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A CAYLEY THEOREM FOR A*-ALGEBRAS
BY
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Abstract. This paper studies the Cayley’s theorem for A* -algebras Cayley’s theo-
rem for A*-algebras is proved by showing first that an A*-algebra structure can be defined
on subsets A of ternary functions on a set X and then that every A*-algebra is isomorphic
with such a subalgebra of Ter (X) for a suitable set X.
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Introduction. E.G. Manes introduced an Ada(4,A,V, (=), (=),
0,1,2) in his paper [6], based on C-algebras introduced by GUZMAN and
SQUIR in their paper [2]. P Koteswara Rao [3] introduced the concept of
A*-algebra, analogous to the MANES Adas [6].

The well known Cayley theorem for groups may be summarized as fol-
lows: Any group is isomorphic to a group of transformations on some set.
BroowMm, Esik and MANES [7] introduced a Cayley theorem for Boolean
algebras, which says that any Boolean algebra is isomorphic to a Boolean
algebra of binary functions on a set. In this paper we introduced a Cayley
theorem for A*-algebras which says that any A*-algebra is isomorphic to an
A*-algebra of ternary functions on a set.

1. Preliminaries.

Definition 1.1. An algebra (A, A, *, (=), (=)r,1) is an A*-algebra if
it satisfies: For a,b,c € A,

(i) ax V (ar)~ =1,(az)r = ax where a Vb= (a™ ANb™)™;
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(i) ar Vbr =br V ag;
(i) (ax Vbz)Ver =az V (br Ver);
(iv) (ax Abx) V (ax A (bx)™) = a;
(V) (@ Ab)x = ar Abg, (a AD)* = a® V b* where a = (ay V a})™;
(vi) aY = (ax V a”)~,a™~" = a¥;
(vii) (a*Db)x = ax, (a*b)* = (az)™ A (b3)™;
(viii) a = b if and only if ay = by,a” = b7.

We write O for 1~,2 for 0 1.

Example 1.2. 3 = {0,1,2} with the operations defined below is an
A*-algebra.

AlO 1 2  v]0o 1 2 x[0 1 2 z [0 1 2
0/0 0 2 0l0 1 2 00 2 2 1 0 2
110 1 2 11 1 2 111 1 1 zr |0 1 0
212 2 2 212 2 2 210 2 2 20 0 1

Note 1.3. From 1.1 (i) to 1.1 (iv) and by Huntington’s theorem [1]
we see that, B(A) = {ar/a € A} is a Boolean algebra with A,V,(—)™~,0
and a € B(A) = ar = a. Since 1,0, (ar)~ € B(A), we have 1, = 1,0, =
0, (az)y = (ax)™ and ax A a™ =0,a %0 = ay.

2. Cayley’s theorem for A*-algebras

2.1. Cayley theorem for Groups. If G is a group, there is a set X
such that G is isomorphic to a transformation group on X.

Broowm, Esik and MANES [7] have proved the following theorems 2.2,
2.3 which constitute a ”Cayley theorem for Boolean algebras”.

Theorem 2.2. Cayley theorem for Boolean algebras (part I):
Let B be a subset of Bin(X) of all binary functions on a set X with the
following properties:

(i) B contains w1, m(z,y) =z for all z,y € X;

(i) f(z,x) =a for allx € X, for all f € B;

(iil) f(f(z,9), f(u,v)) = f(z,v) for all f € B,x,y, p,v € X;
)

(iv) f(9(z,y),9(p,v)) = g(f(@,p), f(y,v)) for all f,g € B, for all
x,y, ;v € X and B is closed under the operations A,V and (—)';

V) (f Ag)(z,y) = flg(@,v),v);
(vi) (fVg)(z,y) = f(z,9(x,v));
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(vii) f'(z,y) = f(y,z) for all x,y and for all f. Then B is a Boolean
algebra. Such Boolean algebras on X are called ”Guard Algebras” on
X.

Theorem 2.3. Cayley theorem for Boolean algebras (part II):
If (B,A,V,(—),1,0) is any Boolean algebra, then there is a set X such that
B is isomorphic to a Guard algebra on X.

Theorem 2.4. Let A be a subset of Ter(X) of all ternary functions on

X with the following properties:
(i) f(z,z,x) =x forall f € A,z € X;
(i) f(f(z1,91,21), f(@2,92, 22), f(23,y3,23)) = f(@1,y2,23) for all f € A,
for all x;,y;, z; € X;
(111) f(g(an, Y1, 21)7 g(l’g, Y2, 22)’ g(.%'g, Ys, Z3)> = g(f(xlv T2, 1’3), f(y17 Y2, y3)7
f(z1,29,23)), for all f,g € A, for all x;,y;,z; € X;
(iv) A contains the projections i, o, w3 where w1 (z,y, 2) = x, mo(z,y, 2) =
Yy, m3(2,y,2) = 2
Further, A is closed under the operations N\, V, (=)™, (—)x,* defined
by
) (f /\g)(az,y, Z) = f(g(x,y,z),g(y,y,z
) (fVg)z,y,2) = flg(x,z,2),9(x,y,2
(Vll) fN(m’ Y, Z) = f(y7 T, Z);
i)
)

,2);

)
), 2);

fr(2,y,2) = f(z,9,9);
(f*g)(z,y,2) = f(z,9(2,9,2),9(2,y,2)), for all f,g € A and for all
z,y,z € X.

Then, A is an A*-algebra.
Such A*-algebras are called Guard® - algebras on X.

Proof. Define, f#(z,y,2) = (fz V f7)~(z,y,2) for all f € A and for
all z,7,z € X. Now we prove for f € A that f#(x,y,2) = f(y,y, ) for all
x,y,z € X. We have

[,y 2) = (fa V)" (2,9, 2) = (7 A fov(2,y,2) =

(fr~ (9, 2), fr~(y,y,2), 2) (By2.4(v)) =

(f7 (2, 2), [7 (Y, 9, 2), 2) (By2.4(vid)) =

(f~ sz, 2), (Y, 9, v), 2)(By2.4viii) =

(f(x,y,2), f(Y,9,9),2) = f=(f(v,9,9), f(7,9,2),2) =
fy.9), f(@,y,2), f(z,y,2)) = f(y, y, 2)(By2.4(ii))
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Proofs of the following are left to the reader.
For all f,g,h € A,

(1) faVIZ =m,(fr)e=fe fVg=(["Ng");
(2) fxV gn =gz V fr;

(3) (frV gr) V hr = fr V (gn V ha);

(4) (fr Ngr) V (fx Ng7) = [fri

(5)  (FAGQr=frAgr, (f Ag)* = f# Vv g# |where f# = (fr V 7)™ ];

(6) fr= UV 7 = 1

(7) (f * g)ﬂ' = fr (f * g)# = (fﬂ')N A (9;)N§

(8) frx f% =i

Therefore, A is an A*-algebra. (I

Theorem 2.5. Cayley theorem for A*-algebras (part II): Fvery
A*-algebra is isomorphic to a Guard® - algebra on some set X.

Proof. Let A be an A*-algebra. B = {ar/a € A} = B is a Boolean
algebra. For every a € A, define f, : B x B x B — B by fo(z,y,2) =
(axx) V (aZy) V (a¥2) for all z,y,z € B (where juxtaposition represents A
ie., azx = ar Az etc.,) = f, € Ter(B), for all a € A.

Define, fo A fp = fa/\ba(fa)N = fa~s oV Jo = faves fa * fo = faxp, ™1 =
f1,m2 = fo,m3 = fo. It is easy to see that {f,/a € A} satisfies 2.4 (i) to
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(iv).

(0) fa(fo(2, Y, 2), o(,Y,2), 2) = falbr V 0Ty V bF2,bry V 0Ty V b 2, 2) =
= a,(bpz V by Vb7 2) V (a (bry V by V b7 2) V a¥ 2z =
= Qrbr V axby V azb?z V albyy V aXbYy V aXbTz VaTz =
= Qrbr V arbYy V albry V aZbYy V (ag V aX)b7 2 Vatz =
= Qrbrx V axby V albry V aZ by V (a? bV at )z =
= Qrbr V arbYy V albry V aZ by V (a7 Vb7 )z =
= Qrbrx V (azbY V aZ by V aZ b )y V (a7 V bH)z =
= (aAb)zzV (aAb)FyV (aAb)#z = fanp(2,y,2) = (fa A fo) (2,9, 2)-

(vi)(fa * fo) = faxb

fan(T,y,2) = (a*b)zz V (a* b)Yy V (a*b)7z =
= azz V (az) "7y V (az)~(b7)~2 =
=arzV(a Vat)bTyV (ay Va™)(by)z =
=ayzV (aZbTy VabYy VaT bz Varbiz) =

=ayzVaZbYyVat by Vay (by V07)z vV a¥ (by Vb7 )z =

’7T
=arx VaZbYyV atbTyV albyz V aZb? 2V atbyz V a? b7z =
=apx Val (bpz VZTy Vb7 2) Va¥ (bez VITy Vb7 z) =
= fa(xafb(zvyaz)afb(z7y7 2))

Define f : A — Ter(B) by f(a) = f, for all a € A. Clearly, f is a ho-
momorphism. Suppose a,b € A and f(a) = f(b) that is f, = fp. Then,
fa(z,y, 2) = fo(x,y, 2) for all (x,y,2) € Bx Bx B = azxValyVa’z =
brx V Oy V b7z, for all (2,y,2) € Bx Bx B.Ifx =1,9y =0,z = 0, then,
ar =br. If 2 =0,y = 0,2 = 1, then a” = b#. Therefore, a = b. Therefore,
f:A— Ter(B)is an A*-isomorphism. O
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