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A VITALI TYPE THEOREM FOR THE SET-VALUED
GOULD INTEGRAL
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Abstract. We obtain a Vitali-type theorem of passing to the limit into the set-
valued Gould integral (this kind of integral of a real function with respect to a finitely
additive multimeasure was introduced and studied in [6] and [7]). As a consequence, a
Lebesgue-type result is given.
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1. Terminology and notations. Let €2 be a set, ¥ an algebra of
subsets of 2 and X a Banach space. Let X* be the topological dual of X
and B* its unit closed ball. We denote by Py(X), resp. Pyke(X) the family
of its nonempty, resp. nonempty weakly compact convex subsets. If D is the
Hausdorff distance, we denote by |A| = D(A, {0}) for every A € Pyic(X).

Definition 1. A multifunction M : 3 — Po(X) is said to be a finitely
additive multimeasure if M (0) = {0} and, for every A, B € ¥ with ANB =
0, we have:

(1) M(AUB)=M(A)+ M(B).
Definition 2. Let M : ¥ — Py(X) be a finitely additive multimeasure.
i) The set function |[M|: Y — R defined by

M| (4) = v(M; 4) = sup {Z |M<Az->|} VA€,

i=1
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where m = {A;}]_, is a finite X-partition of A, is called the variation of M.
i) If |IM ] (92) < oo, we say that M is of bounded variation.

It is known that |M| is a R -valued finitely additive measure. In the
sequel, |M|* will denote the outer measure associated to |M|: for every
EcCQ, |M|"(E)=inf{|M|(F): FeX,FDFE}.

Now we recall some definitions which appear in the theory of Gould
set-valued integral.

Definition 3. A function f : Q — R is said to be |M|-totally measur-
able if, for every e > 0, there exists a X-partition of Q, m.={E;}, such
that |M|(Ey) < € and osc(f,E;) < e,Vi € {1,...,n}, where osc(f, E) =
sup{|f(s) — f(t)|;s,t € E} is the oscillation of f on the set E.

Definition 4. i) A finite X-partition m = {A;
other finite X-partition mo = {A;},c; if every element of my is contained
into an element of o (m1 = m2).

i) If mp = {A;} - and Ty = {A;};c; are two finite X-partitions of Q,
J

} s finer than an-
JjeJ

the partition mg = w N Wy = {Ai NA is said to be the common

]}iel jeJ
refinement of the partitions m and m. The common refinement of two

partitions is finer than both of them.

Definition 5. Let M : ¥ — Puie(X) be a finitely additive multimeasure
with bounded variation and f : ) — R a bounded function.

i) We say that f is Gould integrable with respect to M (briefly, M-
Gould-integrable) if there exists a nonempty weakly compact convex subset
of X, denoted by (G) fQ fdM , which verifies the condition that, for every
e > 0, there exists a partition . of § such that, for every other partition
m = {E;}}_, finer than w. and for every choice of s; € E;, we have:

D (; F(s)M(E)), (G) /Q fdM) <e.

The set (G) [, fdM is called the M-Gould integral of f.

i) If E € X, f is said to be M-Gould-integrable over E if the restriction
of f to E is Gould-integrable with respect to (E,XE, Mp), where X E is the
set of all X-measurable subsets of E.
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To define the M-Gould-integral in the general, unbounded case, sup-
pose that M : 3 — Puke(X) is a finitely additive multimeasure for which
(Q,%,|M]) is a non-degenerate space (see [4], p. 210).

For a function f: Q) — R we define

(2) E(f)={K € ¥;|M|(K) < oo and f is bounded on K}.

Definition 6. Under the above mentioned assumptions on M, a |M|-
totally measurable function f : Q1 — R is said to be generalized M-Gould-
integrable (briefly, g-M-Gould-integrable) if there exists an element A €
Puke(X), denoted by (G) [o fdM, such that, for every e > 0, there exists
K. € E(f) with the property that, for any K € E(f), K O K. we have

D <(G) /K FdM, A) <e,

where (Q) fK fdM is the integral of f on K in the sense of Definition 5.
(G) [ fAM s called the (generalized) M-Gould-integral of f with respect
to M.

In ([7], Theorem 3.7), the following characterization for the g-M-Gould-
integrability is given:

Theorem 7. The |M|-totally measurable function f: Q — R is g-M-
Gould-integrable on Q if and only if for every e > 0, there exists K. € E(f)
such that, for every K € E(f) with KNK. = 0, we have ‘(G) Jx fdM‘ <e.

Remark 8. All the results proved in [6] and [7] are still valid if the
multimeasure M is Pyi.(X)-valued. Moreover, excepting Theorem 2.14 in
[6] and Theorem 3.11 in [7], the convexity assumption is not necessary.

In what follows, we shall shortly use the terms of M-Gould-integral and
M-Gould-integrability for both situations bounded or unbounded, specify-
ing, if it is the case, the particular situation.

2. A Vitali-type convergence theorem

Theorem 9. Let (f,),cy be a sequence of real M -Gould-integrable func-
tions convergent in |M|-measure to f, satisfying the following conditions:

1 lim ndM| =0 uniformly inn € N;
)\M|(E)—>0UEf } f )

ii) for every e > 0, there exists E. € ¥ such that |M|(E:)<oco and
UE fndM} <e, for all measurable E C Q\ E. and n € N.
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Then f is M -Gould-integrable and lim fE fndM = fE fdM uniformly with
respect to B € X..

Proof. First, we prove that the limit function, f, is |M|-totally measur-
able. Indeed, for each positive e, nlg]go (M[* ({s € Q:|fuls) = f(s)]| = 5}) =
0, whence, by the definition of the outer measure, there exists n. € N such
that, for a certain measurable set Q. with [M|(Q:) < %, the following
inclusion holds:

0.2 {s € lfals) - £5)] = 5}

Since by hypothesis f,,_ is totally measurable, one can find a measurable
partition (Qo, ..., 2,.) of Q such that [M](Qo) < § and osc(fn., %) < 5
for each i € {1,...,mc}.

Therefore, the partition of Q defined by (20 U Qg, Q1 \ ey ooy Q. \ Q)
satisfies that |M|(QoU:) < e and osc(f,Q;\ Q) < g, for each i €
{1,...,me¢} and so the limit function is |M|-totally measurable.

We will verify the integrability of f and the convergence of the integrals
of f, to the integral of f in two steps.

Step 1. |[M|(Q) < oc.

Step 1.1. We prove that for every ¢ > 0, there exists 6. > 0 such that
| [ fAM| < e, for all measurable E € E(f) with |[M|(E) < é. (here the
integral is in the sense of Definition 5).

By hypothesis, there exists §; > 0 such that } I} g JndM ‘ < £ whenever
|M| (E) < 0. and n € N. Let us now consider a measurable set E where f
is bounded with the variation |M|(E) < . = min (J, 1).

Using the |M|-absolute continuity of the Gould integral in the bounded
case (Theorem 2.12 in [6]), we can find a positive 5;,}3 such that | [, fdM| <
£, for every E' C F satisfying |M| (E) < 5;,15"

Since the sequence is | M |-convergent to f, we are able to choose n. g € N
and F.p € ©E with |M|(F. ) < 6., on whose complementary with
respect to E the following inequality holds:

oo (8) = f(s)] <

ot ™
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We deduce that

/fdM‘ < / FdM +/ FdM| <
E Fs,E E\FE,E
<y / fudM| + D / o dM, FaM | <
5 |/E\Rp E\F. 5 E\F.p

2
<=4D / Fuo wdM, FdM | .
5 E\F.p E\F.p

In what follows, since the variation of M on E \ F; g is finite and the
two functions f and f,_, are bounded on it, by definition, one can find
a measurable partition (Ey,...,Ep) of E \ F. g satisfying that, for every
intermediary points s; € E;,i € {0,...,m},

" 3
D (%f@i)M@),/E fdM> <t

\FE,E

and

fng’EdM> < %

D @ fow s (50) M (), /E

Therefore, by using the inequality

\FE,E

D(aA, BA) < |a—p|-|A]

that is available for every real «, § and every A € Pyi.(X), we obtain that
4e - “
[ ra] < Fep <Z F(s)M(E). Y fo (5 M <Ez->> <
i=0 i=0
4e o
< £ D 1f(81) = Fae (si)| IM (E3)| < e.
i=0

Step 1.2. Let us now prove that f is Gould-integrable.
The sequence is |M|-convergent to f, so we can choose n.€N and, for
each n > ng, F,;8 € ¥ with |M| (F;La) < de, on whose complementary

|fn(s) — f(s)] < e. The function f,_ being Gould-integrable, according to
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Theorem 7, there is F,;l&8 € E(fn.) such that, for every E € E(f,,_) disjoint
of F

Ne,&?

/ andM‘ <e.
E

Then F, = F;z;,a \F;LE’E isin E(f) and, if we consider an arbitrary F € E(f)
disjoint of F, then

+ <

/ faM
E\Fy,. \F),

Ng,€

+D / Fo.dM, faM | <
E\F,__\Fl! E\F,_\Fl!

ne,€ Ng,€

<2%+D / Fo dM, fdM
E\F,_ \F/ E\F,,_ \F}!

Ng,&€ Nneg,€

/fdM‘g/ fdmM
E ENF,_ .

[
E\F,_ \F,

Nne,&

<e+

whence, by passing through the integral sums, as it was done at the Step
1.1, we obtain that

/EfdM‘ < (44 M| (Q))e

and so, according to Theorem 7, the integrability of the limit function is
proved.

Step 1.3. It remains us to prove that lim [ f,dM = [, fdM uniformly
n—oo
with respect to £ € X.
We use the |M|-absolute continuity of the Gould integral (Theorem

3.10 in [7]): for every € > 0, there exists a positive §. < . such that
| [z fdM| < ¢ for all measurable E with [M|(E) < /..

For every positive &, we can choose, as at the Step 1.2, an n. € N and,
for every n > n,, Fv’z,e € ¥ with | M| (F;m) < d., on whose complementary

[fn(s) = f(s)] <e.
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We obtain that, for every n > n.,

D(/ fndM,/fdM> gD(/ fndM, fdM>+
E E ENF,, . ENF,, .
+D / fndM, fdM | < / fndM
E\F, . E\F, . ENF, .

+ | / fdM| +D < / fodM, fdM) <
ENF, E\Fy, . E\Fy, .

n,e

<A+ M[(Q))e,

_l’_

and so the statement is proved.

Step 2. The general, unbounded case.

By hypothesis, for each € > 0, there exists E. € ¥ with |M|(E;) < oo
such that, for every E C Q\ E. and every n € N, UE fndM‘ < E.
We have proved at the first step that f is Gould-integrable on E., so one can
find EE C E. on which f is bounded satisfying that, for every measurable
set E C E. \ E. where f is bounded, [ fAM] < £.

We claim that every measurable set E € E(f), E C Q\ E. satisfies:

/EfdM‘<5.

In that purpose, let us take a positive d_z such that |fE fdM} < ¢ for
every E C E with |M|(E) < 6.  and a natural n. satisfying (by the |M]|-
convergence of the sequence) that, for a certain measurable set F. with
|M|(F:) < d_ , the following inclusion holds:

F. D 4s5€Q;|fn(s)— f(s 2% .
{6 | fne(s) = f(s)] 5|M|(E)}

Therefore

+ <

[ gan
EN(E:\E:)

/N faMm
E\E:\F:

[frro]< | 50

/ B faM
(E\E:)NF.

< +

+o<
5
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[ gwarjrn( [ g fam | + % <
E\E.\F: E\E-\F. E\E.\F. 5

<D /~ JnedM, [ fdm —1—3—53
E\E:\F: E\E:\Fe 5

3
s/N e — FlAIM] + T <e,
E\EE\FE 5

<

whence the limit function, f, is Gould-integrable.
In order to prove the second assertion, we use the first step and obtain
that lim [, fudM = [ fdM uniformly in E € X E,, so, for every € > 0, we
n—oo

are able to find n. € N such that, for every n > ng, D ([}, fndM, [ fdM) <
25—8 for each F € Y E..
We can write, for every measurable E:

D ( / FodM, / fdM) <D < / FodM, fdM> n
E E ENE. ENE.
+D / FadM, fdn ) < 4 / FodM
E\E. E\E. bt BE\E.

3 9
/ FdM| < = / FAM| < 2.y > n.
E\E. E\E. 5

< —
-+
since, by the integrability of f, there exists E* € E(f), E* C E \ E.,
such that D (fE\EE faM, [p. fdM) < &; moreover, E* is disjoint of E., so
| [ fAM | <e. O

_'_

_l’_

Remark 10. It is easy to see, using the definition of the Gould-integral,
that the preceding Vitali-type theorem is valid if we replace the condition
i) by ii’) Ve > 0,3E. € ¥ with [M|(E.) < oo such that | [, fndM| <, for
every n € N and each £ C Q\ E. with |M|(F) < co where f,, is bounded.

As a consequence, we can obtain a Lebesgue-type result, that was al-
ready directly obtained in [7].

Corollary 11. Let (fn),cn be a sequence of real | M|-totally measurable
functions | M |-convergent to the function f such that there exists a positive
M -Gould-integrable function, g, satisfying the inequalities

|fn] < g,¥n € N.
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Then fn,n € N and f are M -Gould-integrable and lim fE fndM = fE fdM
uniformly with respect to £ € X.

Proof. By the Gould-integrability hypothesis on g, for every positive
e, there exists E. € FE(g) such that, for each E € ¥ (Q\ E.) where g is

bounded:
/ ng‘ <<
B 2

Theorem 3.12 in [7] yields that | [, fudM| < ¢, for every n € N and each
E C Q\ E. with |M|(F) < oo, on which f, is bounded.

So the functions f, are Gould-integrable and the condition #i’) of the
preceding remark is satisfied.

Let us now prove that ‘ ‘1(iH)l UE fndM‘ = 0 uniformly in n € N.
M|(E)—0

For every positive e, there exists d.>0 such that, for each E'eXE.,
|M| (E')< 6.2 | [5y gdM| < &, 50 | [ fndM| < 2¢,¥n € N.

We claim that every E € ¥ with |M|(E) < 6. satisfies | [}, fndM| <
4e,Vn € N.

Indeed, | [ fndM ‘ <eonevery E € ¥ (Q\ E.) of finite variation where
fn is bounded; therefore, by using the definition of the Gould integral,
| [z fndM | < 2 on every E disjoint of E..

Then

< 4e,

o <[], ]|,

and so the hypothesis of the Vitali-type theorem are satisfied. (]
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