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1. Introduction. Let M denote the space of all real n x n matrices, R™
the real n-dimensional Euclidean space and R the real line —oco < t < oo.
We shall be concerned here with certain properties of solutions of differential
equations of the form

(1.1) X +AX + BX + H(X) = P(t, X, X, X)

where X : R — M is the unknown, A, B € M are constants, H : M — M
and P : Rx MxMxM — M. The specific properties we shall be interested
in are the ultimate boundedness of all solutions and the existence of periodic
solutions when P is periodic in ¢.

In [8], TEJUMOLA establishes conditions under which all solutions of the
matrix differential equation,

(1.2) X +AX + H(X) = P(t, X, X),

are stable, bounded and periodic (depending on the choice of P). These
results are extended to the equation (1.1).
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For the special case in which (1.1) is an n-vector equation (so thatX :
R—-R" H:R" - R"and P: R xR" x R” x R® — R") a number
of boundedness, stability and existence of periodic solutions results have
been established by EZEILO and TEJUMOLA [4], AFUWAPE [1], MENG [5]
and others for a number of various vector third order differential equations.
The conditions obtained in each of these previous investigations are gener-
alizations of the well-known Routh-Hurwitz conditions

(1.3) a>0, ¢>0, ab—c>0
for the stability of the trivial solution of the linear differential equation
(1.4) T +ai+bi+cx=0

with constant coefficients. Our present investigations are akin to those of
TeJUMOLA [8], MENG [5], AFUWAPE [1] and we shall provide extensions of
their results to matrix differential equations of the form (1.1).

2. Notations and definitions. Some standard matrix notation will be
used. For any X € M, X7 and xij 1,7 = 1,2,--- ,n denote the transpose
and the elements of X respectively while (x;;)(y;;) will sometimes denote
the product matrix XY of the matrices X, Y € M. X; = (zi1,%i2, ..., Tin)
and X7 = (1,725, - ,Tnj) stand for the ith row and jth column of X
respectively and X = (X1, Xo,---,X,,) is the n? column vector consisting
of the n rows of X.

We shall denote by JH (X) the n? xn? generalised Jacobian matrix asso-
ciated with the function H : M — M and evaluated at X : that is, JH(X)

is the matrix associated with the Jacobian determinant W Cor-

n)
responding to the constant matrix A € M we define an n? x n? matrix A
consisting of n? diagonal n x n matrix(a;;I,)(I, being the unit n x n matrix)
and such that (a;;1,) belongs to the ith — n row and jth —n column (that
is, counting n at a time) of A. In the special case n = 2, A is the 4 x 4

matrix
a1l a2l
ao1ly  anls

Next we introduce an inner product (.,.) and a norm || - | on M as
follows. For arbitrary X,Y € M, (X,Y) = trace XY 7. It is easy to check
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that (X,Y) = (Y, X) and that || X —Y||> = (X —Y, X — Y) defines a norm
of M. Indeed, || X| = |X]|,2 where | -],z denotes the usual Euclidean norm
in R"” and X e R"™ is as defined above.

Lastly the symbol ¢, with or without subscripts, denote finite positive
constants whose magnitudes depend only on A, B, H and P. Any §, with
a subscript, retains a fixed identity throughout while the unnumbered ones
are not necessarily the same each time they occur.

3. Statement of results. It will be assumed throughout the sequel
that H € C'(M) and that P € C(R x M x M x M). Further, H and
P satisfy conditions for the existence of solutions of (1.1) for any set of
preassigned initial conditions.

Theorem 1. Let H(0) = 0 and suppose that

(i) the Jacobian matriz JH(X) of H(X) is symmetric and furthermore
that the eigenvalues \i(JH (X)) of JH(X), (i = 1,2,...,n) satisfy for
XeM,

(3.1) 0< 5h < )\Z(JH(X)) < Ah
where 6, Ay, are finite constants;

(ii) the matrices A, ~B, JH(X) are associative and commute pairwise. The
eigenvalues \i(A) of A and \i(B) of B (i =1,2,...,n?) satisfy

(3.2) 0<d, < N(A) <A,
(3.3) 0< 8 <M\(B) <A,

where 84, 0p, Ng, Ny are finite constants. Furthermore,

(34) Ah < k(sa(sba

where
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. a(l—08)0  a(l —B)d
(3.5) k = min {5a(a+Aa)2 ) 2(5a+2a)2}

a>0,0< 6 <1 are some constants,

(iii) P satisfies

(3.6) 1P(t, X, Y, Z)|| < do+ o1 (1 X[ + (Y] + [|2]])

for all arbitrary X,Y,Z € M, where g > 0,01 > 0 are constants and
01 is sufficiently small.

Then every solution X (t) of (1.1) satisfies
(3.7) IX@OI < A1 [XO) < A, [ X@)) <A

for all t sufficiently large, where Ay is a constant the magnitude of which
depends only on 69,01,A,B,H and P.

This result provides an extension of a result of AFUWAPE [1] and MENG
[5] for an n-vector.

Theorem 2. Suppose, further to the conditions of Theorem 1, that P
satisfies P(t,X,Y,Z) = P(t + w, X,Y, Z) uniformly for all X,Y,Z € M.
Then (1.1) admits of at least one periodic solution with period w.

4. Some preliminaries. The following results will be basic to the
proofs of Theorems 1 and 2.

Lemma 1 ([8]). Let H(0) = 0 and assume that the matrices A and
JH(X) are symmetric and commute for all X € M. Then

(4.1) (H(X),AX) = /0 1 XTAJH(0X)Xdo

Lemma 2 ([1]). If D is a real symmetric £ x £ matriz, then for any
X € RY we have

(4.2) Sl X1 < (DX, X) < AglI X%,
where §q, Ag are the least and greatest eigenvalues of D, respectively.

Lemma 3 ([1]). Let Q, D be any two real £ x ¢ commuting symmetric
matrices. Then
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(i) the eigenvalues \;(QD) (i = 1,2,---,€) of the product matriz QD
are all real and satisfy

ig%}ée)‘j(Q))\k(D) > XNi(QD) = lgikngg)\j(Q))\k(D%

(ii) the eigenvalues \i(Q + D) (i =1,2,--- ,£) of the sum of matrices Q
and D are real and satisfy

1<k<t 1<5<¢ 1<k<t

{ggjagg Aj(Q) + max )\k(D)} > Ni(Q+D) > { min A;(Q) + min )\k(D)}

Proof of Theorem 1. Let us for convenience, replace Eq.(1.1) by the
equivalent system form

X =Y
(4.3) Y = Z
Z = —AZ-BY —H(X)+P(t,X,Y,2).

Our main tool in the proof is the scalar Lyapunov function
V. MxMxM-—R
adapted from [5] and defined for any function X,Y,Z € M by

2V = {(B(1 - B)BX,BX)+ (2aA"'BY.,Y) + (BBY,Y)
(4.4) +HaA IZ,Z) + {a(Z + AY)),Y + A1 Z)
(Z+ AY + (1 - B)BX,Z + AY + (1 — 3)BX)}

where o > 0, 0 < 8 < 1 are some constants. For each term of this function
it is clear that

BL=P&[IX]* < (B - #BX, BX)

(4.4a) = B(1-p)) |BX'2
=1
A1 =By X]12,

IN

n
200, ' | Y|P < (20A7'BY,Y) =22 |ATIBY]?

=1

(4.4b)
< 200, 1AV )12
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In a similar manner,

(4.4c) Bop|Y] < (BBY,Y) = ﬁz IBY'|7 < BA|Y ||,
=1

(4.4d) aATHZ)? < (aA1Z,Z) < a8]Y|Z),

(4.4e) 0<(a(Z+AY),Y + A7'Z) < v(IIYV|* + 112117,

and

0 < (Z+AY +(1-B)BX,Z+ AY + (1 - 3)BX)

(4.4f) = Y |Z+AY' + (1-B)BX'|}

pUIZ17 + VI + 1X12),

IN

for some positive constants v, 1. The estimates above are valid since
n n
Z (X2 = Z 1 Xi|2 = |X|?; for any X € M.
i=1 i=1

Combining these estimates (4.4a — 4.4f) in (4.4) we obtain that
45)  SUXIP+IYI2+1217) <2v < a(1X12+ 1Y)+ 121,
82 = min{B(1 — B)dy; 28,6 + B6y; A, '}

and

63 = max{B(1 — B)Ap + p; 208, ' Ay + BAy + v+ ps v+ ul
From (4.5), we have that V(X,Y,Z) — oo as || X||> + [|[Y]|? + | Z||* — oc.
To prove our result, it suffices to prove that there exists a constant Ay > 0
such that

(4.6) IXIZ+ Y17+ 12|* < Ax, for ¢ > T(Xo, Yo, Zo),

for any solution (X,Y, Z) for (4.3), (Xo = X(0),Yy =Y (0), Zy = Z(0)).
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Let (X,Y,Z) be any solution of (4.3). Then the total derivative of V'
with respect to t along this solution path is

(4.7) V=-U—-U—Us+U,
where
U, = <1;BX, H(X)> 4 (BABY,Y) + <%Z Z>
Uy = <1;BY, H(X)> +{(aBY,Y) + (A + ol)Y, H(X))
Us = <1;BX,H(X)> - <%Z Z> +((I +2aA~Y)Z, H(X))

Uy = (1-8)BX+(A+al)Y + (I +2al)Y
+(I +20A™Z, P(t, XY, Z)).

To arrive at (4.6), we first prove the following:

Lemma 4. Subject to a conveniently chosen value for k in (3.5), we
have for all X,Y, Z

Proof of Lemma 4. For strictly positive constants ki, ko conveniently
chosen later, we have

((al + A)Y, H(X))

_ Hkl (aI+A)1/2Y+2_1k1_1 (aI+A)1/2H(X)H2

(4.8a)
—(k(al + A)Y,Y)
—47 %7 (ol + A)H(X), H(X))
and
(I +2aA™Y2Z, H(X))
asy " [k (74 20471) 2 4 2700 (1 + 2042 H ()|

—(k3(I +22A7")Z, Z)
— (47 k52 (I + 20 A~ H(X), H(X)),
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thus,
Uy = |ki(al +A)Y2Y + 27 % (o + A)V2H(X))|?
+(47'(1 = B)BX — 47k ol + A)H(X), H(X))
+{(aB — k2(al + A)Y,Y)
and

Us = ||ko(I +20A"N2Z 427k M (T 4 204 2H(X)|?
+{(1 =B34 'BX — 47k 2(I + 2aA"YH(X), H(X))
+( [%I — (I +2047)] 2,2)

By Lemmas 1,2 and 3, we obtain

= {0

(4.9a) 4k2( of + A)J (o )] JH(roX)Xdrdo

+Y T [aB — k2 (od + fl)} X} ,

oo {fof ]

ol +2aA~ ) JH(UX)} JH(roX)Xdrdo

and

(4.9b) 4k2 <

+27 [51: e 2aA—1)] g} .

Furthermore, by using Lemmas 2 and 3, we obtain

U z{%[l‘ﬁ& 1<a+A>A4uXv

4 4k3
(4.9¢)
b [od— Kot 2] Y1),
and
1— 1
U; > {5,1[ 4ﬂ5b 4k2(1+2a5 )Ah] x|
(4.94)

+ |5~ k(1 + 206, 1) qu?}.
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Thus, we obtain, for all X,Y in M,
(4.10a) Uy >0

if kf < 2% with

_ KO =p)8 _ a(l-p)d

(4.11a) hE T E A, S (0t A

and for all X, Z in M,

(4.100) Us > 0
if K < e with
(4.11b) A, < BUL=B)88 _ all = B)56,

=T (2a+0,) " 202a+6,)%

Combining all the inequalities in (4.10) and (4.11), we have for all X,Y, Z
in M,UQ ZOand U3 ZO, if

Ah < k(sa(sb
with
: a1 —3)d a(l —3)dq,
4.12 k= ; 1.
(412) mm{éa(a+Aa)2’ 20 +20)2 [ =
This completes the proof of Lemma 4. U

Finally, we are left with estimates for U; and Uy. From (4.7), we clearly
have

Ur

1-— U ors .
TB / XTBJH(6X)X do + BYTABY + %ZTZ
0
(4.13) L 1-p
- 2
S(IX1Z+ Y1+ 11211%)

(67
B0l X 17 + Boads [ Y11 + 51121

v
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where 84 = min {%5h(1 — B); B8a0; g} Since P(t, X,Y, Z) satisfies (3.6),
by Schwarz’s inequality, we obtain
Us] <A1 = B)A|[ X + (e + Ad) Y]
+(1+ 200, ) ZIH P X, Y, Z)]|
(4.14) < o (|1 X + 1Y + 1 Z[))[00 + a1 (N X1 + Y]] + [ Z]])]
< 30105 (| X117 + Y11 + 1 2]I)
3128085 (|1 X |17 + Y1 + 11 2]1%)172,

where 85 = max{(1 — 8)Ap; (@ + Ay); (1 + 226, 1)}
Combining inequalities (4.10), (4.13) and (4.14) in (4.7), we obtain

(4.15) V< =286(|1X |17 + [YI* + 1 ZI1%) + 6o (I X112 + 1Y + 1 201%) 2,

where 8 = 1 (64 — 36105), 61 < 3710564, &7 = 31/26065.
If we choose (|| X||2 + |Y||> + |Z||>)Y/? > 65 = 6705 ', inequality (4.15)
implies that

(4.16) V< =S6(IXI12+ 1Y+ 1Z]%).
Then there exists d9 such that
V<—1if X2+ Y]+ 1Z]* = 6.

The remainder of the proof of Theorem 1 may now be obtained by use of
the estimates (4.5) and (4.16) and an obvious adaptation of the Yoshizawa
type reasoning employed in [5]. O

5. Proof of Theorem 2. The proof of this theorem follows as in the
proof of Theorem 3([5]). O
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