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1. Introduction. The tangent bundle TM of a Riemannian man-
ifold (M, g) has many nice geometric properties, and furnishes important
examples arising in various geometric classifications.

It is well knnown (see [17], [21], [22]) that the splitting of the tangent
bundle to T'M into the vertical and horizontal distributions, defined by the
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Levi Civita connection of g on M, and the corresponding Sasaki metric lead
to an almost Kéahler structure on T'M. Moreover, the possibility to consider
vertical, complete and horizontal lifts on T'M leads to interesting geometric
structures, studied in the last years (see [1], [2], [7], [8], [19], [20]), and to
interesting relations with some problems in Lagrangian and Hamiltonian
mechanics.

The second author has studied some properties of a natural lift G, of
diagonal type, of the Riemannian metric ¢ and a natural almost complex
structure J of diagonal type on T'M (see [12], [11], [10], and see also [14],
[15]). The condition for (T'M, G, J) to be a Kdhler Einstein manifold leads
to the conditions for (M, g) to have constant sectional curvature, and for
(TM,G,J) to have constant sectional holomorphic curvature or to be a
locally symmetric space.

In the paper [9], the second author has presented a general expression
of the natural almost complex structures on T'M. In the definition of the
natural almost complex structure J of general type there are involved eight
parameters (smooth functions of the density energy on T'M). However,
from the condition for J to define an almost complex structure, four of the
above parameters can be expressed as (rational) functions of the other four
parameters. A Riemannian metric G which is a natural lift of general type
of the metric ¢ depends on other six parameters. From the conditions for G
to be Hermitian with respect to J, one gets that these six parameters can be
expressed with the help of the first eight parameters involved in definition
of J and two proportionality factors. From the integrability condition for
J, we get (beside the condition for the base manifold to be of constant
sectional curvature) that other two parameters involved in the definition
of J can be expressed as functions of other two essential parameters and
their first order derivatives. Thus a natural Hermitian structure (G, J) of
general type depends on four essential parameters (two essential parameters
involved in the definition of the integrable almost complex structure J and
two proportionality factors). From the condition for (G,.J) to be almost
Kahlerian, we get that the second proportionality factor is the derivative of
the first one. The family of natural Kéhlerian structures (G, J) of general
type on T'M depends on three essential coefficients (two are involved in the
expression of J, and the third one is the first proportionality coefficient).

In the present paper we study some properties of the curvature ten-
sor field of the natural Kéahlerian structure (G, J) of general type on TM.
Namely, we are interested in finding the conditions under which the Kéhle-
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rian manifold (7'M, G, J) has constant holomorphic sectional curvature.
The main result is that the first proportionality factor is expressed as a
rational function of the first two essential parameters, their derivatives and
the values of the constant sectional curvature of the base manifold (M, g)
and the constant holomorphic sectional curvature of (T'M,G,J). Some
quite long computations have been done by using the Mathematica package
RICCI for doing tensor calculations.

The manifolds, tensor fields and other geometric objects we consider in
this paper are assumed to be differentiable of class C* (i.e. smooth). We
use the computations in local coordinates in a fixed local chart but many
results may be expressed in an invariant form by using the vertical and
horizontal lifts. The well known summation convention is used throughout
this paper, the range of the indices h, i, j, k, [, being always {1,...,n}.

2. Preliminary results. Let (M,g) be a smooth n-dimensional
Riemannian manifold and denote its tangent bundle by 7 : TM — M.
Recall that TM has a structure of a 2n-dimensional smooth manifold, in-
duced from the smooth manifold structure of M. This structure is obtained
by using local charts on T'M induced from usual local charts on M. If
(U, ) = (U,z!,...,2") is a local chart on M, then the corresponding in-
duced local chart on TM is (r~1(U), ®) = (r—1(U), 2!, ..., 2", ¥y, ..., y"),
where the local coordinates .77, i,7 = 1,...,n, are defined as follows.
The first n local coordinates of a tangent vector y € 7—(U) are the local
coordinates in the local chart (U, ¢) of its base point, i.e. z° = 2o 7, by
an abuse of notation. The last n local coordinates 3/, j = 1,...,n, of
y € 77 1(U) are the vector space coordinates of y with respect to the nat-
ural basis in T;(,)M defined by the local chart (U, ¢). Due to this special
structure of differentiable manifold for T'M, it is possible to introduce the
concept of M-tensor field on it. The M-tensor fields are defined by their
components with respect to the induced local charts on TM (hence they
are defined locally), but they can be interpreted as some (partial) usual
tensor fields on T'M. However, the essential quality of an M-tensor field on
T'M is that the local coordinate change rule of its components with respect
to the change of induced local charts is the same as the local coordinate
change rule of the components of a usual tensor field on M with respect to
the change of local charts on M. More precisely, an M-tensor field of type
(p,q) on TM is defined by sets of nPT? components (functions depending
on z* and %), with p upper indices and g lower indices, assigned to induced
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local charts (771(U), ®) on TM, such that the local coordinate change rule
of these components (with respect to induced local charts on T'M) is that
of the local coordinate components of a tensor field of type (p,q) on the
base manifold M (with respect to usual local charts on M), when a change
of local charts on M (and hence on T'M) is performed (see [6] for further
details); e.g., the components ¢, i = 1,...,n, corresponding to the last n
local coordinates of a tangent vector y, assigned to the induced local chart
(7=Y(U), ®) define an M-tensor field of type (1,0) on TM. A usual tensor
field of type (p,q) on M may be thought of as an M-tensor field of type
(p,q) on TM. 1If the considered tensor field on M is covariant only, the
corresponding M-tensor field on T'M may be identified with the induced
(pullback by 7) tensor field on TM. Some useful M-tensor fields on T'M
may be obtained as follows. Let u : [0,00) — R be a smooth function
and let ||y||* = g,(,)(y,y) be the square of the norm of the tangent vector
y € 7 YU). If 5} are the Kronecker symbols (in fact, they are the local
coordinate components of the identity tensor field I on M), then the com-
ponents u(HyH2)(5; define an M-tensor field of type (1,1) on TM. Similarly,
if gi;j(x) are the local coordinate components of the metric tensor field g on
M in the local chart (U, ¢), then the components u(||y||?)gi; define a sym-
metric M-tensor field of type (0,2) on TM. The components go; = y*g:
define an M-tensor field of type (0,1) on TM.

Denote by V the Levi Civita connection of the Riemannian metric g on
M. Then we have the direct sum decomposition

(1) TTM = VTM & HTM

of the tangent bundle to TM into the vertical disjcribution VTM = Ker 7.
and the horizontal distribution HT'M defined by V. The set of vector fields

(%, ey %) on 77 H(U) defines a local frame field for VT M and for HT M
we have the local frame field (&%, e 5%,1), where

5 9, 0

ho_ . kph
5ol on Lvigygh Loi =y Ty,

and '}, (x) are the Christoffel symbols of g.
The set (6%1’ el %, %, cel 5%”) defines a local frame on T M, adapted
to the direct sum decomposition (1). Remark that

o (9N & o\
oyt \oxi) ' oxt \Ooxt)
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where X" and X denote the vertical and horizontal lift of the vector field
X on M respectively. We can use the vertical and horizontal lifts in order
to obtain invariant expressions for some results in this paper. However, we
should prefer to work in local coordinates since the formulas are obtained
easier and, in a certain sense, they are more natural.

We can easily obtain the following

Lemma 2.1. If n > 1 and u,v are smooth functions on T M such that
ugij + vgoigoj = 0,
on the domain of any induced local chart on TM, then u =0, v =0.

Remark. In a similar way we obtain from the condition
uéj- + vgojyi =0

the relations v = v = 0.
Consider the energy density of the tangent vector y with respect to the
Riemannian metric g

1 1 1 . B
(2) t= §H?JH2 = §gr(y)(y7y) = Qgik(x)y v, yer (V).

Obviously, we have t € [0, 00) for all y € T'M. N

Denote by C' = 3/* 821' the Liouville vector field on TM and by C = yi%
the similar horizontal vector field on T'M. Consider the real valued smooth
functions a1, az, as, a4, by, be, bs, by defined on [0,00) C R. A natural 1-st
order almost complex structure on T'M, defined by the Riemannian metric
g, is obtained just like the natural 1-st order lifts of g to T M are obtained

in [5], [4].

Theorem 2.2. The natural tensor field J of type (1,1) on TM, given
by

Ti = ar(t) 5 + b1(8)goiC + aa(t) 2 + ba(t)g0iC,
(3)

Ja?/i = a3(t)a% + b3()g0iC — a2 (t) 525 — ba(t)goiC,

defines an almost complex structure on T M, if and only if ay = —as, by =
—bs and the coefficients ay, as, as, by, by and bs are related by

(4) aias =1+ a% , (a1 + 2tbl)(a2 + 2t1?2) =1+ (a3 + 2tbg)2.
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Remark. From the conditions (4) we have that the coefficients a1, ag, a1+
2tb1, ag + 2tby cannot vanish and have the same sign. We assume that
a1 >0, ag >0, a1 + 2tby > 0, ag + 2tby > 0 for all t > 0.

Remark. The relations (4) allow us to express two of the coefficients
ai, as, as, by, ba, bg as functions of the other four; e.g. we have:

_ 1+ ag by — 2a3bs — asby + thg

(5) 2= a1 + 2th

The integrability condition for the above almost complex structure J on a
manifold M is characterized by the vanishing of its Nijenhuis tensor field
Ny, defined by

Ny(X,Y)=[JX,JY] - J[JX,Y] - JX,JY] - [X,Y],

for all vector fields X and Y on M.
The integrability conditions obtained in [9] are given in the theorem:

Theorem 2.3. Let (M, g) be an n(> 2)-dimensional connected Rieman-
nian manifold. The almost complex structure J defined by (3) on TM is
integrable if and only if (M, g) has constant sectional curvature ¢ and the
coefficients by, by, by are given by:

by — 202ta§ +2ctaiab+aial 7C+3ca§
1= a1 —2tal —2ctaz—4ct?al ’
(6) bg _ 2ta’32—2ta’1a’2/+ca§+20ta2a’2+a1a’2
a1 —2ta’ —2ctaz—4ct?al ’
ba — a1a+2cazaz+4ctalaz—2ctazaly
3= a1 —2tal —2ctaz—4ct?al

Remark. The second relation in (5) (or in (4))is identically fulfilled by
the expressions by, be, b3 in (6).

Remark. In the case where ag = 0 it follows b3 = 0 too, and we have:

aja) —c¢ c—a1a}

aos = —, b = = —
2 ! 2 ai(a? — 2ct)

ai a; — 2ta)’

(compare with the corresponding expressions from [11] and [18]).
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In the paper [9], the second author studied the conditions under which
a Riemannian metric G of natural type on T'M, defined by

6 0 0
¢ <5:Ui’ (5:B7> = cgij + digoigoj = Gy;,

o 9 ;
(M G (3?/’ a?ﬂ> = ¢26ij + d2goigoj = Gz(j)v

0 ¢ _ 50\ @
¢ <8yi’ 5337) = ¢ <5$i’ ayy> = ¢39ij + dsgoigoj = G5,

where c1, ¢9, c3,dq, ds, d3 are six smooth functions of the density energy on
T M, is almost Hermitian with respect to the general almost complex struc-
ture J, i.e.

G(JX,JY)=G(X,Y),
for all vector fields X,Y on T'M. He proved the following result

Theorem 2.4. The family of natural, Riemannian metrics G on T M
such that (TM,G,J) is an almost Hermitian manifold, is given by (7),
provided that the coefficients ¢y, co, c3,d1,do, and ds are related to the coef-
ficients a1, as, ag, by, ba, and b by the following proportionality relations

a_e@_a_,
al a9 as
c1 + 2td; €2 + 2tds _c3 + 2tds
a1 + 2tby N as + 2tby N as + 2tbs
where the proportionality coefficients A > 0 and X\ + 2ty > 0 are functions
depending on t.

= X+ 2tpu,

Remark. In the case where ag = 0, it follows that c3 = d3 = 0 and
we obtain the almost Hermitian structure considered in [18]. Remark that
the functions used in [18] are slightly different of the functions used in
the present paper. Moreover, if A = 1 and u = 0, we obtain the almost
Kéhlerian structure considered in [12].

Considering the two-form ) defined by the almost Hermitian structure
(G,J) on TM

QX,)Y)=G(X,JY),

for all vector fields X,Y on T'M, the second author obtained the following
result:
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Proposition 2.5. The expression of the 2-form Q in the local adapted

frame (2 0 i...,&%ﬂ) on TM, is given by

ayl"”’ay"”(5$1’

o 0 ) g 0
(83/1 ) 83/] > 07 <5I‘Z ' S > 07 (ayz ) (5.’13J> )‘g J + Hgo 4goj

or, equivalently
(8) Q = (\gij + 190i90;)Vy' A da?,
where Vy! = dy' + thda}h is the absolute differential of y'.
Next, by calculating the exterior differential of €2, he obtained:

Theorem 2.6. The almost Hermitian structure (T'M,G,J) is almost
Kahlerian if and only if
pw=2N\.

Thus the family of general almost Kéhlerian structures on T'M depends
on five essential coefficients a1, as, b1, b3, A. Combining the results from the
theorems (2.4), (2.3) and (2.6), we obtain that a general natural Kéhlerian
structure (G,J) on TM is defined by three essential coefficients a1, as, A.
However, these coefficients must satisfy the supplementary conditions a; >
0,a1 + 2tby > 0, A > 0, A 4+ 2tp > 0. Examples of such structures can be
found in [18] (see also [12]).

3. General natural Kahler structures of constant holomorphic
sectional curvature on tangent bundles. The Levi-Civita connection
V of the Riemannian manifold (7'M, G) is obtained from the formula

2G(VyY, Z) = X(G(X, 2)) + Y(G(X, Z)) — Z(G(X,Y))
+ G([X7 Y],Z) - G([Xa Z]’Y) - G([Ya Z]aX)S
VXY, Z € x(M)

and is characterized by the conditions
VG=0,T=0,

where T is the torsion tensor of V.
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In the case of the tangent bundle T'M we can obtain the explicit expres-
sion of V. The symmetric 2n x 2n matrix

1) (3)
(56 &)
Gij Gij
associated to the metric G in the base (%, e 5%, 8%17 el %) has the

inverse B B
7 i

(H (1 H<3>>
HY  HY

(3) (2)
where the entries are the blocks

) = pg" +ay™y
9) HE = pag™ + qay™y/
HE = pag +asy™y.

Here g* are the components of the inverse of the matrix (9i7) and p1, q1, P2, g2, P3,
qs : [0,00) — R, some real smooth functions. Their expressions are obtained
by solving the system:

Gy HI + G HI = o
Gy Hl + G HE =0
G HE + G HE =0
i s +

(10)
(3) =
hk _ sk
Hig) = o,
in which we substitute the relations (7) and (9). By using Lemma 1, we get
p1, P2, p3 as functions of ¢1, o, c3

C2 C1 C3

5y P3 = —

(11) p1 = 5, P2 = P
C1C — C3 C1Co — 03 C1C — C3

and ¢1, g2, g3 as functions of c1, ¢, 3, di,da, d3, p1,p2, p3

_ cadipy — cgd3p1 — cadaps + cadsps + 2didapit — 2d3pit
c1Cco — C% + 2codqt + 2¢1dot — 4esdst + 4d1d2t2 — 4d§t2 ’
_ dapa + d3ps
co + 2dst

q1 =
(12)

q2 =
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n (c3 + 2dst)[(dsp1 + d2ps)(c1 + 2d1t) — (dip1 + dsps3)(c3 + 2dst)]
(02 + 2d2t)[(cl + 2d1t> (CQ + 2d2t) - (Cg + 2d3t)2] ’
= (dsp1 + daps)(c1 + 2d1t) — (dipl + dsps)(c3 + 2dst)
(01 + 2d1t)(02 + 2d2t) — (03 + 2d3t)2

Next we can obtain the expression of the Levi Civita connection of the
Riemannian metric G on T M.

Theorem 3.1. The Levi-Civita connection V of G has the following

expression in the local adapted frame (%, e %, 5%1, el (;%n
0 1)
— I+ Phy—— + Ph—
ay 83/ Ql] %yh QZJ 5xh’ 61 (?;yj ( + ﬂ)a h + ﬂgxh
_ ph _h | Oh h
vayl 5:17‘7 _széw'ih 2]8 h’ véiz@ (FZ]+SZ])(5 h+S’L]8 h’

where F? are the Christoffel symbols of the connection NV and M-tensor
fields appearing as coefficients in the above expressions are given as
(13)

Qﬁ; = 3(0:GS) +0,GF — 0,6 HE + ; + L@G) + 0,65 HIR,
S 2) 2 @

— 1, ng + 9 G( — GOV HEL + 1(0:G) + 05 G< D HE,
Pl = L(0,G) — ouGDVH + L(0iGY) + B, GOV HED,
Pl =1(0,6%) 8kG( NH+ 3068 + R, G HE
Sl = —L(OkGY + Rhy, GV HER + esRioju I,
| Sl = %(a,ﬁ” + Rh GV HE + s Rigj HI,

where Rh are the components of the curvature tensor field of the Levi Civita
connectzon V of the base manifold (M, g).

Taking into account the expressions (7), (9) and by using the formulas
(11), (12) we can obtain the detailed expressions of P, Zj, Qf], SZ, PZ]‘, QZ, SZ

The curvature tensor field K of the connection V is defined by the well
known formula

K(X,Y)Z =VxVyZ - VyVxZ —Vixy|Z, X,Y,ZeT(TM).



11 GENERAL NATURAL KAHLER STRUCTURES 159

By using the local adapted frame (%, aiyj) , 1,7 =1,...,n we obtain,

after a standard straightforward computation

5 8\ 6 5 p 0
K(dw(w> 5 = XXXX[ = XXXV

K((Si 5;‘ > 83’? = XXYX,ffijé;ih + XXYYk*;ja(Zh,
K(a(zi, 8(;) a?/k = YYYX,’;U(S% + YYYYk’;j(,;;L,
K (a?,z” 521) &% = YXXX,?U&% + YXXY,j;jajh,
K <a?/i , (;;) 8‘3 = YXYX,W(% +Y XYY 38h’

where the M-tensor fields appearing as coeflicients are given by

XXX Xy = S Slk + PSS, — S 1S — PSiy, + Riiyj + Rbi; P
XXXYk};j = Sj’kSil 15175;1; - kaS Pl] hSi + E%Réij

- %ViRSjng)H,(j) + ¢3ViRjorn,
XXYXjy; = Pl + ;S — PP} — P,S) + Rb;; Qs

ho_ Bl Bh I oh Bl
XXYYy; = PPy + Pg;Si — PkiPl] P,“S + ROz]Qlk + Rm],

YYXXJy; = 0Pl — 0Pl + PhQh + Ph.Pl - PhQly — PLP},
YY XY = 0;Ph, — 0Pl + Pl,Ql + P}k i — PRl — Pﬁ,

YYY X[ = 0:Ql — 0;Qh + Q4.Ql + Q4. Pl — Q4.Q i3
YYYY; = 0:Qf — 9;Ql + Qé-k@’? Pl — Q@ i
YXXXP, = 0,50 + S4Qh + S P) — PLPh — iks};
R GOHD,
YXXY = 0:8" + SLQh + S Pl — PPl — Pl.sh
~V; RomG( : i(zl)’
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YXY X}, = 8;Pl + PLQL + PLPh — QL Pl — Q4.Sh,
YXYYR = 0Py + PLQl + PL Bl — QL Bl — Q4sh

Remark that, due to the condition for (M, g) to have constant sectional
curvature, we have VRZij =0, and the above formulas become simpler. In
order to obtain the final expressions of the above M-tensor fields, we need
the first and second order partial derivatives with respect to the tangential
coordinates 3° of the usual tensor fields involved in the definition of the
Riemannian metric G.

BiGg.‘,’;) = c'agoZ-gjk + d;g()igojgo;c + dagz‘jgok + dag(]igjk
OiH] ) = 19" 90 + 4090y’ y" + 4adly" + 4ay’ 57
81'3]'6‘,(3) = €n90i90j 9k + CaGijgk + dngojgorgor + doijgorgor

+ di, 9o gikgol + dugojgorgit + dngoigikgor
+ d,90i90k 951 + dagjkgit + dagivgji, «=1,2,3

Next we get the first order partial derivatlves with respect to the tangential

coordinates y" of the M-tensor fields P, QZ, Slh], PZ’;, Q?J, Sh

1
0,Qly = SOH (0;GL) + 0GY) — 9GY)

2
+ %H(’gl) (2:0;G) + 0i0uG) — 2:0,GY))
+ %&»H(’g’) (0,63 + 0GY) + %H@f) (2:0;GL)) + 0,:0,G)),
8QM—%8H%@G9+&£m oG
I (00,6 + 00,0 - aialcﬁj)
+ %@-H(hll) (0,67 +0:G) + H(hl) (2:0;GL)) + 0,:0,G)),
0, Pl = ;aiﬂ(’gl) ;G — oGS + 5H(’g)(aiajc;;l) ~ 5,8,GY)

1 A2
+ SO (9:G)) + R Gy

1
+ S H (0:0; Gy + R, G + Rby0,GY),
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1 3 3 3
;P = §aiH(h3l)(ale(cz) 8ZG( )> His )(6 9 Ggfl) &angk))
1
v 532-}1(“)(8-(;,(;) + Ry G >)

+ H(hl)(a 0,Gy) + Rszg) + RSM&G,(?),
1 2 .
S, = _5{(@&05,3 + R GEVHD + (0,65 + RY G20 HI )
+ chOiRjOergl) + CS(Rjier( 3y + RjOkraiH(g?))y
1 T
850, = —5{(@&@5.,3 + R GEVHD + (0,65 + RY G20 HIS )
+ CégoZ'RjngH(lh) + Cg(Rjier(l) + RjokraiH({l)).

Now we have to replace these derivatives, next the explicit expressions
of the M-tensor fields PZ]‘, QZ, SZ, Pf;, ij, SZ, the expressions (11), (12) of
the functions p1, p2, p3, q1,q2, g3 and of their derivatives in order to obtain
the components of the curvature tensor as functions of a1, as, a3 and their
derivatives of first, second and third order only. The expressions are ob-
tained by using the Mathematica package RICCI. It was not convenient to
think ay, as, as, b1, b, b3, as well as ¢y, co, c3,d1, ds, d3 and p1, p2, P3, 91, Q2, Q3
as functions of ¢ since RICCI did not make some useful factorizations after
the command TensorSimplify. We decided to consider these functions as

well as their derivatives of first, second and third order, as constants, the
1) ~(2) ~©3)
7,‘] 7GZ] 7GZ] ?
H Ej 1) H 29 HY 5y as second order tensors and so on, on the Riemannian man-

ifold M, the associated indices being h, i, j, k, [, r, s.

tangent Vector y as a first order tensor, the components G;

The holomorphic sectional curvature of a Kélerian manifold (T'M, G, J)
is given by the formula:

Ko(X,Y)Z = %G(Y, 2)X - G(X,2)Y
+GJIY,2)JX — G(JX,Z)JY +2G(X, JY)JZ]

In the case of the Kahlerian manifold (T'M, G, J), we obtain, after a
standard straightforward computation

6 0\ 0 0 0
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Ko ((5‘; 5;) aik = XXYXO’,;”M% + XXYY()gijaih,

Ko < azi : a?,j) 557 = YYXXOQU&% - YYXYOZU(;;,

K, ( azw 8;) a(zk = YYYXOZM&% + YYYYO’,;%(;,

Ko ( a?ﬁ’ 5‘;) 5% = YXXXOZU% + YXXYOQU(;;M

Ko < a?ﬁ : 5;) 6‘; = YXYXOZH% - YXYYOQija‘Zh,
where
XX XX}, = %[ng)ézh apst — JOMIMaP — gy

+ IO OIGE) Ji<3>lG( ) — 27 (G J(3)1G§ll>)}
XXXYO0},; = [J O Sel el
1)h

— SO — OGD) 4 2O - SO

J J

XXY X0}, = %[ng)éf‘ GPel — g M ad — s G
3

IO OGD) — 2PV - SO,

J i %

SO OGR — 1Gl)
1

— R - g6 4 20N G) — TP

% % J

kT @h, (211 3) ~(3)
YYXXOh--:ZJ()(JJ( ay) - JPG)y

_ JJ@) (2! G§k> PG — 2GR - W),

(2 (2

- J<3>h(J.<2>lG§;) — e + 200G - sG],

K3 (2

kT @h, (211 3) ~(3)
YYYXOh--:Z_JZ.() P — 7GR
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M IPIGD — JIG) — 2PN PGP - P,
YYYYO), = %[ng)éf‘ Gl — g e — I G

+ SN IPIGE — SOIGE) 2O — iG],
YXXXO0f,, = Z[ Wt — 7Py — TPa)

PG — D) 2P — e,
YXXYO}; = %[ng)6§‘+J(l)h(JJ(2) ay) -1V

+ IOMIIIGE — SOGD) 4 250 PG - SOG)],
YXY X0, = Z[J( e — e

SNPGRS 2P - SIG)],
YXYYOl, = ﬁ[ng)ézh GDsh 1 I VIGD _ @)

+ I - PG + 20NN G - PR

(2

In order to get the conditions under which (TM,G,J) is a Kahlerian
manifold of constant holomorphic sectional curvature, we study the vanish-
ing of the components of the difference K — K. In this study it is useful
the following generic result similar to the lemma 2.1

Lemma 3.2. If ay,...,a19 are smooth functions on T M such that
10l g + 26l gir + as6pgij + 0udjigoigos + 50l goigor + 60, gojgok
+ a?ijQOiZ/h + a&g’ik‘g(]jyh + a99ij90kyh + Oé1090i90j90kyh =0,
then oy = -+ = a9 = 0.
After a detailed analysis of several terms in the vanishing problem
of the components of the above difference we have chosen the difference
YX YYij -YX YYOZU since in this expression there appear two terms

with shorter expressions. Namely, from the second term (which contain
gikéjh), by imposing the condition to be zero, we get

4alc — Nk(2a1a) + 2¢ + 4azalyet + 2d3c)

14 N =
(14) k(a2 + 2ct + 2a3ct)

9
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Replacing this value in the third one (which contains gij(?,};) we obtain
the value of A :

daic
k(a? + 2ct + 2a3ct)

(15) A=

Next, by using this expression of A as well as the values of \',\” and
N, obtained by straightforward computation, we get with RICCI that
all the components of the difference K — Ky are zero. We should men-
tion the serious technical difficulties in the computation of the differences
YXYY =Y XYYO0hy;, Y XY X =YV XY X0 VXXV Y XXYOp,
and Y XX X' — Y XX X0},

Hence we may state

Theorem 3.3. The Kdihlerian manifold (TM,G,J) with G and J ob-
tained as natural lifts of general type of the Riemannian metric g on the
Riemannian manifold (M, g), has constant holomorphic sectional curvature
k if and only if the parameter X is expressed by the expression (15).

Remark. If a3 = 0 we obtain the well known condition for (T'M, G, J)
to have constant holomorphic sectional curvature in the case where G, J are
natural lifts of diagonal type (see [13], [3], and see also [16]).
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