition 1. The deviation ξ∗ is a vertical section.

Proof. We have J ξ∗ = J [C, ξ] − J ξ = J [yαVα, yβXβ + ξβVβ] − C =

J
(
yβXβ + yα ∂ξβ

∂yαVβ − ξβVβ

)
−C = yβVβ −C = 0, therefore ξ∗ is a vertical

section. ¤

Definition 5. A semispray ξ is called spray if ξ∗ = 0, that is ξ is 2-
homogeneous and it is of class C1 on the null section. If, moreover, ξ is C2

on the null section, then ξ is called quadratic spray.

Proposition 2. If ξ is a semispray on E, then we have

(12) J [ξ,JZ] = −JZ, Z ∈ χ(E)

Proof. Since NJ = 0 (Nijenhuis tensor of tangent structure) we deduce
NJ (ξ, Z) = [J ξ,JZ] − J [J ξ, Z] − J [ξ,JZ] = 0 and [C,JZ] − J [C, Z] −
J [ξ,JZ] = 0 ⇒ [C,JZ] − J [C, Z] = J [ξ,JZ]. But, on the other hand,
(LCJ )(Z) = [C,JZ] − J [C, Z] ( Lie derivative) and LCJ = −J (J is
(-1)-homogeneous, so J [ξ,JZ] = −JZ. ¤

2.3. Nonlinear connection

Definition 6. A nonlinear connection in (T E, π1, E) is a subbundle
HT E (or a distribution H) such that T E = V T E ⊕HT E.

If H is a nonlinear connection, then a section of E may be decomposed as
follows s = vs+hs (vs is vertical component and hs is horizontal component
of section s). Then v and h are vertical and horizontal projectors and we
have the relations h2 = h, v2 = v, hv = vh = 0. But we know that
V T E = KerJ = ImJ , where J is the tangent structure and we can easily
prove that J h = J , hJ = 0, J v = 0, vJ = J . We put N = 2h− Id and
it results

(13) JN = J , NJ = −J

Conversely, if N satisfies (13) then we get N 2 = Id. In fact, N (Vα) =
N (J (Xα)) = −J (Xα) = −Vα and ifN (Xα) = Aβ

αXβ+Bβ
αVβ then JN (Xα) =



160 L. POPESCU 6

J (Aβ
αXβ + Bβ

αVβ) = Aβ
αVβ. But JN (Xα) = J (Xα) = Vα so Aβ

α = δβ
α and

we obtain

(14) N (Xα) = Xα + Bβ
αVβ, N (Vα) = −Vα.

From (14) we getN 2 = Id. Now, if we put h = 1
2(Id+N ) and v = 1

2(Id−N )
we obtain Imv = V T E, Imh = HT E, and h and v define a nonlinear
connection in T E. From previous results, we get:

Theorem 3. A nonlinear connection is a section on T E, C∞ on T E \
{0} such that

(15) JN = J , NJ = −J .

From (14) we have that N is locally given by

(16) N (Xα) = Xα − 2N β
α (x, y)Vβ, N (Vα) = −Vα.

where Bβ
α = −2N β

α and N β
α are the components of nonlinear connection.

If ρ is a section on E, ρ = ραsα, then we define the horizontal lift ρH =
ραXα−ραN β

αVβ, and the corresponding vector field is σ1(ρH) = ρασi
α

∂
∂xi −

ραN β
α

∂
∂yβ . From (16) we deduce that h is locally given by

(17) h(Xα) = Xα −N β
αVβ, h(Vα) = 0.

Next, we express the non-homogeneity of a nonlinear connection.

Definition 7. The tension of a nonlinear connection N is a section H
on T E given by H = 1

2LCN , where L is the Lie derivative on Lie algebroid
(LCN )(Z) = [C,NZ]−N [C, Z].

In local coordinates we have the expression

(18) H =

(
N β

α −
∂N β

α

∂yγ
yγ

)
Xα ⊗ Vβ.

Definition 8. A nonlinear connection is said to be homogeneous if N
is homogeneous of degree 1, that is, the tension H vanishes.

Definition 9. A homogeneous nonlinear connection N is said to be
linear connection if N is C1 on the null section.
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If N is a linear connection, then the function N β
α are linear on y, then

we may write N β
α (x, y) = Γβ

αγ(x)yγ .

2.4. Covariant derivative associated to a nonlinear connection.
A tangent vector v to E at a point u is called admissible if Tuπ(v) = σ(u)
[19]. A curve in E is admissible if its tangent vectors are admissible.

Definition 10. A law of covariant derivative associated to a nonlinear
connection N is an application D : Sec(E)×Sec(E) → Sec(E) (ρ, η) → Dρη
such that

Dfρη = fDρη, Dρ(fη) = (σ(ρ)f)η + fDρη,

for any function f ∈ C∞(M) and ρ, η ∈ Sec(E).
The covariant derivative has the local expression

(19) Dρη = ρα

(
σi

α

∂ηβ

∂xi
+N β

α

)
sβ,

where ρ = ραsα and η = ηαsα. Let a : I → E be an admissible curve and
let b : I → E be a curve in E, both of them projecting by π onto the same
curve γ in M , π(a(t)) = π(b(t)) = γ(t). We can define the derivative of b(t)
along the a(t), denoted Dab. In local coordinates we have

(20) Da(t)b(t) =
(

dbβ

dt
+N β

α aα

)
sβ(γ(t)).

Definition 11. An admissible curve c(t) is a path (autoparallel) for
nonlinear connection N if and only if Dc(t)c(t) = 0.

In local coordinates we get

(21)
dcβ

dt
+N β

α (x, y)cα = 0.

Proposition 4. A curve in E is autoparallel for the nonlinear connec-
tion if and only if

(22)
dxi

dt
= σi

αyα,
dyβ

dt
+N β

α yα = 0.

2.5. Adapted basis of nonlinear connection. Let N be the non-
linear connection with components N β

α (x, y). We set

(23) δα = h(Xα) = Xα −N β
αVβ,
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then {δα,Vα} is a local basis which is called the adapted basis with respect
to N . We have

(24) σ1(δα) = σi
α

∂

∂xi
−N β

α

∂

∂yβ
, σ1(Vα) =

∂

∂yα
.

The dual adapted basis is given by {Xα, δVα} where

(25) δVα = Vα +Nα
β X β,

and {Xα,Vα} is the dual basis of {Xα,Vα}. On the vector bundle (TE, πE , E)
we give also a nonlinear connection (see Miron and Anastasiei [13]),
such that TE = HTE ⊕ V TE. The nonlinear connection on TE has
the coefficients denoted by Nα

i (x, y) and the adapted basis is { δ
δxi ,

∂
∂yα }

where δ
δxi = ∂

∂xi − Nα
i

∂
∂yα . The dual adapted basis is {dxi, δyα} where

δyα = dyα + Nα
i dxi and {dxi, dyα} is the dual basis of { ∂

∂xi ,
∂

∂yα }.

Proposition 5. The relations between the coefficients of nonlinear con-
nections and adapted basis on T E and TE are given by

(26) N β
α = Nβ

i σi
α, σ1(δα) = σi

α

δ

δxi
.

Proof. We know that σ∗1(dxi) = σi
αXα and σ∗1(dyα) = Vα, where σ∗1

is the dual application of σ1. Then we get σ∗1(δyα) = σ∗1(dyα + Nα
i dxi) =

Vα + Nα
i σi

βX β. But on (T E)∗ we have the dual adapted basis δVα =
Vα +Nα

β X β and σ∗1
∣∣
(V TE)∗ : (V TE)∗ → (V T E)∗ is an isomorphism. Then

we obtain σ∗1(δyα) = δVα and it results Vα + Nα
i σi

βX β = Vα +Nα
β X β ⇒

Nα
i σi

β = Nα
β . Finally we obtain σ1(δα) = σ1(Xα − N β

αVβ) = σi
α

∂
∂xi −

N β
α

∂
∂yβ = σi

α

(
∂

∂xi −Nβ
i

∂
∂yβ

)
= σi

α
δ

δxi . ¤

Lemma 6. The Lie brackets of the sections from adapted basis {δα,Vα}
are

(27) [δα, δβ] = Lγ
αβδγ +Rγ

αβVγ , [δα,Vβ] =
∂N γ

α

∂yβ
Vγ , [Vα,Vβ] = 0,

(28) Rγ
αβ = σi

β

∂N γ
α

∂xi
− σi

α

∂N γ
β

∂xi
−N ε

β

∂N γ
α

∂yε
+N ε

α

∂N γ
β

∂yε
+ Lε

αβN γ
ε .
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Remark 1. The following formula holds σ1[δα, δβ] = [σ1(δα), σ1(δβ)].

2.6. Semispray and nonlinear connection. Let N be a nonlinear
connection on T E, ξ′ an arbitrary semispray on T E and h = 1

2(Id+N ) the
horizontal projector of N . We consider ξ = hξ′ and for any other semispray
ξ′′ on T E we have h(ξ′ − ξ′′) = h((ξ′α − ξ′′α)Vα) = 0 and it results that
ξ doesn’t depends on the choose of ξ′. We have J ξJ hξ′ = J ξ′ = C so
ξ is a semispray, which is called the associated semispray to N . If ξ′ =
yαXα + ξ′αVα then hξ′ = yα(Xα −N β

αVβ) so ξ = yαXα −N β
α yαVβ. If N is

a linear connection, then we have ξ = yαXα − Γβ
αγ(x)yαyγVβ.

Remark 2. If N is homogeneous (linear), then ξ is a spray (quadratic
spray).

Now, let ξ be an arbitrary semispray on T E. We consider

(29) N = −LξJ
that is N (Z) = −[ξ,JZ] + J [ξ, Z], where Z ∈ Sec(T E).

Theorem 7. N is a nonlinear connection in T E with associated semis-
pray given by ξ + 1

2ξ∗.

Proof. Using (12) we get: JN (Z)=J (−[ξ,JZ]+J [ξ, Z])=−J [ξ,JZ] =
J (Z) and NJ (Z) = −[ξ,J 2Z] + J [ξ,JZ] = J [ξ,JZ] = −J (Z). If ξ′

is the associated semispray to N we obtain ξ′ = hξ = 1
2ξ + 1

2N (ξ) =
1
2ξ + 1

2(−[ξ,J ξ] + J [ξ, ξ]) = 1
2ξ + 1

2 [C, ξ] = ξ + 1
2ξ∗. ¤

Proposition 8. For ξ = yαXα + ξαVα the nonlinear connection N =
−LξJ is given by

(30) N (Xα) = Xα +
(

∂ξβ

∂yα
+ yγLβ

γα

)
Vβ, N (Vα) = −Vα,

(31) N β
α =

1
2
(−∂ξβ

∂yα
+ yγLβ

αγ)

Proof. We have N (Xα) = −[ξ,J (Xα)] + J [ξ,Xα] = Xα + ∂ξβ

∂yαVβ +

J (yβLγ
βαXγ − σi

α
∂ξβ

∂xi Vβ)Xα +
(

∂ξβ

∂yα + yγLβ
γα

)
Vβ and using the relation

N (Xα) = Xα − 2N β
α (x, y)Vβ we obtain (30) and (31). ¤
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Corollary 9. If ξ is a spray then N = −LξJ is a homogeneous nonlin-
ear connection, whose associated spray is ξ. If ξ is a quadratic spray then
N = −LξJ is a linear connection.

Proof. IfH is the tension ofN thenH(Xα) = 1
2

(
− ∂ξγ

∂yα + yβ ∂2ξγ

∂yα∂yβ

)
Vγ .

But ξ is a spray and it results that ξγ is homogeneous of degree 2, so
2ξγ = yβ ∂ξγ

∂yβ and ∂ξγ

∂yα = yβ ∂2ξγ

∂yα∂yβ and therefore H = 0. ¤

Theorem 10. A nonlinear connection N and its associated semispray
have the same path.

Proof. The associated semispray is ξ = yαXα − N β
α yαVβ so ξβ =

−N β
α yα and it results from (11) and (22). ¤

Definition 12. The curvature of nonlinear connection N is given by
Ω = −Nh, where h is the associated horizontal projector of N , and Nh is
the Nijenhuis tensor associated to h.

In the local coordinates we get

(32) Ω(δα, δβ) = −Rγ
αβVγ , Ω(δα,Vβ) = 0, Ω(Vα,Vβ) = 0.

where Rγ
αβ is given by (28) and are called the curvature of nonlinear con-

nection N on T E.

Lemma 11. The relation between the curvatures of nonlinear connec-
tions on T E and TE is given by

(33) Rγ
αβ = σi

ασj
βRγ

ij ,

where Rγ
ij = δNγ

i

δxj − δNγ
j

δxi .

Proof. Using the relations N β
α = Nβ

i σi
α and (28). ¤

Theorem 12. The horizontal distribution HT E of a nonlinear connec-
tion N is integrable iff the curvature vanishes.

Proof. We have [δα, δβ] = Lγ
αβδγ +Rγ

αβVγ therefore HT E is integrable
iff Rγ

αβ = 0. ¤
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Definition 13. The weak torsion of N is defined by t = [J , h], that is

[J , h](Z,W ) = [JZ, hW ] + [hZ,JW ] + J [Z, W ]− J [Z, hW ]−
−J [hZ, W ]− h[Z,JW ]− h[JZ,W ]

for any sections Z, W on T E.
In the local coordinates we get

(34) t(δα, δβ) =

(
∂Nγ

α

∂yβ
−

∂Nγ
β

∂yα
− Lγ

αβ

)
Vγ , t(δα,Vβ) = 0, t(Vα,Vβ) = 0

Definition 14. The strong torsion T on N is given by T = iξt − H,
where H is the tension of N , and iξ is the contraction with ξ.

Locally we obtain

(35) T (δα) =

(
∂N γ

β

∂yα
yβ −N γ

α + yβLγ
αβ

)
Vγ , T (Vα) = 0.

Proposition 13. The strong torsion T of a nonlinear connection N
vanishes if and only if the weak torsion and the tension of N vanish.

Proof. If T = 0 then N γ
α =

∂N γ
β

∂yα yβ + yβLγ
αβ and t(δα, δβ)

∂N γ
β

∂yα +
∂2N γ

ε

∂yα∂yβ yε− ∂N γ
α

∂yβ − ∂2N γ
ε

∂yα∂yβ yε+Lγ
αβ−Lγ

βα−Lγ
αβ =

∂N γ
β

∂yα − ∂N γ
α

∂yβ −Lγ
βα = −t(δα, δβ)

so, we obtain t(δα, δβ) = 0 and H = 0. ¤

Proposition 14. Let N and N ′ be two nonlinear connections in T E
with the same strong torsion and the same associated semispray. Then
N = N ′.

The proof follows the case of tangent bundle (see [8]).

3. Lagrangian systems. Let (E, π, M) be a Lie algebroid with the
anchor σ : E → TM and L : E → R a differentiable function on E called the
Lagrange function. When L ∈ C∞(E) we can define a dynamical system
on E. The Euler-Lagrange equations on Lie algebroids [19] are

(36)
dxi

dt
= σi

αyα,
d

dt

(
∂L
∂yα

)
= σi

α

∂L
∂xi

− Lγ
αβyβ ∂L

∂yγ
,
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and from [11] we get the Hamilton-Jacobi equations

(37)
dxi

dt
= σi

α

∂H
∂µα

,
dµα

dt
= −σi

α

∂H
∂xi

− µγLγ
βα

∂H
∂µβ

.

If L is a regular and 2-homogeneous Lagrangian and we denote gαβ = ∂2L
∂yα∂yβ

then we get:

Theorem 15. The corresponding homogeneous nonlinear connection
N = −LξJ has the coefficients given by

(38) N δ
ε =

1
2

(
−∂ξδ

∂yε
+ yγLδ

εγ

)
,

ξδ =
1
2
gδβ

(
σi

α

∂gβγ

∂xi
+ σi

γ

∂gαβ

∂xi
− σi

β

∂gαγ

∂xi
+

+gεαLε
βγ + gεγLε

βα − gεβLε
γα

)
yαyγ ,

and is called the canonical nonlinear connection associated to the homoge-
neous Lagrangian L.

Proof. Using [11] we get the semispray associated to the Lagrangian L

ξε = gεβ

(
σi

β

∂L
∂xi

− σi
α

∂2L
∂xi∂yβ

yα − Lγ
βαyα ∂L

∂yγ

)
,

and from L = 1
2gαβyαyβ and (31) we get (38). ¤

Definition 15. A function F : E → [0,∞] which satisfies the following
properties
1) F is C∞ on E\{0}
2) F(λu) = λF(u) for λ > 0 and u ∈ Ex. x ∈ M.
3) For each y ∈ Ex\{0} the quadratic form

gαβ(x, y) =
1
2

∂2F2

∂yα∂yβ
,

is positive definite, will be called the Finsler function on Lie algebroid.
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We can associate to any Finsler function F on Lie algebroid a Finsler
function F on Imσ ⊂ TM defined by

(39) F (v) = {F(u) |u ∈ Ex, σ(u) = v},

for each v ∈ (Imσ)x ⊂ TxM , x ∈ M . If we consider the Lagrangians
L = 1

2F 2 and L = 1
2F2 we obtain L = L ◦ σ and the Hamiltonian is

H(p) = sup
v
{〈p, v〉 − L(v)} = sup

v
{〈p, v〉 − L(u);σ(u) = v} =

= sup
u
{〈p, σ(u)〉 − L(u)} = sup

u
{〈σ?(p), u〉 − L(u)} = H(σ?(p)),

and we get

(40) H(p) = H(µ), µ = σ?(p),

p ∈ T ∗xM , µ ∈ E∗
x.

3.1. Applications to optimal control. Let M be a smooth n-
dimensional manifold. We consider on M the distributional system

(41) ẋ =
m∑

i=1

ui(t)Xi(x),

where x ∈ M represents the state of system and u ∈ Rm represents the
controls, such that the distribution D = 〈X1, X2, ..., Xm〉 has constant rank
m and is integrable. The cost is given by

(42) min
u(.)

∫

I
F(u(t))dt,

where F is a Minkowski norm on D. A piecewise smooth curve c : I ⊂ R→
M is called horizontal if the tangent vectors are in D, i.e. ċ(t) ∈ Dc(t) ⊂ TM
for almost every t ∈ I. In order to apply the theory of Lie algebroids we
consider E = M ×D and the anchor σ : E → TM given by

(43) σ(x, u) =
m∑

i=1

ui(t)Xi(x).
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Let u : I → E be an admissible curve projecting by π onto the horizontal
curve c : I → M (i.e. σ(u(t)) = ċ(t) and π(u(t)) = c(t)). The length of the
horizontal curve c is defined by

length(c) =
∫

I
F(u(t))dt =

∫

I
F (ċ(t))dt,

and the distance is given by d(a, b) = inf length(c) where the infimum is
taken over all horizontal curves connecting a and b. The distance is infinite if
there is no admissible curve that connects these two points. The distribution
D is integrable and it determines a foliation on M and two points can be
joint if and only if are situated in the same leaf. Considering L = 1

2F2 we
obtain a regular and 2-homogeneous Lagrangian on Lie algebroid.

3.2. Example. We consider the following distributional system with
positive homogeneous cost (Randers metric):

ẋ = u1X1 + u2X2, x =




x
y
z


 ∈ R3, X1 =




1
0
0


 , X2 =




x
1
1




min
u(.)

∫ T

0
F(u(t))dt, F = ‖u‖+〈b, u〉 , b = (ε, 0)t, u = (u1, u2)t, 0 ≤ ε < 1.

We are looking for the geodesics starting from the origin and parametrized
by arclength. The associated distribution D =< X1, X2 > is integrable,
because X1 = ∂

∂x , X2 = x ∂
∂x + ∂

∂y + ∂
∂z , and therefore [X1, X2] = X1. In the

case of Lie algebroid we consider E = R3×D and the anchor σ : E → TR3

has the components

(44) σi
α =




1 x
0 1
0 1




and we get the Lagrangian L = 1
2

(√
(u1)2 + (u2)2 + εu1

)2
. Using a result

from [6] we can find the Hamiltonian on E∗ given by

(45) H =
1
2

(√
(µ1)2

(1− ε2)2
+

(µ2)2

1− ε2
− εµ1

1− ε2

)2
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From (3) and the relation [Xα, Xβ] = Lγ
αβXγ we obtain the non-zero com-

ponents L1
12 = 1, L1

21 = −1 and from (37) we have

(46) ẋ =
∂H
∂µ1

+ x
∂H
∂µ2

, ẏ = ż =
∂H
∂µ2

, µ̇1 = −µ1
∂H
∂µ2

, µ̇2 = −µ1
∂H
∂µ1

where

(47)

∂H
∂µ1

=

(
1 + ε2

)
µ1

(1−ε2)2
−

ε
√

(µ1)2

(1−ε2)2
+ (µ2)2

1−ε2

1−ε2
− εµ2

1

(1−ε2)3
√

(µ1)2

(1−ε2)2
+ (µ2)2

1−ε2

∂H
∂µ2

=
µ2

1− ε2
− εµ1µ2

(1− ε2)2
√

(µ1)2

(1−ε2)2
+ (µ2)2

1−ε2

The form of the last relations leads to the following change of variables
µ1(t) = (1−ε2)r(t) sechθ(t), µ2(t) =

√
1− ε2r(t) tanh θ(t), and from (46)

we obtain

(48)

√
1− ε2 ṙ = r2ε sechθ tanh θ(ε sec hθ − 1),

√
1− ε2 θ̇ = r(ε sechθ − 1)2

and we have |r| = 1
c(ε sec hθ−1) . But the geodesics are parameterized by

arclength, that corresponds to fix the level 1/2 of the Hamiltonian and we
have H = 1

2c2
so c = ±1. From (48) we get t =

√
1− ε2

∫
1

1−ε sec hθdθ.
Finally, from (46) by straightforward computation, we get the following
result x(θ) = sinh θ√

1−ε2
± b(1−cosh θ)

(1−ε2)
, y(θ) = z(θ) = ln cosh θ−ε

1−ε .

Remark 3. If ε = 0 we obtain the case of distributional systems with
quadratic cost with the solution x(t) = sinh t±b(1−cosh t), y(t) = z(t) =
ln cosh t.

REFERENCES

1. Anastasiei, M. – Finsler vector bundle-metrizable connections, Periodica Mathem

atica Hungarica, vol. 48 (1-2), (2004) pp. 83-91.

2. Bao, D.; Chern, S.S.; Shen, Z. – An introduction to Riemann-Finsler Geometry,

Springer-Verlag, New York, 2000.

3. Crampin, M. – Tangent bundle geometry for Lagrangian dynamics, J. Phys. A:

Math. Gen. 16 (1983), pp. 3755-3722.



170 L. POPESCU 16

4. Grifone, J. – Structure presque tangente et connections I, Ann. Inst. Fourier 22 (1)

(1972), pp. 287-334.

5. Higgins, P.J.; Mackenzie, K. – Algebraic constructions in the category of Lie

algebroids, Journal of Algebra 129 (1990), pp. 194-230.

6. Hrimiuc, D.; Shimada, H. – On the L-duality between Lagrange and Hamilton

Manifold, Nonlinear World, 3 (1996), pp. 613-641.

7. Klein, J. – Espaces Variationnels et mecanique, Ann. Inst. Fourie 12 (1962), pp.

1-124.

8. de Leon, M.; Rodriques, P. – Methods of differential geometry in analytical me-

chanics, North-Holland 158, 1989.

9. Libermann, P. – Lie Algebroids and Mechanics, Arch. Math. (Brno), 32 (1996), pp.

147-162.

10. Martinez, E. – Lagrangian mechanics on Lie algebroids, Acta Applicadae Mathe-

maticae, 67, (2001), pp. 295-320.

11. Martinez, E. – Geometric formulation of mechanics on Lie algebroids, Proc. of the

VIII Workshop on Geometry and Physics (Medina del Campo, 1999), vol. 2 of Publ.

R. Soc. Mat. Esp. (2001), pp. 209-222.

12. Mackenzie, K. – Lie grupoids and Lie algebroids in differential geometry, 124 Lon-

don Mathematical Society Lecture Note Series, Cambridge, 1987.

13. Miron, R.; Anastasiei, M. – The Geometry of Lagrange spaces: Theory and Ap-

plications, Kluwer Academic Publishers, no. 59, 1994.

14. Miron, R.; Hrimiuc, D.; Shimada, H.; Sabau, S. – The Geometry of Hamilton

and Lagrange Spaces, Kluwer Academic Publishers, no. 118, 2001.

15. Oproiu, V. – Regular vector fields and connections on cotangent bundle, An. Stiint.

Univ. Al. I. Cuza Iasi, Ser. Noua, Mat. 37 no. 1 (1991), pp. 87-104.

16. Popescu, L. – Geometrical structures on relative self-tangent spaces, Proceeding of

the 3th annual meeting of the Romanian Society of Mathematical Sciences, Craiova,

May 26-29, 1999, (2000) pp. 184-192.

17. Popescu, P. – On the geometry of relative tangent spaces, Rev. Roumain Math.

Pures and Applications, 37, (1992), pp. 779-789.

18. Vranceanu, Gh. – Sur quelques tenseurs dans les variétés non holonomes, C.R.

Acad. Sci. Paris, 186, (1928) 995.

19. Weinstein, A. – Lagrangian mechanics and grupoids, Fields Institute Communica-

tions, 7, (1996), pp. 206-231.

Received: 06.X.2004 University of Craiova,

Faculty of Economic Sciences,

13, A.I. Cuza st.,

Craiova, 1100,

ROMÂNIA,
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