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Abstract. We obtain necessary and sufficient conditions for the integrability of
the distributions on a non-degenerate real hypersurface of a paraquaternionic Kéhler
manifold. If these distributions are integrable, we show that the foliations determined by
them are totally geodesic.
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Introduction. The paraquaternionic Kéahler manifolds are semi-Riema-
nnian manifolds endowed with two local almost product structures and one
local almost complex structure satisfying some compatibility conditions (cf.
GARCIA-RIO et al [3]). The concept was defined having in mind the quater-
nionic Kahler manifolds which are equipped with three local almost complex
structures (cf. ISHIHARA [4]).

In the present paper we study the geometry of non-degenerate real hy-
persurfaces of a paraquaterionic Kahler manifold. For the case of real hy-
persurfaces of a quaternionic Kéhler manifold, such a study was done by
BEJANCU [1]. In the first section we define the distributions D and D+ on a
non-degenerate real hypersurface N of a paraquaternionic Kahler manifold
(M,V,g) and present their main properties. Then in Sect. 2, by using the
second fundamental form of N we obtain necessary and sufficient conditions
for the integrability of both distributions D and D+. Finally, in the last sec-
tion, we show that in case these distributions are integrable, the foliations
determined by them are totally geodesic. Also we show that the leaves of
D are totally geodesic immersed in M and find a necessary and sufficient
condition for leaves of D' to be totally geodesic immersed in M.
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1. Preliminaries. Throughout the paper all manifolds are smooth

and paracompact. If M is a smooth manifold then we denote by F(M)

the algebra of smooth functions on M and by I'(T'M) the F(M)-module of

smooth sections of the tangent bundle T'M of M. We use these notations

for any other manifold or vector bundle. If not stated otherwise, we use
indices: a,b,c, ... € {1,2,3}.

Let M be a manifold endowed with a paraquaternionic structure V, that

is, V is a rank-3 subbundle of End(7'M ) which has a local basis {.Ji, Ja, J3}

on a coordinate neighbourhood U C M satisfying (see GARCIA-RIO et al

31)

(a) J2= N, a€{l1,2,3},

(1.1)

(b) J1J2 = —J2J1 = Jg, (C) )\1 == )\2 = —)\3 =1.
A semi-Riemannian metric g on M is said to be adapted to the paraquater-
nionic structure V if it satisfies

(1.2) 9(X,Y) + Mag(JoX, J.Y) =0, Va € {1,2,3},

for any X,Y € I'(T'M), and any local basis {Ji, J2, J3} of V. As a conse-
quence of (1.1) and (1.2) we obtain

(1.3)  g(J.X,Y)+g(X,J,Y) =0, VX,Y € I(TM), a € {1,2,3}.

If {jl, J~2, jg,} is a local basis of Vond € M and U NU # (), then we have

3
(1.4) Jo = ZAabe,
b—1

where the 3 x 3 matrix [Ag) is an element of the pseudo-orthogonal group
SO(2,1). The above conditions impose special dimensions for M and special
signatures for g. We take M of dimension 4(m+1) and g of neutral signature
(2(m+1),2(m+1)).

The triple (M, V,g) is called a paraquaternionic Kdhler manifold if V
is a parallel bundle with respect to Levi-Civita connection V of g. Then
taking into account that V is a metric connection and by using (1.1) and
(1.2) it is deduced that (M, V,g) is a paraquaternionic Kéhler manifold if
and only if for any local basis {Jy, J2, J3} of V. on U C M there exist the
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1-forms p, q, r on U such that (cf. GARCIA-RIO et al [3])

(a) (%XJl) Y = q(X)Y — r(X)J5Y,
15) () (Vxh)Y =—a(X)AhY +p(X) Y,
(C) (Vng) Y = —I‘(X)le + p(X)JQY, VX,Y € F(TU).

Now, let N be a non-degenerate real hypersurface of of (M, V,g). This
means that g induces a semi-Riemannian metric on N, which we denote by
the same symbol g. Suppose that the unit normal vector field £ to N on
a coordinate neighhbourhood V = U N N is space-like. Similar results are
obtained when £ is time-like.

Then we define on V the vector fields &, = J,&, a € {1,2,3}.

From (1.2) we deduce that

(1.6) (a) g(&1,&1) = g(&2,&2) = —1, (b) 9(&3,&3) = 1,

that is, {1 and &y are unit time-like vector fields, while &3 is a unit space-like
vector field. In a similar way we define §, = J,§ on V = U N N. Suppose
YNV # () and by (1.4) we obtain

3
(1.7) €a=) Aal, on VNV, ac{l,23}.
b=1

Thus from (1.7) we deduce that there exists on N a globally defined distri-
bution D+ which is locally represented on V by the orthonormal frame field
{&1,&2,&3}. Next, we denote by D the orthogonal complementary distribu-
tion to Dt in the tangent bundle TN. By using (1.1) and (1.2) we deduce
that D is invariant by J,, that is, we have

(1.8) Jo(Dy) =Dy, Yz €N, ac{l,2,3}.

We call D the paraquaternionic distribution on N. Note that D is of rank
4m and g has the signature (2m,2m) on D. On the other hand, D is not
invariant by J,. More precisely, we have

(a) Jaba = A&, (b) Ji&e = —J2&1 = &3,

(1.9)
(c) Ji&3 = —J3&1 = &2, (d) J3&o = — 283 = &1,
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2. Integrability of distributions D and D+. Let N be a non-
degenerate real hypersurface of a paraquaternionic Kéhler manifold (M, V, g).
Denote by V the Levi-Civita connection determined by g on N. Then the
equations of Gauss and Weingarten are expressed as follows:

(2.1) VxY = VxY +h(X,Y)E,
and
(2.2) Vx¢ = —AX,

for any X,Y € I'(T'N), where h is the second fundamental form of N and
A is the shape operator of N. Then we have
(2.3) h(X,Y)=g9(AX,Y), VX,Y € I'(TN).

Now, denote by P the projection morphism of T'N to D with respect to
the decomposition

(2.4) TN =D oD,

Then any vector field Y on N can be expressed as follows
3

(2.5) Y =PY+) n(Y)k,

a=1

where {n,} are 1-forms locally defined on N by
(2.6) Na(Y) = —=Aag(Y, &), a€{1,2,3}.
We apply Ji, Jo, J3 to (2.5) and by using (1.9) obtain
(a) J1Y = JiPY +m(Y)E+ n2(Y )& + n3(Y)Ea,
(2.7) (b) oY = LPY —m(Y)&s + m(Y)E —n3(Y)ér,
(c) J3Y =JsPY — (V)& + n2(Y)& + ns(Y)E.

Lemma 2.1. Let N be a non-degenerate real hypersurface of a para-
quaternionic Kdhler manifold (M, V,g). Then we have:
(a) Vx 1Y — J1PVxY =q(X) oY —r(X)J3Y + h(X,Y)&
+13(VxY)&2 +m2(VxY)Es,
(b) VxJY — JHhPVxY = —q(X)J1Y + p(X)JgY
—n3(VxY)& —m(VxY)& + h(X,Y)E2,
(¢) VxJ3Y — JsPVxY = —r(X) 1Y 4+ p(X) oY
+12(VxY)& —m(VxY)é + h(X,Y)Es,

(2.8)
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and
(2.9) WX, J.Y) = Aana(VxY), Vae{1,2,3},
for any X,Y € T'(D).

Proof. Take X,Y € I'(D) in (1.5a) and by using (2.1) and (2.7a) we
obtain
{Vx WY =J1PVXxY —h(X,Y)&—n3(VxY)&—m(VxY)Es

(2.10) —q(X) DY +r(X) Y} + {h(X, 1Y) — m(VxY)} € = 0.

Then (2.8a) and (2.9) (for a = 1) are obtained by taking in (2.10) the
tangent and normal parts, respectively. All other equalities in (2.8) and
(2.9) are deduced using similar calculations. ]

Now, we introduce two particular classes of hypersurfaces of (M,V,g).
We say that N is D-geodesic (resp. Dt-geodesic) if any geodesic of N that
is tangent to D (resp. D1) is a geodesic of M. Then, by using (2.1) we
obtain the following.

Lemma 2.2. Let N be a non-degenerate real hypersurface of the para-
quaternionic Kdhler manifold (M, V,g). Then we have the assertions:

(a) N is D-geodesic if and only if

(2.11) MX,Y)=0, VX, Y € I'(D).
(b) N is D*-geodesic if and only if

(2.12) h(&a, &) =0, Va,b e {1,2,3}.
Next, we prove the following.

Lemma 2.3. Let N be a non-degenerate real hypersurface of a para-
quaternionic Kdhler manifold (M, V,g). Then N is D-geodesic if and only
if its second fundamental form satisfies

(2.13) WX, JY) =h(Y,J,X), Vac{1,2,3}, X,Y €T (D).
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Proof. Suppose N is D-geodesic. Then from (2.11) we obtain (2.13)
since D is invariant by J, for any a € {1,2,3}. Conversely, suppose (2.13)
is satisfied and by using (1.16) we deduce that

WJsX,Y) = h(X,JsY) = h(X, J1J,Y)
= W1 X, JY) = h(Joh X,Y) = —h(J5X,Y),

for any X,Y € I'(D). Thus h(J3X,Y) = 0 for any X,Y € I'(D), which
yields (2.11) since J3 is an automorphism of the paraquaternionic distri-
bution. N

Theorem 2.1. Let N be a non-degenerate real hypersurface of a para-
quaternionic Kdhler manifold (M, V,g). Then the paraquaternionic distri-
bution D 1is integrable if and only if N is D-geodesic.

Proof. First, by using (2.6) into (2.9) we obtain
hMX,J.Y)=—-9(VxY,&), Yae{l,2,3},X,Y € I'(D).
Then, taking into account that V is torsion-free we obtain
(2.14) WX, JaY) = h(Y, JaX) = g([Y; X], €0),

for any a € {1,2,3} and X,Y € I'(D). Thus the assertion of the theo-
rem follows from (2.14), by using Lemma 2.3 and taking into account that
{£1,&2,&3} is an orthonormal basis in I'(D+). O

Next, we say that N is (D, D+)-geodesic if its second fundamental form
satisfies

(2.15) hMX, &) =0, VX €eT(D), a€{1,2,3}.
Then we prove the following.

Theorem 2.2. Let N be a non-degenerate real hypersurface of a para-
quaternionic Kdihler manifold (M, V,g). Then the distribution D+ is inte-
grable if and only if N is (D, D*)-geodesic.

Proof. First, by using (1.9), (1.5¢), (1.2) and (2.1) we obtain
9([61,8], J3X) =g (65152 — Ve, J3X>
(2.16) =—g (651 J3&1 + 652 J3&2, J3X>
=9 (Ve &1, X) + 9 (Ve &2, X))
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for any X € I'(D). By similar calculations we deduce that

(217) g ([52753]7 JlX) =g <V§3£37X) -9 (v52§27X) 5
and
(2.18) 9 ([, &), J2X) = 9 (Ve €s, X) — g (Ve 61, X)),

for any X € I'(D). Thus, from (2.16), (2.17) and (2.18) we infer that D+ is
integrable if and only if

9 (Ve 1, X) + 9 (Ve &2, X) =0
g (vfgf?nX) -9 (vézf%X) =0, VX € F(D)>
g (v§3§37X) -9 (V§1€17X) =0

which are equivalent to

(2.19) 9 (Ve ba, X) =0, Va € {1,2,3}, X e I'(D).

On the other hand, by using (2.1), (1.2), (1.5), (1.9a), (2.2) and (2.3) we
obtain

9 (Ve X) = 9 (Ve X) = —dag (JaVe o, JuX )

(2.20) B
= X9 (MVe &, JuX ) = g(Abe, JaX) = h(Ea, JuX).

Finally, taking into account that J, are automorphisms of D for any
a € {1,2,3} and using (2.19) and (2.20) we deduce that D= is integrable if
and only if (2.15) is satisfied. This completes the proof of the theorem. O

3. Foliations on a real hypersurface of (M,V,g). Let N be
a non-degenerate real hypersurface of a paraquaternionic Kéhler manifold
(M, V,g). In this section we study the geometry of leaves of the foliations on
N provided D and/or D+ are integrable. First, we recall that a submanifold
S of a Riemannian manifold @ is totally geodesic if its second fundamental
form vanishes identically on S (cf. CHEN [2]). Then we prove the following.

Theorem 3.1. Let N be a non-degenerate real hypersurface of a para-
quaternionic Kdhler manifold (M, V,g), whose paraquaternionic distribu-
tion D is integrable. Then any leaf of D is totally geodesic immersed in
M.
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Proof. Let N* be a leaf of D and h* be the second fundamental form
of the immersion of N* in N. Then by Gauss equation we have

(3.1) VxY = V4Y + h*(X,Y), VX,Y € T(TN*),

where V* is the Levi-Civita connection on N*. Then by using (2.1) and
(3.1) we deduce that

(3.2) VxY = VxY = V4Y + h*(X,Y), VX,Y € T(TN*),

since N is D-geodesic (cf. Theorem 2.1). Thus by (3.2) h* is also the
second fundamental form of the immersion of N* in M. Next, by using
(1.5a), (2.7a) and (3.2) we obtain

VALY + (X, 1Y) = Ji(VEY) + (VX Y)E

3.3
33 +m2(VxY )& +n3(VxY)ée + q(X) oY —r(X)J3Y,

for any X,Y € I'(T'N*). Taking into account that N is D-geodesic, from
(2.9) we infer that

ne(VxY) =0, Vae{1,2,3}, X,Y € [(TN*).

Thus taking the vector fields from (3.3) that are normal to N* in M we

obtain
(X, 1Y)=0, VX, Y e T(TN").

This completes the proof since J; is an automorphism of I'(T'N*). U

Now we recall that a foliation F on N is totally geodesic if any leaf of
F is a totally geodesic submanifold of N (cf. REINAHRT [5]).

Corollary 3.1. Let N be a non-degenerate real hypersurface of a para-
quaternionic Kdhler manifold (M, V,g), whose paraquaternionic distribu-
tion D is integrable. Then the foliation determined by D on N is totally
geodesic.

Proof. Let N* be a leaf of D. Then by Theorem 3.1 we have h* =0
on N. Thus by (3.1) we deduce that N* is totally geodesic immersed in N.
Hence the foliation determined by D is totally geodesic. O

Next, we study the geometry of leaves of D. First, we prove the fol-
lowing.
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Theorem 3.2. Let N be a non-degenerate real hypersurface of a pa-
raquaternionic Kdhler manifold (M, V,g), whose distribution DL is inte-
grable. Then the foliation determined by D on N is totally geodesic.

Proof. Let N’ be a leaf of D+ and ht be the second fundamental form
of the immersion of N’ in N. Then by using the Gauss equation for the
submanifold N’ of N, (1.5) and (2.1)-(2.3) we obtain

g (hH(X,6),Y) = 9 (V&0 Y) = g (LVxEY)

(3.4) _
=~ (Vx& JaY ) = g(AX, 1Y) = B(X, JY),

for any X € T'(T'N'), Y € T'(D) and a € {1,2,3}. By Theorem 2.2 N is
(D, D+)-geodesic and thus (3.4) implies

(3.5) Wt (X,Z)=0, VX,Z e(TN'),

which completes the proof. O
From Corollary 3.1 and Theorem 3.2 we deduce the following corollary.
Corollary 3.2. Let N be a non-degenerate real hypersurface of a pa-

raquaternionic Kahler manifold (M,V,g). If both distributions D and D+

are integrable then N is locally a semi-Riemannian product N* x N’ where
N* and N’ are leaves of D and D respectively.

Finally, we state a necessary and sufficient condition for leaves of D+ to
be totally geodesic immersed in M.

Theorem 3.3. Let N be a non-degenerate real hypersurface of a pa-
raquaternionic Kdhler manifold (M, V,g), whose distribution D+ is inte-
grable. Then any leaf of D is totally geodesic immersed in M if and only
if N is D*-geodesic.

Proof. By using Gauss equation for both the immersion of N in M
and the immersion of a let N’ of D+ in N and (3.5) we obtain

(3.6) g (%XZ, Y) —0, ¥X,Z e (TN'), Y € (D).
On the other hand, by using (2.2) and (2.3) we get

(3.7) g (%Xz, 5) = WX, Z), VX,ZeT(TN).
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Now, we denote by h the second fundamental form of the immersion of N’
in M. Then by using Gauss equation in (3.6) and (3.7) we deduce that

(3.8) g(h(X,2),Y) =0, VYX,Z € (TN'), Y e T(D),

and

(3.9) g(h(X,2),€) = h(X, Z), VX,Z e T(TN'),

respectively. Thus the assertion of the theorem follows by using (3.8), (3.9)

and (2.12). O
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