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Abstract. The object of this paper is to establish a unique common fixed point
theorem for a sequence of self mappings in a fuzzy metric space, which generalizes the
result of Grabiec [3], Singh and Jain [5] and Vasuki [7]. All the results established in
this paper are new.
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1. Introduction. Zadeh [8] initiated the concept of fuzzy sets in 1965.
Many authors used this concept in Topology and Analysis and developed
the theory of fuzzy sets and its applications. Kramosil and Michalek [4]
introduced the concept of fuzzy metric space. George and Veeramani
[2] modified this concept of fuzzy metric space and defined a Hausdroff
topology on fuzzy metric space. Grabiec [3] obtained the fuzzy version of
Banach contraction principle, which is a milestone in developing fixed point
theory in fuzzy metric space.

2. Preliminaries

Definition 2.1. A binary operation ∗ : [0, 1]× [0, 1] → [0, 1] is called a
continuous t-norm if ([0, 1], ∗) is an abelian topological monoid with unit 1
such that a∗ b ≤ c∗d whenever a ≤ c and b ≤ d, for all a, b, c and d ∈ [0, 1].

Examples of t-norm are a ∗ b = ab and a ∗ b = min{a, b} etc.
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Definition 2.2. ([4]) The 3-tuple (X, M, ∗) is called a fuzzy metric
space if X is an arbitrary set, ∗ is a continuous t-norm and M is a fuzzy
set in X2 × [0,∞) satisfying the following conditions:
(FM − 1) M(x, y, 0) = 0;
(FM − 2) M(x, y, t) = 1, for all t > 0 iff x = y;
(FM − 3) M(x, y, t) = M(y, x, t);
(FM − 4) M(x, y, t) ∗M(y, z, t) ≤ M(x, z, t + s);
(FM − 5) M(x, y, .) : [0,∞) → [0, 1]is left continuous;
for all x, y, z ∈ X and s, t > 0.

Note that M(x, y, t) can be thought of as the degree of nearness between
x and y with respect to t. We identify x = y with M(x, y, t) = 1, for all
t > 0. The following example shows that every metric space induces a fuzzy
metric space.

Example 2.3. ([2]) Let (X, d) be a metric space. Define a ∗ b =
min{a, b} and for all x, y ∈ X, M(x, y, t) = t/(t + d(x, y)), for all t > 0
and M(x, y, 0) = 0. Then (X,M, ∗) is a fuzzy metric space. It is called the
fuzzy metric space induced by the metric d.

Lemma 2.4. ([3]) For all x, y ∈ X, M(x, y, .) is a non-decreasing func-
tion.

Definition 2.5. ([3]) Let (X,M, ∗) be a fuzzy metric space. A sequence
{xn} in X is said to convergent to a point x ∈ X if limn→∞M(xn, x, t) = 1
for all t > 0. Further, the sequence {xn} is said to be a Cauchy sequence if
limn→∞M(xn, xn+p, t) = 1, for all t > 0 and p > 0. The space is said to be
complete if every Cauchy sequence in it converges to a point of it.

Remark 2.6. Since * is continuous, it follows from (FM − 4) that the
limit of a sequence in a fuzzy metric space is unique.

In this paper (X, M, ∗) is considered to be the fuzzy metric space with
condition
(FM − 6) limt→∞M(x, y, t) = 1.

Lemma 2.7. ([1]) Let {yn} be a sequence in a fuzzy metric space
(X, M, ∗) with the condition (FM-6). If there exists a number k ∈ (0, 1)
such that M(yn+2, yn+1, kt) ≥ M(yn+1, yn, t), for all t > 0. Then {yn} is a
Cauchy sequence in X.
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In [3], Grabiec proved the following Banach contraction principle in
fuzzy metric space

Theorem 2.8. ([3]) Let (X, M, ∗) be a complete fuzzy metric space
where * is continuous and T be a self mapping on X such that, M(Tx, Ty, αt)
≥ M(x, y, t), ∀x, y ∈ X, t > 0 and α ∈ (0, 1). Then T has a unique fixed
point.

In [5] Singh and Shishir Jain established the following result in fuzzy
metric space:

Theorem 2.9. ([5]) Let A be self mapping of a complete fuzzy metric
space (X,M, ∗) such that there exists some k ∈ (0, 1) satisfying

M(Ax, Ay, kt) ≥ b0M(x, y, t) + c0M(Ax, x, t),

∀x, y ∈ X and t > 0, where b0, c0 are non-negative real numbers such that
b0 + c0 = 1. Then A has a unique fixed point in X.

The following result is in the line of generalization of the above two
results.

3. Main results

Theorem 3.1. Let {An} be a sequence of self mappings and S be a self
mapping of a complete fuzzy metric space (X,M, ∗) satisfying:

(3.1) An(X) ⊆ S(X), ∀n;
(3.2) AnS = SAn,∀n;
(3.3) S is continuous;
(3.4) There exist k∈(0, 1) such that ∀x, y ∈ X, t > 0 and for all i and j

M(Aix, Ajy, kt) ≥ aM(Aix, Sx, t) + bM(Sx, Sy, t) + cM(Ajy, Sy, t),

for some a, b, c ∈ [0, 1] with a + b + c = 1. Then for x0 ∈ X the sequence
{yn} in X defined by Anxn−1 = Sxn = yn for all n, converges and its limit
is the unique common fixed point of the sequence {An} and self mapping S.

Proof. First we shall show {yn} is a Cauchy sequence in X. Putting
x = xn−1 and y = xn for the maps An and An+1 in (3.4) we obtain that

M(Anxn−1, An+1xn, kt) ≥ aM(Anxn−1, Sxn−1, t) + bM(Sxn−1, Sxn, t)
+cM(An+1xn, Sxn, t),
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i.e.

M(yn, yn+1, kt) ≥ aM(yn, yn−1, t) + bM(yn, yn−1, t) + cM(yn, yn+1, t)
= (a + b)M(yn, yn−1, t) + cM(yn, yn+1, t)
≥ Min{M(yn, yn−1, t),M(yn, yn+1, t)}.

Thus, M(yn, yn+1, t) ≥ Min M(yn, yn−1, t/k),M(yn, yn+1, t/k). By putting
the value of M(yn, yn+1, t) in above we obtain that

M(yn, yn+1, kt) ≥ Min{M(yn, yn−1, t),M(yn, yn−1, t/k),M(yn, yn+1, t/k)}
= Min{M(yn, yn−1, t),M(yn, yn+1, t/k)}
≥ Min{M(yn, yn−1, t),M(yn, yn+1, t/k2)}
....
≥ Min{(yn, yn−1, t), (yn, yn+1, t/km)}.

Taking limit as m →∞ , we have M(yn, yn+1, kt) ≥ M(yn−1, yn, t). Thus,
for any n and t we have, M(yn, yn+1, kt) ≥ M(yn−1, yn, t). Hence by Lemma
2.7, {yn} is a Cauchy sequence in X, which is complete. Therefore {yn}
converges to some z ∈ X and thus the sequences {Anxn−1} = {Sxn} → z.
Also as S is continuous, we have {SSxn−1} → Sz and as AnS = SAn, we
obtain that limn→∞AnSxn−1 = limn→∞ SAnxn−1 = limn→∞ Syn = Sz.

Step I. For the maps An and Ap, p ∈ N putting x = Sxn−1, y = z in
(3.4), we obtain

M(AnSxn−1, Apz, kt) ≥ aM(AnSxn−1, SSxn−1, t)
+bM(SSxn−1, Sz, t) + cM(Apz, Sz, t).

Taking limit as n →∞, we have

M(Sz, Apz, kt) ≥ aM(Sz, Sz, t) + bM(Sz, Sz, t) + cM(Apz, Sz, t)
= a + b + cM(Apz, Sz, t)
≥ (a + b + c)M(Apz, Sz, t)
= M(Apz, Sz, t), ∀t > 0.

It gives Apz = Sz for all p. Thus z is a coincidence point of the sequence
{An} and S.

Step II. For the maps An and Ap, p ∈ N putting x = xn−1, y = z in
(3.4) we obtain

M(Anxn−1, Apz, kt) ≥ aM(Anxn−1, Sxn−1, t) + bM(Sxn−1, Sz, t)
+cM(Apz, Sz, t).



5 FIXED POINT THEOREMS 81

Taking limit as n →∞ and using Apz = Sz, we have

M(z, Sz, kt) ≥ aM(z, z, t) + bM(z, Sz, t) + cM(z, Sz, t)
= a + (b + c)M(z, Sz, t)
≥ (a + b + c)M(z, Sz, t)
= M(z, Sz, t), ∀t > 0.

It gives Sz = z. Thus for all p, we have Apz = Sz = z. Hence z is a common
fixed point of the sequence of self mappings {An} and S.

Uniqueness. Let u be another common fixed point of {An} and S.
Then Apu = Su = u,∀p. For the maps A1 and A2 using (3.4) with x = z
and y = u, we have

M(A1z, A2u, kt) ≥ aM(A1z, Sz, t) + bM(Sz, Su, t) + cM(A2u, Su, t),

i.e.

M(z, u, k1t) = a + bM(z, u, t) + c ≥ (a + b + c)M(z, u, t)
= M(z, u, t), ∀t > 0.

It gives z = u and we get that z is the unique common fixed point of
sequence of mappings {An} and S. ¤

Taking S = I in Theorem 3.1, we obtain the following result for sequence
of mappings in a fuzzy metric space:

Corollary 3.2. Let {An} be a sequence of self mappings and of a
complete fuzzy metric space (X, M, ∗) satisfying:
(3.5) There exists k ∈ (0, 1) such that ∀x, y ∈ X, t > 0 and for all i and
j, M(Aix, Ajy, kt) ≥ aM(Aix, x, t) + bM(x, y, t) + cM(Ajy, y, t), for some
a, b, c ∈ [0, 1] with a+b+c = 1. Then for each x0 in X, the sequence defined
by Anxn−1 = xn converges in X and its limit is the unique common fixed
point of the self mappings of the sequence {An}.

Taking An = A,∀n we obtain the following important result:

Corollary 3.3. Let A be a self mapping of a complete fuzzy metric
space (X,M, ∗) satisfying:
(3.6) There exists k ∈ (0, 1) such that ∀x, y ∈ X, t > 0

M(Ax,Ay, kt) ≥ aM(Ax, x, t) + bM(x, y, t) + cM(Ay, y, t),
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for some a, b, c ∈ [0, 1] with a+b+c = 1. Then for each x0 ∈ X the sequence
{xn} defined by Axn−1 = xn = Anx0, converges in X and its limit is the
unique fixed point of the mapping A.

Remark 3.4. The above corollary is a generalization of the above said
Banach contraction principle established in Grabiec [3] and also of the
result of [6].

A more general form of Theorem 3.1 is the following:

Theorem 3.5. Let {An} be a sequence of self mappings and S be a
self mapping of a complete fuzzy metric space (X,M, ∗) satisfying (3.1),
(3.2), (3.3) and there exists k ∈ (0, 1) such that for some integers mn,
∀x, y ∈ X, t > 0 and for all i and j,
(3.7)
M(Ami

i x,A
mj

j y, kt) ≥ aM(Ami
i x, Sx, t) + bM(Sx, Sy, t) + cM(Amj

j , Sy, t),

for some a, b, c ∈ [0, 1] with a+b+c = 1. Then for x0 ∈ X the sequence {yn}
in X defined by Amn

n xn−1 = Sxn = yn, for all n, converges and its limit is
the unique common fixed point of the sequence {An} and self mapping S.

Proof. As AnS = SAn, ∀n , we get Amn
n S = SAmn

n and by Theorem 3.1,
the sequence {Amn

n } and self mapping S have a unique common fixed point
say z in X. Thus Amn

n z = Sz = z, ∀n. Now, Am1
1 (A1z) = A1(Am1

1 z) = A1z
and S(A1z) = A1(Sz) = A1z. Now using (3.7) for the maps Am1

1 and Am2
2

with x = A1z and y = z we obtain that

M(Am1
1 A1z, Am2

2 z, kt) ≥ aM(Am1
1 A1z, SA1z, t) + bM(SA1z, Sz, t)

+cM(Am2
2 A1z, Sz, t),

i.e.

M(A1z, z, kt) ≥ aM(A1z, A1z, t) + bM(A1z, z, t) + cM(A1z, z, t)
= a + bM(A1z, z, t) + cM(A1z, z, t)
≥ (a + b + c)M(A1z, z, t)
= M(A1z, z, t).

It gives A1z = z. Similarly, we can prove Anz = z for all n. Thus z
is a common fixed point of the sequence {An} and self mapping S. The
uniqueness follows from the fact that if u is another common fixed point of
the sequence {An} and self mapping S then it becomes the common fixed
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point of the sequence Amn
n and S, which is unique. Thus it follows that z is

the unique common fixed point of the sequence {An} and self mapping S.
In [7], Vasuki established the following theorem for sequence of map-

pings.

Theorem 3.6. ([7]) Let {Tn}n be a sequence of mappings of a complete
fuzzy metric space (X, M, ∗) into itself where * is continuous t-norm such
that for any two mappings Ti and Tj, we have

M(Tm
i x, Tm

j y, αi,jt) ≥ M(x, y, t)

for some m and 0 < αi,j < 1, i, j = 1, 2, ..., and x, y ∈ X. Then {Tn}n has
a unique common fixed point in X.

In [6], Song made the correction in the above result of Vasuki [7] and
pointed out the following fact.

Theorem 3.7. ([6]) Suppose all the conditions of Theorem 3.6 are
satisfied and t-norm * satisfies for any a, b ∈ [0, 1], a ∗ b = min{a, b} or
a ∗ a = a. Then the conclusion of above Theorem 3.6 remains true.

Remark 3.8. In view of above our Theorem 3.5 is a generalization of
the above theorem of Vasuki [7]. The said result of [7] follows by taking
S = I and a = 1, b = c = 0 in Theorem 3.5.
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