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Abstract. The object of this paper is to establish a unique common fixed point
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1. Introduction. ZADEH [8] initiated the concept of fuzzy sets in 1965.
Many authors used this concept in Topology and Analysis and developed
the theory of fuzzy sets and its applications. KRAMOSIL and MICHALEK [4]
introduced the concept of fuzzy metric space. GEORGE and VEERAMANI
[2] modified this concept of fuzzy metric space and defined a Hausdroff
topology on fuzzy metric space. GRABIEC [3] obtained the fuzzy version of
Banach contraction principle, which is a milestone in developing fixed point
theory in fuzzy metric space.

2. Preliminaries

Definition 2.1. A binary operation * : [0,1] x [0,1] — [0, 1] is called a
continuous t-norm if ([0,1], %) is an abelian topological monoid with unit 1
such that axb < cxd whenever a < c and b < d, for all a,b,c and d € [0,1].

Examples of t-norm are a *x b = ab and a * b = min{a, b} etc.
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Definition 2.2. ([4]) The 3-tuple (X, M, %) is called a fuzzy metric
space if X is an arbitrary set, x is a continuous t-norm and M 1is a fuzzy
set in X2 x [0,00) satisfying the following conditions:

(FM —1) M(z,y,0) =0;

(FM —2) M(x,y,t) =1, forallt >0 iff x =y;

(FM —3) M(z,y,t) = M(y,z,t);

(FM —4) M(z,y,t) « M(y, 2,t) < M(z, 2t + s);
(FM —5) M(x,y,.):[0,00) — [0,1]is left continuous;

forallx,y,z € X and s,t > 0.

Note that M (z,y,t) can be thought of as the degree of nearness between
x and y with respect to t. We identify = = y with M(z,y,t) = 1, for all
t > 0. The following example shows that every metric space induces a fuzzy
metric space.

Example 2.3. ([2]) Let (X,d) be a metric space. Define a *x b =
min{a, b} and for all z,y € X, M(z,y,t) = t/(t + d(x,y)), for all t > 0
and M(x,y,0) = 0. Then (X, M, x) is a fuzzy metric space. It is called the
fuzzy metric space induced by the metric d.

Lemma 2.4. ([3]) For all z,y € X, M(z,y,.) is a non-decreasing func-
tion.

Definition 2.5. ([3]) Let (X, M, *) be a fuzzy metric space. A sequence
{zn} in X is said to convergent to a point x € X if limy, oo M (zp,x,t) =1
for allt > 0. Further, the sequence {x,} is said to be a Cauchy sequence if
limy, o0 M (2, Tpip,t) =1, for allt > 0 and p > 0. The space is said to be
complete if every Cauchy sequence in it converges to a point of it.

Remark 2.6. Since * is continuous, it follows from (F'M — 4) that the
limit of a sequence in a fuzzy metric space is unique.

In this paper (X, M, %) is considered to be the fuzzy metric space with
condition
(FM — 6) limy_,oo M(x,y,t) = 1.

Lemma 2.7. ([1]) Let {yn} be a sequence in a fuzzy metric space
(X, M, *) with the condition (FM-6). If there exists a number k € (0,1)
such that M (Yn+2, Ynt1, kt) > M (Ynt1, Yn,t), for allt > 0. Then {y,} is a
Cauchy sequence in X.
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In [3], GRABIEC proved the following Banach contraction principle in
fuzzy metric space

Theorem 2.8. ([3]) Let (X, M,x) be a complete fuzzy metric space
where *is continuous and T' be a self mapping on X such that, M(Tz, Ty, at)
> M(z,y,t),Vz,y € X,t >0 and o € (0,1). Then T has a unique fized
point.

In [5] SINGH and SHISHIR JAIN established the following result in fuzzy
metric space:

Theorem 2.9. ([5]) Let A be self mapping of a complete fuzzy metric
space (X, M, x) such that there exists some k € (0,1) satisfying

M(Ax, Ay, kt) > boM (x,y,t) + coM (Az, z,t),

Ve,y € X and t > 0, where by, co are non-negative real numbers such that
bg+co=1. Then A has a unique fized point in X.

The following result is in the line of generalization of the above two
results.

3. Main results

Theorem 3.1. Let {A,} be a sequence of self mappings and S be a self
mapping of a complete fuzzy metric space (X, M, x) satisfying:

(3.1) Ap(X) C S(X),Vn;

(3.2) A, S = SA,,Vn;

(3.3) S is continuous;

(3.4) There exist k€(0,1) such that Vx,y € X,t > 0 and for all i and j

M(Ajx, Ajy, kt) > aM (Ajz, Sz, t) + bM (Sx, Sy, t) + cM(Ajy, Sy, t),

for some a,b,c € [0,1] with a+ b+ c = 1. Then for zg € X the sequence
{yn} in X defined by Apxp—1 = Sxy = yp for all n, converges and its limit
is the unique common fized point of the sequence {A,} and self mapping S.

Proof. First we shall show {y,} is a Cauchy sequence in X. Putting
x = xp—1 and y = x,, for the maps A4,, and A, in (3.4) we obtain that

M(Anl'nflv An+1$n7 kt) > aM(An:L'nfly Stp_1, t) + bM(Sl‘nfla Swp, t)
+cM(Ap4120, STy, t),
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i.e.

M (Yn, Yni1,kt) > aM (Yn, Yn—1,1) +0M (Y, Yn—1,t) + M (Yn; Ynt1, 1)
= (CL + b)M(yru Yn—1, t) + CM(?/n, Yn+1, t)
> Mln{M(ynv Yn—1, t)v M(yna Yn+1, t)}

Thus, M (Yn, ynt1,t) > Min M (yn, Yn—1,t/k), M (Yn, Yn+1,t/k). By putting
the value of M (yn,yn+1,t) in above we obtain that

M (Yn, Yny1, kt) > Mm{M(yn, Yn—1,1), M (Yns Yn—1,t/k), M (Yn, Yn1, t/k)}
- MW{M(?Jm Yn—1, t)a M(yn7 Yn+1, t/k)}
> MZN{M(ym Yn—1, t)a M(yna Yn+1, t/kz)}

> Mln{(yna Yn—1, t)a (yna Yn+1, t/km)}

Taking limit as m — oo , we have M (yn, Yn+1,kt) > M (Yn—1,Yn,t). Thus,
for any n and t we have, M (y,,, yn+1, kt) > M (Yn—1,Yn,t). Hence by Lemma
2.7, {yn} is a Cauchy sequence in X, which is complete. Therefore {y,}
converges to some z € X and thus the sequences {A,x,—1} = {Sz,} — 2.
Also as S is continuous, we have {SSz,_1} — Sz and as A,S = SA,, we
obtain that lim,, .o ApSTp_1 = limy,_ oo SAnTp_1 = lim, o0 Sy, = Sz.

Step I. For the maps A,, and A,,p € N putting x = Sz,_1,y = 2z in
(3.4), we obtain

M(A,Sxp_1,Apz, kt) > aM(A,Sxy_1,585T,—1,1t)
+OM (SSxp—1,8z2,t) + cM(Apz, Sz, t).

Taking limit as n — oo, we have

M(Sz, Apz, kt) > aM(Sz,Sz,t)+bM(Sz,Sz,t) + cM(Apz, Sz, t)
=a+b+cM(Apz,Sz,t)
> (a+b+c)M(Apz, Sz, t)
= M(Apz,Sz,t),Vt > 0.

It gives A,z = Sz for all p. Thus z is a coincidence point of the sequence
{A4,} and S.

Step II. For the maps A, and A,,p € N putting x = 2,1,y = z in
(3.4) we obtain

M(Anxn_1,Apz, kt) > aM(Ayxn—1,5Tn_1,t) + bM(Sxp_1,5%2,1)
+cM(Apz, Sz, ).
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Taking limit as n — oo and using A,z = Sz, we have

M(z,Sz,kt) > aM(z,z,t)+bM(z,Sz,t) + cM(z,Sz,t)
=a+ (b+c)M(z, Sz,1)
> (a+b+c)M(z,Sz,t)
= M(z,5z,t),¥t > 0.

It gives Sz = z. Thus for all p, we have A,z = Sz = 2. Hence z is a common
fixed point of the sequence of self mappings {A,} and S.

Uniqueness. Let u be another common fixed point of {4,} and S.
Then Apu = Su = u,Vp. For the maps A; and Ay using (3.4) with z = 2
and y = u, we have

M(Ayz, Agu, kt) > aM (A2, Sz,t) + bM(Sz, Su,t) + cM(Au, Su,t),
ie.

M(z,u,kit) =a+bM(z,u,t)+c>(a+b+c)M(z,u,t)
= M(z,u,t),Vt > 0.

It gives z = u and we get that z is the unique common fixed point of
sequence of mappings {A,} and S. O

Taking S = I in Theorem 3.1, we obtain the following result for sequence
of mappings in a fuzzy metric space:

Corollary 3.2. Let {A,} be a sequence of self mappings and of a
complete fuzzy metric space (X, M, ) satisfying:
(3.5) There exists k € (0,1) such that Vz,y € X,t > 0 and for all i and
J, M(Ajz, Ajy, kt) > aM(Ajz, z,t) + bM (z,y,t) + cM(Ajy,y,t), for some
a,b,c € [0,1] with a+b+c = 1. Then for each xq in X, the sequence defined
by Anx,_1 = x, converges in X and its limit is the unique common fized
point of the self mappings of the sequence {Ay}.

Taking A, = A, Vn we obtain the following important result:

Corollary 3.3. Let A be a self mapping of a complete fuzzy metric
space (X, M, x) satisfying:
(3.6) There exists k € (0,1) such that Vz,y € X,t >0

M(Az, Ay, kt) > aM (Az,z,t) + bM (x,y,t) + cM(Ay, y, 1),
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for some a,b,c € [0,1] with a+b+c = 1. Then for each xy € X the sequence
{z,} defined by Axy_1 = x, = Ax, converges in X and its limit is the
unique fized point of the mapping A.

Remark 3.4. The above corollary is a generalization of the above said
Banach contraction principle established in GRABIEC [3] and also of the
result of [6].

A more general form of Theorem 3.1 is the following:

Theorem 3.5. Let {A,} be a sequence of self mappings and S be a
self mapping of a complete fuzzy metric space (X, M,x*) satisfying (3.1),
(3.2), (3.3) and there exists k € (0,1) such that for some integers my,
Vz,y € X,t >0 and for all i and j,

(3.7)
M(A;”%,A;njy, kt) > aM (A" z, Sz, t) + bM(Sz, Sy, t) + CM(A;’”,Sy,t),

for some a,b, c € [0,1] with a+b+c = 1. Then for xo € X the sequence {y,}
in X defined by A" xp_1 = Sxy = yp, for all n, converges and its limit is
the unique common fized point of the sequence {A,} and self mapping S.

Proof. As A,S = SA,,Vn, we get A7'»S = SA" and by Theorem 3.1,
the sequence { A7} and self mapping S have a unique common fixed point
say z in X. Thus A"z = Sz = z,¥n. Now, A7 (A1z) = A1(A7"2) = A1z
and S(A1z) = A1(Sz) = A;z. Now using (3.7) for the maps A]" and A5™
with £ = A1z and y = z we obtain that

M(AT" A1z, AJ% 2, kt) > aM (A" A1z, SA12,t) + DM (S A1z, Sz, 1)
+cM(AS? Az, 8%,t),

i.e.

M(Ayz,z,kt) > aM(Aiz, A1z,t) + DM (A1z,2,t) + cM (A1 2, 2, t)
=a+bM(Aiz,2,t)+cM(Aiz, 2,t)
>(a+b+c)M(Aiz,2,t)
= M(Az,z,t).

It gives A1z = z. Similarly, we can prove A,z = z for all n. Thus 2
is a common fixed point of the sequence {A,} and self mapping S. The
uniqueness follows from the fact that if u is another common fixed point of
the sequence {A,,} and self mapping S then it becomes the common fixed
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point of the sequence A7 and S, which is unique. Thus it follows that z is
the unique common fixed point of the sequence {A,} and self mapping S.
In [7], VASUKI established the following theorem for sequence of map-

pings.

Theorem 3.6. ([7]) Let {T},}, be a sequence of mappings of a complete
fuzzy metric space (X, M, ) into itself where * is continuous t-norm such
that for any two mappings T; and T, we have

M(T;m$a T'me, ai,jt) > M(.I, Y, t)

for some m and 0 < o; j < 1,1, =1,2,..., and z,y € X. Then {T,},, has
a unique common fized point in X.

In [6], SONG made the correction in the above result of VASUKI [7] and
pointed out the following fact.

Theorem 3.7. ([6]) Suppose all the conditions of Theorem 3.6 are
satisfied and t-norm * satisfies for any a,b € [0,1],a * b = min{a,b} or
a*xa = a. Then the conclusion of above Theorem 3.6 remains true.

Remark 3.8. In view of above our Theorem 3.5 is a generalization of
the above theorem of VASUKI [7]. The said result of [7] follows by taking
S=7Ianda=1,b=c=0 in Theorem 3.5.
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