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1. Introduction. Let A be a Banach algebra, and let X be an A-
bimodule. Then X is a Banach A-bimodule, if X is a Banach space, and if
there is a constant k such that:

la.z|| < kllallllz]] and [|z.a]| < Ellalllz], a € A,z € X.

Let A be a Banach algebra and let X be a Banach A-bimodule. Then X*,
the dual space of X, is a Banach A-bimodule with respect to the operations

(a.f)(x) = f(z.a), (f.a)(z)=flazx), a€ A,x € X, fe X",

X* is the dual module of X, and in particular, A* is the dual module of A.
Let A be a Banach algebra and let X be a Banach A-bimodule. A
bounded linear map D : A — X is a derivation if

D(ab) = a.D(b) + D(a).b, a,be A.

For any x € X, the mapping 6, : A — X given by §,(a) = a.x —z.a, a € A
is a derivation, called an inner derivation.
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Let B(A, X) be the space of all continuous derivations from A into X
and let Z'(A, X) be the space of all inner derivations from A into X. Then
the first cohomology group of A with coefficients in X is the quotient space
H(A, X) = BYA, X)/Z2HA, X).

The Banach algebra A is amenable if H!(A, X*) = {0} for any Banach
A-bimodule X, i.e. if bounded derivation from A into a dual Banach A-
bimodule X* is inner. A is weakly amenable if H1(A4, A*) = {0}. For
instance, the group algebra L!(G) of a locally compact group G is always
weakly amenable ([7]), and is amenable if and only if G is amenable in the
classical sense ([6]). Also, a C*-algebra is always weakly amenable ([5]) and
is amenable if and only if it is nuclear ([5] and [3]).

Recently weak amenability has been investigated for algebras of type
A(X). In [4], it is shown that A(X) is weakly amenable when X = [,(Y),
with Y a reflexive Banach space having the approximation property, or when
X = F @ C,, where F is a Banach space with the bounded approximation
property and C), denotes any of the universal spaces introduced by JOHN-
SON in [8]. In [2], BLANCO introduced a technical property of X, socalled
trace unbounded triples, and by using it established weak amenability of
A(X) for a wide range of Banach spaces X. In [1] the author studied the
weak amenability of A(X), and its relation with the bounded approxima-
tion property. He showed that bounded approximation property is neither
necessary nor sufficient for the weak amenability of A(X).

In this paper, we shall show the relationship between the weak amenabil-
ity of A(X) and the property (Py), thus extending some of Blanco’s result
and we shall also provide a new proof for Proposition 3.3 of [2]. Here A(X)
is the closure in B(X) of the ideal F/(X) of continuous finite-rank operators
on X, where B(X) denotes the algebra of all bounded linear operators on
X.

We shall assume throughout this paper that all the Banach spaces are
over the complex field.

2. Preliminaries. By L,(u) = Ly(X,M, p), 1 < p < 00, we denote
the Banach space of equivalence classes of measurable functions on (X, M, )
whose pt" power is integrable respectively, which are essentially bounded if
p = oo. The norm in L,(p) is denoted by

1= ([ 151 du<w>)’1’ (ess sup | f(w) | i p=o0).
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Throughout this work, the term operator means a linear bounded oper-
ator. The space of all operators from X to Y is denoted by B(X,Y).

Two Banach spaces X and Y are called isomorphic (denoted by X ~Y)
if there exists an invertible operator from X onto Y. If there exists an invert-
ible operator S from X onto Y with ||S|| = ||S7Y|| = 1, i.e |S(2)| = ||=]],
for every z € X, then we say that X is isometric to Y, X and Y are called
isometric and we write X = Y. We denote by d(X,Y) the Banach-Mazur
distance between X and Y, that is, the infimum of numbers |T||||T~!],
where T is an isomorphism between X and Y.

A closed linear subspace Y of a Banach space X is said to be a com-
plemented subspace of X if there is a projection from X onto Y, or if there
exists a closed linear subspace Z of X such that X is the direct sum of
Y and Z, i.e X =Y & Z. We shall also use some direct sums of infinite
sequences of Banach spaces. If {X,,}°° is a sequence of Banach spaces we
define the direct sum of these spaces in the sense of [,,,1 < p < oo, namely
(O @Xn)lp, as the space of all sequences = = (x1,x2,...) with z,, € X,

for all n for which
SR
||| = (Z Hfﬂan) < o0.
n=1

Similarly, (3,2, ®Xp), denotes the direct sum of {X;,}72; in the sense of
Co, 1.€ the space of all sequences x = (x1, z2,...) with z,, € X, for all n for
which lim,,_.« ||zy|| = 0. The norm in this direct sum is defined as

2]l = max{[lz. | }-

If X,, = X for all positive integer n we simply write c,(X) or [,(X),1 <
p < 00.

Given a Banach space X, we identify F(X) and X ® X* in the usual
way, that is we associate to the element v = ) . z; ® \; € X ® X* the
operator ¥ € F'(X) defined by

o(x) = Z)\i(x):ri (z € X)

Denote by X®Y the projective tensor product of the Banach spaces X and
Y. The tensor algebra of X is X®X* with multiplication given by

(r@z")(yey") =" yzry", zyecXz"y X"
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The canonical trace tr and the operator trace T'r on X ® X ™ are, respectively,
given by tr : X®@X* — C and Tr : X®X* — N(X)

tr(z@ax*) =2"(z), Tr(z@z")y=x"(y)z, z,ye X, 2" € X"

where N(X) is the ideal of nuclear operators on X.

3. Main results
Definition 3.1. Let X be a Banach space, and let A > 1.

1. X is said to have property (Py) if, for each finite-dimensional subspace
F C X, there is a finite-dimensional subspace E of X containing F
such that there is a projection of norm not greater than \ onto E (i.e
there is a projection P : X — E with ||P|| < \.)

2. X is said to have property (Q») if, for each closed subspace F of
X with finite codimension (i.e dim(X/F) < oo), there is a closed
subspace E of F with finite codimension in X, such that the canonical
surjection g : X — X/E has a bounded right inverse of norm not
greater than \ (i.e there exists m : X/E — X such that 7 is bounded
and TET = IX/E with H7TEH S A)

Example 3.1. Every Hilbert space has properties (P;) and (Q1).

Definition 3.2. We recall from [10] that a Banach space X is said to
be an Ly - space, 1 < A < 00,1 < p < oo if for every finite-dimensional
subspace F' of X, there is a finite-dimensional subspace E of X containing
F and such that

d(F,ly) < A, where n=dimF.

Then a Banach space X is an Ly- space if it is an L, - space for some A.

Example 3.2. If X is an L,- space with 1 < p < oo, then X has
property (Py) for some A > 1 ([11, Theorem III(c)]).

Definition 3.3. (Johnson Space) A Banach space Jy, is said to a John-
son space if it has the form (3 ©nGn)i,, p =0 or 1 < p < oo, where (Gy,) is
a sequence of finite-dimensional Banach spaces such that, for each positive
integer i, the set {n: G, = G;, n a positive integer} is infinite.
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If the sequence (Gy,) in the above definition (3.3) is dense (in the Ba-
nach -Mazur sense) in the class of all finite-dimensional Banach spaces, in
this case for p fixed, all the Johnson spaces are pairwise isomorphic and
the Banach-Mazur distance between any two of them is 1. Thus, in this
situation, for each p there is essentially a unique Johnson space, which is
denoted by C. (see [8] and [9]).

Example 3.3. [, (1 <p < o00) and ¢, are Johnson spaces ([2]).

Definition 3.4. Let J, = (3 ©,Gn)1, be a Johnson space. A Banach
space X is a Jp-space if there exists X > 1 such that, for every finite-
dimensional subspace E of X, there is a subspace F' of X containing £ and
such that d(F,G;) < X for some i.

Example 3.4. If X is a J,-space, then X has property (Py) for some
A> 1.

Definition 3.5. (James Spaces) Let 1 < p < oo be fized. On the linear
space Coo of sequences of scalars with finite support we define a norm |||,

by [[(an)llg, = sup{ (X7 | iy — Qi |p)% DMy 01,92, ..y by, aTE POSitive
integers, m > 2 and i1 < iz < ... < i} (for (an) € Cy.)

The p-th James space J, is defined as the completion of C,, in the
above norm. Equivalently, J, = {(an) : o, € C (n is a positive integer),
[ (an)llg, < oo and lim, a, = 0}).

Example 3.5. By Lemma 3.5 of [2], we have that for every 1 < p < oo,
every James space g, is a Jy-space and g, ~ J, ® Jp,, and so by Example
3.4, we have that every James space J, has property (Py) for some A > 1.

We first obtain a relation between properties (Py) and (Qy).

Lemma 3.1. Let X be a reflexive Banach space, let X > 1 and suppose
that X* has property (Py). Then X has property (Qy).

Proof. Let F' be a closed subspace of X with finite codimension. We
show that there exists a closed subspace E of F' with finite codimension in
X, such that the canonical surjection 7g : X — X/FE has a bounded right
inverse of norm not greater than A. F' is a closed subspace of X with finite
codimension, thus F+ = {f € X* : f(x) = 0 for every x € F} is a finite-
dimensional subspace of X*. Since X* has property (P ), then by definition,
there is a finite-dimensional subspace Y of X* containing F* such that there
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is a projection P : X* — Y with ||P|| < \. Let E =+ Y{z € X : f(x) =0
for all f € X*}. Since X is a reflexive Banach space, then F is a closed
subspace of X with finite codimension such that

X/E =~ X*E* 2 Y*,

Let 7 : X — X/FE be a canonical projection, with the appropriate iden-
tification, it follows that P* : X/E — X** is a right inverse of m} with
| P*|| < A. Since 73 : X** — (X/E)* and X is reflexive, then the canoni-
cal projection 7} : X — X/E has a right inverse P* with ||P*|| < . Hence
X has property (@Q)). O

Our main result is Theorem 3.2. In order to establish our main result,
we use Theorem 3.1 and Lemma 3.2.

Theorem 3.1 (1). Let E be a Banach space and let A be a dense
subalgebra of (E' @ E,|.|,) (and hence of E'QF). The algebra A(E) is
weakly amenable if and only if, whenever T € B(E') satisfies

| tr(T(RS — SR)) < K||R||||S|l, R.S€A

for some constants K, the following holds:
(A) there exist A € C and a constant K such that

| tr((T — W) |[< K|W|, W e A.

Moreover, (A) is a equivalent to the following condition:
(A*) there exists a constant K,, such that

| tr(TW') |< K| W],
for all W € A, with trWW = 0.

Given a direct sum of Banach spaces X = X; & X5, we denote by
Ve : X — Xg, i :— X — X, k = 1,2, the canonical k-th coordinate
projection and embedding, respectively. For each V' € B(X), VeB (X",
we denote by Vj; (respectively f/k]) the operator v, V'i; (respectively z;j/%),
1 < k < 2. Without loss of generality, we shall suppose that the norm on
X1 & X2 has been chosen such that ||v|| =1, |ix]| =1 for k=1,2, ie

(1) ij = ’ka’ij . Xj — Xk,
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since 1 : X; — X, V: X — X,y : X — X}, and also
(2) ij = Z;CV’)/; XJ, — XIIC,

where 7/ : X) — X', V' : X' — X', 1} : X' — X].
For each T' € B(X'), we set

(3) Ip : W —tr(TW') e lr(W) =tr(TW'), W € F(X)
and
(4) br : (R,S) — tr(T/(RS —SR)), i.e bp(R,S)
=tr(T'(RS — SR)"), (R,S) € F(X) x F(X).
We define
(5) Ax ={T e B(X'): br/Fr(x)xF(x)is bounded}.

Given a Banach space X and a continuous finite-rank operator W on a
Banach space Y, we set

6) |W |x=inf{|R||S||: R € F(X,Y),S € F(Y,X) and RS =W}.

Lemma 3.2. Let Xy and X5 be infinite-dimensional Banach space, and
let X = X1 @ Xo. Suppose X1 has property (Py).
Then, for each T € Ax, there exists a constant Kt such that

(7) | lr (i1 Whaye + iaWarm |< Kp|[W|, W € F(X).

Proof. Let T' € Ax, and let W € F(X). Since X; has property (P),
there exists P € F(X;) and Q € F(X;) with |[P]| < X and ||Q] < A,
with PWis = Wie and Wo1Q) = Way. Then, since y1i1 = Ix,72i¢1 = 0 and
’y1i2 = O, we have P’ylil = Pi1W1272i1P71 = 0. Thus

| (i1 Wiay2) | =] lr (i1 Py1in Wi 2y2 — inWiayain Pyr) |
=| bp(i1Pvy1,i1Wi2y2) | using (3) and (4)
< lbrllllinPyllllisWizye|l  (since T' € Ax)
< Alor|[[W],

(8a)

since ||P|| < A\ vl =1, |Jig]| =1, k=1,2 and W = i1 Wiy : X — X.
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Similarly, y111 = Ix,111Q = Q, Warmi1Q = W2a1Q = Way, 7102 = 0,
implies i1Qv1ioWa1y1 = 0, and so we get

| Ir(i2Waim) | =] l7(i2Warmi1 @y — i1Qy1i2Waim) |
=[br(i1Qv1,92Wa1y1) | (using(3) and (4))
< lorlllia@illllisWaim || (since T € Ax)
< Alor|[[W].
By combining (7), (8a) and (8b), it results

| (i1 Wiaye +i2Warnt) | = lr(i1Whzye) + lr(i2Waim) |
< (i Wiaye) | + | lr(i2Waim) |
< Aoz [[IWI] + Alfor [[[IW]|
= Kr[|[W]],

(8b)

where K7 = 2M||br||, and so the proof is complete. O

Theorem 3.2. Let X and Xs be infinite-dimensional Banach spaces,
and let X = X1 ® Xo. Suppose X1 has property (Py) and A(Xy) is weakly
amenable. If there exists p > 0 such that |W|x, < p|W| (W € F(X3)),
then A(X) is weakly amenable.

Proof. We use (A*) of Theorem 3.1 to prove the result.
Let T € B(X') and W € F(X) be such that ¢tr(W) = 0. We show that

| tr(TW') |=] lr(W) |< K[|W]].

Let T € Ay, (this implies T € B(X")), also let W € F(X) be such that
tr(W) = 0. From (2), T1; = i{Tv}] : X{ — X and so T}; € B(X}), and since
T € Ax, then br is bounded, and this implies that bpq; is also bounded,
and so 171 € AX11~

Since A(X1) is weakly amenable, then by Theorem 3.1, there exists
A € C and a constant K7 > 0 such that

(9) | (T = MWW [< Kp|[W], W e F(X).
Taking into account the fact that trWiy + trWay = trWW = 0, we see that
| lr(iiWim +i2Waeye) | =| e (W) + lraa(Wa2) |

(10) <[ i (W) | + | lrga(Wa2) |
< Kyp|[Whn ||+ | tr((Tae — A)Way) |
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(since A(X7) is weakly amenable, then by (A*) of Theorem 3.1, we obtain
| ey (W) [=| tr(TuWiy) |< Kar[[Wall, Wi € F(X).

We show next that there exists a constant Kop > 0, independent of W,
such that
tr((To2 — NWay) |< Kop|[Wazl|.

IfREe F(Xl,XQ) and S € F(XQ,Xl), we have
| t’f‘(TH(SR)/) — tT‘(ng(RS)I ‘
=| tr(T(i1Sv2i2Ry1 — iaRy11572)') |

(11) =| br(i;S7v2,i2Ry1) | (using (4))
< [|br||li1SellllisRm|  (since T € Ax)
< [loz ([ =II[IS1]-

Using (9) for W = SR € F(X;) and (11), we obtain
| tr(To2=A)(RS)) [<] tr((Ti=A)(SR)) | + | tr(T1a(SR)') —tr(Tx2(RS)') |
< Kar || RIISI] + [z ([ RIS
Then by using the definition in equation (6), we have
(12) | tr((Ta2 = VW) [< Kir | Waslxy + bz ]l | Wazlx 1y,

with Wo = RS € F(Xg)
Thus by our hypothesis that | W|x, < p[|W|, W € F(X>), it follows
from (12) that
| tr((Toz = MWay) | < (Kar + [[brl) | Waz|x,
(13) < (Kir + [[or]])-plWaz|
= Kor[[Waal|,
where Kop = p(Ki7 + ||br]])-
Finally, using (7) in Lemma 3.2, (10) and (13), we have
[ lr(W) | =] lr(iaWiim + i2Waayz + idWizye + i2Waim) |
<[r(iaWim + i2Waaye | + | I (i1 Wizye +i2Waiy1) |
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< Kip|[Wal[+ [ tr((Toz = AWa,) | Ko||W|
< Kip||[Wht|| + Kor||Wael| + K[| W]
< Kar|[W] + Kor|[W| + K7 | W||
(since Wi1 = v1 Wiy and Wag = 49 Wig)
= Kp||W]],
where K1 = (K17 + Kop + K1) >0

Thus, )
| lr (W) [=| tr(TW') |< Er||[W]],

with W € F(X) such that ¢r(IW) = 0 and so the condition (A*) of Theorem
3.1 is satisfied, hence A(X) is weakly amenable. O

Corollary 3.1. For every Banach space X, the algebra A(J, & X) is
weakly amenable for 1 < p < oo.

Proof. Since by Example 3.5, g, has property (Py) for some A > 1 and
by Theorem 3.6 of [2], A(d,) is weakly amenable. So the result follows from
Theorem 3.2 and the definition of the Banach space d,,. O

Corollary 3.2. For 1 <p < o0, A(dp ® Jp) is weakly amenable.
Proof. This follows from Corollary 3.1 with X = J,,. ]

Remark 3.1. Corollary 3.2 is the same as Proposition 3.3 of [2] in
which the author gave a more technical proof. Our proof is simpler and
new.

Corollary 3.3. For 1 <p < oo, A(lg(ﬁp)) is weakly amenable.

Proof. With X = §, in Corollary 3.1, we have A(J, & J,) = A(l%(gp))
is weakly amenable. (I

Corollary 3.4. For every Banach space X, the algebra A(L, & X) is
weakly amenable, for 1 < p < oo.

Proof. From Theorem 3.6 and Corollary 3.8 of [1], it follows that A(L,)
is weakly amenable and from the definition of L p-space and Example 3.2,
by using Theorem 3.2, we conclude that A(L, ® X) is weakly amenable.

Corollary 3.5. For 1<p < oo, the algebra A(12(L,)) is weakly amenable.
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Proof. For X = L, in Corollary 3.4, we obtain that A(L, & L,) =
A(I2(Lp)) is weakly amenable. O

In [2], Corollary 3.3, it was shown that for every Banach space E, the
algebra A(E @ C),) is weakly amenable. We use this fact in our next result
in order to prove that there are Banach spaces X without Property (Py)
for which A(X) is weakly amenable.

Proposition 3.1. There are Banach spaces X without Property (Py)
for A > 1 for which A(X) is weakly amenable.

Proof. The Banach space X = L1 has property (P)) for A = 1 and the
Banach space X = L, has Property (Py) for A\ = co. By Corollary 1 and
Corollary 2 of [12], every complementary subspace of an L;-space is an £,
space and every complementary subspace of an L..-space is an L.-space.
Thus if F is not an L;-space (Loo-space), the Banach space X = E @ C), is
not L1-space (Loo-space) and hence does not necessarily has property (Py)
for A=1,(A =00) or even A > 1. O

Yet A(X) = A(E @ Cp) is weakly amenable by Corollary 3.3 of [2].

Remark 3.2. The above Proposition shows that X having Property
(Py) for A > 1 is not a necessary condition for the weak amenability of
A(X).
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