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Abstract. A Cartan space is a pair (M, K), where M is a smooth manifold and
K : T*"M — IR is a regular Hamiltonian which is positively homogeneous of degree 1 in
momenta. There exists a nonlinear connection N canonically derived from K. Using it
and the metric tensor of the Cartan space, an almost complex structure on 7™ M is defined
and, based on this, we construct a framed f(3,1)—structure on 7*M\0 := Ty M. Restrict-
ing this f(3,1)—structure to the indicatrix bundle IK = {(z,p) € To M|K (z,p) = 1} we
obtain an almost contact structure. We show that this is in fact a contact Riemannian
structure and then we find that it is normal if and only if the curvature tensor of the non-
linear connection N has a simple form. A geometrical meaning of this form is provided
in the case when the metric tensor of (M, K) does not depend on momenta. The results
may be thought as dual to those from Finsler spaces case found in [1].
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1. Introduction. Let M be a smooth i.e. C° manifold and 7* :
T*M — M its cotangent bundle. If (2%),4,j,k,... = 1,2,..n = dimM
are local coordinates on M, the induced local coordinates on T*M will
be denoted by (z%,p;), where 2! is identified with 2z o 7* and (p;) are the
components of a covector from T3 M, x(x%), in the cobasis (dz?),. We put
TyM =T*M\{(x,0),z € M} and so we get an open submanifold of 7M.
All geometric objects to be considered will live on this submanifold.

The coordinates py, ..., p, will be called momenta. The kernel of the
differential D7* : TT*M — T M is a subbundle, called vertical and denoted
by VI*M, of TT*M. The vertical distribution V : uw € T*"M — V,T*M is

locally spanned by (6’ = Bim)’ hence it is integrable.
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On T M we have the Liouville vector field C* = p;0, the Liouville
1-form w = p;de’ and a canonical symplectic structure 6 = dw = dp; A dx'.

A Cartan space is a pair (M, K), where K : TfM — R, \ {0} is smooth,
positively 1-homogeneous, that is K(x, \p) = AK(z,p) for any A > 0 and
the matrix with the entries g% (x,p) = %8183 K? is positive defined. The
functions (¢*(z,p)) behave like the components of a tensor field on M,
that is they define a d— tensor field on Ty M. This is called the metric
tensor of the Cartan space (M, K). See [3] for details.

If one sets p’ = %OIK 2 then ¢/ = &p’. From the homogeneity condition
it follows

(1.1) p' = g"pj,pi = gip’, K* = gpip; = pip’, C*py = 0,

where C¥F .= —%aigjk.

A nonlinear connection on Ty M is a distribution v — H,T*M,u €
T*M, called horizontal, which is supplementary to the vertical distribution.
This is usually given by a basis §; = 9; + Nj0F, for some functions (Ny;)
having a special behavior by a change of coordinates on T M.

It was proved by MIRON, Ch.6 in [3], that any regular Hamiltonian
induces a nonlinear connection on T*M. In particular, the regular Hamil-
tonian K? induces a nonlinear connection on T M whose local coefficients
Nij(x,p) = Nji(z,p) are positively homogeneous of degree 1 in momenta.
For details we refer to Ch. 6 in [3].

Thus K produces a decomposition

(1.2) T T M =V, Tg M & H,Tg M,

and we have a basis (§;, ") adapted to it.

The dual basis is (dz®,6p; = dp; — Nyj(x,p)dr?). The decomposition
(1.2) provides an almost complex structure F' on T M given in the adapted
frame by
(1.3) F(5;) = —g;50°,  F(9") = g"*6y.

On using the matrix (g% (z,p)) one constructs a Riemannian structure
of Sasaki type on T M:

(1.4) G= gijda:i ® dx’ + gijépi ® 0p;.

Here the matrix (g;z) denotes the inverse of (¢*). It defines also a
d—tensor field on T M.
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A direct calculation shows that
(1.5) G(FX,FY)=G(X,Y), XY e x(Ty M),

where x (73 M) denotes the F'(M)—module of vector fields on T M.

A framed f(3,1)—structure of corank s on a manifold N is a triad
(f,(&a), (n4)) for a,b,c... = 1,...; s, where f is a tensor field of type (1,1),
(&,) are vector fields and (7,) are 1-forms on N such that

(@) =05, f(&) =070 [ =0,
(1.6) =Tty 0ok,

where I denotes the Kronecker tensor field on V.

The term f(3,1)—structure was suggested by the identity f3 + f = 0.

For an account of the structures of this type we refer to [2].

In this paper, Section 2, we show that if (M, K) is a Cartan space, then
the manifold T(f M has a natural f(3, 1)—structure of corank 2. It is in some
sense compatible with G. In Section 3 we restrict this f(3,1)—structure to
the indicatrix bundle IK = {(z,p) € T§M|K(z,p) = 1}, thought of as a
(2n—1)—dimensional submanifold of T M, and we obtain an almost contact
structure on I K. We show that it is in fact a Riemannian contact structure
and it is Sasakian if and only if the curvature tensor of the nonlinear con-
nection N has a special form. A geometrical meaning of this special form
is given for a particular form of K.

2. A framed f(3,1)—structure on 7;M when (M, K) is a Cartan
space. Let us put & = %&, &y = %81 Thus we have two global vector
fields on T{y M which are linearly independent. The first is horizontal and

the second one is vertical.
From the definition of F' it follows

Lemma 2.1. F(fl) = —52, F(fg) :' §1- '
Let now be the 1-forms n' = %pidm’ and n? = %p’épi. It easily follows
that (&) = 0; as well as

Lemma 2.2. n' o F =n%, n?o F = —p!

Lemma 2.3. n}(X) = G(X, &), n*(X) = G(X, &), X € x(TyM).
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Now we define a tensor field of type (1,1) f on TjM by
f(X) = F(X) +n"(X)& — n*(X)&, X € x(Ty M). (2.1)
We have

Theorem 2.1. For the triple (f, (&), (n%)),a,b = 1,2 the followings
hold

(Z) 77a(§b) - 6;;17 f(§a> =0, 77“ © f =0,
(47) fP=-T+n'0&a+n &,
(131) f is of rank 2n — 2 and f3 + f = 0.

Proof. (i) follows from the definition (2.1) of f and the Lemmas 2.1
and 2.2. Using again (2.1) and (i) one verifies (ii). From (ii) quickly follows
that f3 4 f = 0. It remains to prove that f is of rank 2n — 2. By (i),
the space spanned by & and & is in kerf. We show that kerf reduces
to this 2-dimensional space. Let be X € ker f written in the form X =
X8; +Y;0". The condition f(X) =0 gives X' = %pi, Y, = %p% hence
X=Xlig 4 Xalle) qed. 0

Theorem 2.2. The Riemannian metric G verifies

(22) G(fX, fY) = GX,Y) =" (X)n' (V)= (X)*(Y), X, Y € x(Tg M).

Proof. Inserting f from (2.1) in G(fX, fY') one obtains a sum of seven
term (two cancel) which reduces to the right side of (2.2) on using the
Lemmas 2.1, 2.2 and 2.3.

A different proof of the Theorem 2.2 can be obtained if one uses the
expression of f in the adapted frame (§;, 6’)

From (2.1) it follows

1 .
f(6;) = <_gij + K2pz‘pj> &,

1

(2.3) ) = <gij _ sz‘pj> 3j-
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By (2.3) one finds
1
G(f5¢7f(5_j‘) = 9ij = JeaPils;
(2.4) G(foi, f07) =0,
G(f0", f&) = g" — PP

From (2.4) it easily follows (2.2).
Let us put

(2.5) 6(X,Y) = G(fX,Y), XY € x(TgM).
Using the Theorems 2.1 and 2.2 one verifies that

Thus ¢ is a 2-form on T;f M. It is degenerate with null space span(&1, &2).
Using (2.3) one gets

On the other hand, we have

1 1
dn*(6;,6;) = §(5in —0;pi) = I

since in a Cartan space 6; K = 0 and N;; = Nj;, c¢f. Ch. 6 in [3].

. i 1 o
6,09 =09 () = % (-0 + ).

(Nij — Nji) =0

where the equality p' = K 'K was used.
dn(9', &%) = 0.
Comparing ¢ and dn', it comes out that
(2.8) ¢ = Kdn'.
From (2.8) it follows

1
2 1 2
= /\ d p—— /\ y
¢=n"Ndn =" N
because of dK = n?.
Thus ¢ is never closed. It defines an almost presimplectic structure on

Ty M. 0
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3. An almost contact structure on the indicatrix bundle of a
Cartan space (M, K). Theset IK = {(z,p) € T4M | K(z,p) =1} is a
submanifold of dimension 2n — 1 of Ty M. It will be called the indicatrix
bundle of the Cartan space (M, K).

Let be

xt = 2 (u®)
(3.1) { pi =pi(u®), 0 =1,2,...,2n — 1,

with T@nks(%, 35;) = 2n — 1,a parametrization of this submanifold.

The local vector fields (8%) provides basis of the tangent space to I K.
We have 52 = 92.0; + Q00 = 825+ (2 — Ny 920 ) .

du iJ gu>
Deriving the identity K?(z'(u®),p;(u®)) = 1 with respect to (u®) one
gets (6¢K2)g$; + (8iK2)55,§ = 0. But from ;K2 = 0, one obtains 9;K? =

—NijéjKQ and the previous equations reads p’ (ﬁ - Nji%) =0on K.

ou™
On the other hand, G (3%, &) =G (%, %pkﬁk) = (% - Nij%) 9" i

Jua
= %P (g% - Njig%)-
Taking this equation on K, it comes out that £ is normal to the
submanifold IK. Recall that it is unitary with respect to G.
Now we restrict to I K all the geometrical objects introduced above on
Ty M. We indicate this by lines over. Thus we have

- & = & since & is tangent to TK,

- 7y = 0 because of n?(X) = G(X, &) = 0 for every vector field X that
is tangent to 1K,

- G =G|k,

- f=F+7n ® &y is an endomorphism of the tangent bundle to I K be-
cause of G(fX, &) = G(FX, &)+n' (X)G (&2, &2)=n* (FX)+1' (X)=0.

We put &€ = &, and 1 = 7j;. By the Theorem 2.1 we get

Theorem 3.1. The triple (f,£,m) is an almost contact structure on
1K, that is

(4) n(€) =1,n0f=0,f(& =0,
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(i) FP=—I+n®¢,

(ii4) P+ F=0andrank f=2n—2=(2n—1) — 1.
Then by the Theorem 2.2 we obtain

Theorem 3.2. The Riemannian metric G verifies
(3.1) G(fX,fY) = G(X,Y) = n(X)n(Y),

for every vector fields X,Y that are tangent to I K.

Concluding, (f,¢&,n,G) is an almost contact Riemannian structure on
IK.

We have that (6;, f6;) with j = 1,2..n — 1 is a local frame on IK.
Indeed, G(6;,&) = 0, G(f8;,&2) = n(f(5;)) = 0 and the local vector fields
§; and f&; = (—gjn +pjph)3h, j=1,...,n—1 are linearly independent since
rank (—gjn —i—pjph) =n-1. '

We put fé; =0;, j =1,...,n—1 and we shall use the local frame (6;, ;)
in the calculation below.

Let Q(X,Y) = GfX,Y) be 2-form usually associated to an almost con-
tact structure. This is nothing but the 2-form ¢ restricted to IK. Then
(2.8) reduces to

(3.2) Q =dn.
A direct calculation gives

dn(0;,6x) = €2(d;,0) = 0
(3.3) dn(él,(gj) = Q(él, 5J) = gij —pipj,j = 1, 2, ey — 1
dn(5j7 6h) = Q(5j7 6h) =0

This confirms again (3.2) in the frame (5;,9;), j = 1,...,n—1. An almost
contact Riemannian structure (f,£,n,G) with Q = dn is called a contact
Riemannian structure. Thus we have

Theorem 3.3. Let K™ = (M, K) be a Cartan space. Then the structure
(f,&€,n,G) is a contact Riemannian structure on IK.

The almost contact structure (f,&,n) is called normal if the tensor field
N = Nf 4+ dn ® & = 0, where Nf is the Nijenhuis tensor field of f. And it
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is called Sasakian if it is normal and Q = dn. We look for conditions that
(f,€&,m) be Sasakian.

Recall that N+(X,Y) = [fX, fY]+ F'[X,Y] - F[fX,Y] - f[X, fY] for
X, Y e x(IK).

Now we shall compute N in the frame (4;, 5]-), j=1,2,....n—1. First,
we notice that

[«

'j = f(sj = ajkék for aj, == —g;r + pjpk,
(8k) — gkhéh’
. )

|

(3.4)

and recall the equations (4.14), Ch. 4 in [3]:
[05,0;] = Ryij0",[6;,0"] = —0"N;,.0",

where (N;; = Nj;) are the local coefficients of the canonical nonlinear con-
nection of the Cartan space K™ and Ry;; = 6; N, — 6;Njj.
A direct calculation gives

N(6;,05) = Ahijghk(sk + (Byij — Ruij) 0",
N (8i,05) = (aind"05 — bE Rping" — th‘j_ghs —agp®)ds
o —[Akij + pip" (Orai — aind"Nyp.) + akrdib;]ﬁk

(3.5)

with the following notations

Apij = 51‘%‘]9 — 0jak + Qihathk — ajhéhN,-k,
Brij = aindajr — a;nd"ay, ‘

Dj; = bE6b5 + (bhdai, + bfajnd" Ni,)g"
EZ = aih(?hb;? — ajhﬁhbf.

(3.6)

In order to simplify the above expressions we need more formulae from
the geometry of the Cartan space K.
We collect the needed formulae as follows:

(3.7) Ckp = C*ip, = C*ip, = 0 for CIF = —iakg”.

(3.8) pkékNZ-j = N;; (the homogeneity of N;; in momenta).
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We assume that the Cartan space K" = (M, K) is endowed with the

Cartan connection (H]Zk = H,ij, Cz-jk = —%gisasgjk = giSCSjk).
Then we have

3.9 Iy .
(39) p; =0, PP =g"

Here short and long vertical bars denote the horizontal and vertical
covariant derivatives, respectively.

(3.10) Pl =Hly —9'Ny,  Php) =0.
(3.11) digik = Hjigsk + Hj;9js-
Using (3.7) one easily obtains
(3.12) Brij = pigik — pjgik-
In the vertical part of N ((51, 53) the first term vanishes since Ry;; = — Ry

hk and

and using éhbf = (5;-lpk + pjg*" one obtains Ef] = (pigjn — Pjgin)9g
after some cancelations the whole vertical part of N(4;, 5]) vanishes.
From pFay, = 0 it results (6;p%)ar, = —6;(ag,)p*. We have §;pr, = Ny
Based on these formulae one finds that the vertical part of N'(d;,;) has the
form —b;?AMkéV and its horizontal part is b?(pigkh — prgin — Ruir) g 0s.
A tedious computation leads to

Dj; — D5 = Anijg" + p* P (pigjr — pigir) = Anijg™*
by (3.10).
The tensor field Ag;; takes the form
Akij = 659ik — 0igjk + 0" Ni — gind" Ny,
and by (iii) of Prop. 2, Ch. 7 in [3], it vanishes for Cartan spaces.
Summarizing up we have proved

Theorem 3.4. The tensor field N is given in the frame (5i,5j), j =
1,....,n—1, as follows:
N(6i,65) = (Pigjk — DjGir — Ryij) 0,
N(8:,05) = V% (ignn — prgin — Rrir)g" s,
N(6;,05) = 0.
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Corollary 3.1. The almost contact structure (f,&,n) is Sasakian if and
only if

(3.13) Ryij = pigjk — pjgik-

A geometrical meaning of (3.13) can be easily obtained when the func-
tions g do not depend on p, that is we have K2 = ¢ (z)p;p;. In this
case the local coefficients N;; of the canonical nonlinear connection take
the form N;; = ’yfjpk, where (%kj) are the Christoffel symbols constructed
with (gij(z)).

We have Ryij = 8;(v/ipn)—0i(Vipn) = (Dl =00 7=y )on =
Rzijph, where RZZ-j is the curvature tensor derived from g;;(z).

The equation (3.13) becomes Rkhijph = (5?gjk —6?gik)ph and it is equiv-
alent to

(3.14) Rin iy = 9kjgni — Gikgjn-

But (3.14) says that the manifold (M, g;j(z)) is of constant curvature
—1. Thus we have proved

Theorem 3.5. Let be the Cartan space (M, K) with K? = g9 (z)pipj.
The almost contact structure (f,&,n) on the indicatriz bundle I K is Sasakian

if and only if the Riemannian manifold (M, gi;(x)) is of constant curvature
—1.
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