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Abstract. In this Note we define the notion of weak cofibration in the homotopy
theory of C∗- algebras. This notion is correlated with the notion of cofibration for C∗-
algebras introduced by Schochet in [8] (also studied in [6] and [7]). We establish some
’topological’ characterizations and other properties of weak cofibrations of C∗- algebras.
Particularly we derive a result which corresponds to a Dold’s type theorem in Top.
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1. Introduction. In the category of topological spaces the notion
of weak cofibration was introduced by the name of h-cofibration by tom
Dieck, Kamps and Puppe in their Homotopietheorie ([2], Ch.I §2) in con-
nection with the study of cofiber homotopy equivalences. This notion was
inspired by the notion of weak fibration before introduced by Dold [3] and
Weinzweig [9] in connection with the study of fiber homotopy equiva-
lences. A map u : A → X is a weak cofibration if there exists a cofibration
v : A → Y such that the topological spaces X and Y have the same homo-
topy type as spaces under A. Weak cofibrations satisfy a weak form of the
homotopy extension property (WHEP). This property can be formulated
in two alternative ways which are equivalent (see [2], Ch. I, and [4], Ch.
6). Either way we are given a space E, a map f : X → E and a homotopy
G : A×I → E such that G0 = f ◦u. In the first formulation the property is
that there exists a homotopy F : X× I → E such that F0 ' f under A and
such that F ◦ (u × idI) = G. In the second formulation we further require
that G is semistationary, in the sense that G(a, .) is stationary on [0, 1

2 ] for
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each point a ∈ A, and then the property is that there exists a homotopy
F : X × I → E such that F0 = f and such that F ◦ (u× idI) = G.

Since to a problem of cofiber homotopy equivalence in the category Top
corresponds a problem of homotopy equivalence ’over’ in the category of
C∗-algebras and moreover all three characterizations of a topological weak
cofibration can be translated in the homotopic language of C∗-algebras, the
consideration of the notion of weak cofibration for C∗-algebras appears to
be very natural. This is more so as the notion of cofibration for C∗-algebras
was already studied in [8] (see also [6], [7]).

We prove the equivalence of the three ’topological’ characterizations
(theorems 3.3 and 3.4) and we establish also some other properties. Partic-
ularly we derive a result which corresponds to a ’Dold’s type theorem’ in
Top (Theorem 5.3).

2. The notion of homotopy for ∗-homomorphisms. By a ∗-
homomorphism we shall mean a homomorphism of C∗-algebras. We recall
from [1] the definition of the homotopy relation between ∗-homomorphisms.

Given a C∗-algebra A and a (locally) compact space Y , denote by AY
the C∗-algebra of (vanishing at infinity) continuous functions on Y into
A. If Y = I := [0, 1] then, for every t ∈ I, denote by ρt : AI → A the
∗-homomorphism defined by ρt(α) = α(t), ∀α ∈ AI. If φ : A → B is
a ∗-homomorphism and Y is a (locally)compact space, then φ induces a
∗-homomorphism φY : AY → BY given by φY (u) = φ ◦ u,∀u ∈ AY .

Definition 2.1. (i) The ∗-homomorphisms η, ξ : A → B are homotopic
if there exists a ∗-homomorphism Φ : A → BI satisfying ρ0 ◦ Φ = η and
ρ1 ◦ Φ = ξ. We shall use the notation η

h∼ ξ and Φ will be called a ∗-
homotopy.

(ii) The C∗- algebras A and B have the same homotopy type if there
exists η : A → B and ξ : B → A verifying η ◦ ξ

h∼ idB and ξ ◦ η
h∼ idA.

Definition 2.2. (i) Let φ : A → B and φ′ : A′ → B be ∗-homomorphisms.
A ∗-homomorphism η : A → A′ is called over B if it is a ∗-homomorphism
in the ordinary sense and φ′ ◦ η = φ.

(ii) Let η, ξ : A → A′ be ∗-homomorphisms over B. A ∗-homotopy over
B of η into ξ is a ∗-homotopy Φ : A → A′I, with Φ : η

h∼ ξ, which is a
∗-homomorphism over B at each stage of deformation, i.e., φ′ ◦ ρt ◦ Φ =
φ,∀t ∈ I. We shall use the notation Φ : η

h∼Bξ.
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Definition 2.3. [8] (see also [6], [7]). A ∗-homomorphism φ : A → B is
a cofibration (or a ∗-cofibration) if for a C∗-algebra D, a ∗-homomorphism
ψ : D → A and a ∗-homotopy Φ : D → BI of φ ◦ ψ, i.e., ρ0 ◦ Φ = φ ◦ ψ,
there exists a ∗-homotopy Ψ : D → AI of ψ, i.e., ρ0 ◦ Ψ = ψ, such that
φI ◦Ψ = Φ.

Proposition 2.4. [6] (see also [8]). For any ∗-homomorphism φ : A →
B there exists a commutative diagram

A
φ //

ζ ÃÃA
AA

AA
AA

A B

Mφ

ι

>>||||||||

φ = ι◦ζ, with ζ a strong deformation ∗-homomorphism and ι a ∗-cofibration.

3. Weak cofibrations

Definition 3.1. A ∗-homomorphism φ : A → B is a weak cofibration
of C∗-algebras (or a ∗-weak cofibration) if there exists a ∗-cofibration φ′ :
A′ → B such that A and A′ (φ and φ′) have the same ∗-homotopy type over
B.

Example 3.2. A ∗-homomorphism φ : A → B is a ∗-weak cofibration if
A has the same ∗-homotopy type over B with a directed sum pB : A′⊕B →
B (cf. [7], Ex. 2.2).

Theorem 3.3. A ∗-homomorphism φ : A → B is a ∗-weak cofibration if
and only if it has a weak form of ∗- homotopy extension property (∗-WHEP)
in the following sense: for a C∗-algebra D, a ∗-homomorphism ψ : D → A
and a ∗-homotopy Φ : D → BI for φ ◦ψ, i.e., ρ0 ◦Φ = φ ◦ψ, there exists a
∗-homotopy Ψ : D → AI such that ρ0 ◦Ψ h∼Bψ and φI ◦Ψ = Φ.

This property is schematically illustred by the following diagram

A
φ // B

D

ψ
aaBBBBBBBB

Ψ

h∼B

}}

Φ

!!B
BB

BB
BB

B

AI

ρ0

OO

φI
// BI

ρ0

OO
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Proof. Suppose that φ : A → B is a ∗-weak cofibration and ψ : D → A,
Φ : D → BI are ∗-homomorphisms with ρ0 ◦ Φ = φ ◦ ψ.

Let φ′ : A′ → B be a ∗-cofibration ∗-homotopically equivalent over B
with φ by the ∗-homomorphisms η : A → A′ and ξ : A′ → A. Then we have
φ′ ◦ (ξ ◦ ψ) = (φ′ ◦ ξ) ◦ ψ = φ ◦ ψ = ρ0 ◦ Φ. Then by ∗-HEP for φ′, there
exists a ∗-homotopy Ψ′ : D → A′I, with ρ0 ◦Ψ′ = ξ ◦ ψ and φ′I ◦Ψ′ = Φ.

A′
φ′ // B

D

ξ◦ψ
aaCCCCCCCC

Ψ′}}

Φ

!!B
BB

BB
BB

B

A′I

ρ0

OO

φ′I
// BI

ρ0

OO

We define Ψ = ξI ◦ Ψ′ : D → AI. This ∗-homotopy satisfies φI ◦ Ψ =
φI ◦ (ξI ◦Ψ′) = (φ ◦ ξ)I ◦Ψ′ = φ′I ◦Ψ′ = Φ and ρ0 ◦Ψ = ρ0 ◦ (ξI ◦Ψ′) =
ξ ◦ (ρ0 ◦ Ψ′) = ξ ◦ (η ◦ ψ) = (ξ ◦ η) ◦ ψ

h∼ ψ. Moreover, if Λ : A → AI is a
∗-homotopy over B between ξ ◦η and idA, then Λ◦ψ : D → AI satisfies the
relations:ρ0 ◦ (Λ ◦ψ) = (ρ0 ◦Λ) ◦ψ = (ξ ◦ η) ◦ψ, ρ1 ◦ (Λ ◦ψ) = (ρ1 ◦Λ) ◦ψ =
idA ◦ψ = ψ and φ◦ρt◦(Λ◦ψ) = (φ◦ρt◦Λ)◦ψ = φ◦ψ. Thus we obtain that
Λ ◦ ψ is a ∗-homotopy, Λ ◦ ψ : ρ0 ◦Ψ h∼ ψ over B. Hence φ has ∗-WHEP.

Conversely, now suppose that φ has ∗-WHEP.
Let Mφ = {(a, α) ∈ A ⊕ BI/α(1) = φ(a)} be the mapping cylinder of

φ. We know (from Prop. 2.4)that φ = ι ◦ ζ, where ι : Mφ → B is defined
by ι((a, α)) = α(0) and ζ : A → Mφ is given by ζ(a) = (a, αφ(a)), with
αφ(a) the constant path defined by αφ(a)(t) = φ(a),∀t ∈ I. Moreover ι is a
∗-cofibration. We can prove that the C∗-algebras A and Mφ have the same
∗-homotopy type over B.

The ∗-homomorphism η : Mφ → A defined by η((a, α)) = a satisfies the

conditions η ◦ ζ = idA and ζ ◦ η
h∼ idMφ

, but η is not over B. For the ∗-
homotopy Φ : Mφ → BI, defined by Φ((a, α)) = α̂, we have ρ0◦Φ = φ◦η. By

∗-WHEP, there exists Γ : Mφ → AI, such that φI ◦ Γ = Φ and ρ0 ◦ Γ h∼Bη.
Let Λ : Mφ → AI be a corresponding ∗-homotopy, i.e., ρ0 ◦ Λ = ρ0 ◦ Γ,
ρ1 ◦ Λ = η and φ ◦ (ρt ◦ Λ) = φ ◦ η, ∀t ∈ I.

The ∗-homomorphism ξ = ρ1 ◦ Γ : Mφ → A is over B since (φ ◦
ξ)((a, α)) = φ(Γ((a, α))(1)) = (φI ◦ Γ)((a, α))(1) = Φ((a, α))(1) = α̂(1) =
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α(0) = ι((a, α)). Obviously that ζ is also over B. We shall prove that ζ
and ξ define a ∗-homotopy equivalence over B between φ and ι.

At first, we see that a ∗-homomorphism Λ′ : Mφ → AI is well defined
by

Λ′((a, α))(t) =
{

Λ((a, α))(1− 2t), if 0 ≤ t ≤ 1
2 ,

Γ((a, α))(2t− 1), if 1
2 ≤ t ≤ 1.

and we consider the composition Λ′ ◦ ζ : A → AI. For this ∗-homotopy we
have ρ0 ◦ (Λ′ ◦ζ) = (ρ0 ◦Λ′)◦ζ = (ρ0 ◦Λ)◦ζ = η ◦ζ = idA and ρ1 ◦ (Λ′ ◦ζ) =
(ρ1 ◦Λ′)◦ζ = (ρ1 ◦Γ)◦ζ = ξ ◦ζ. Moreover, the ∗-homotopy, Λ′ ◦ζ is over B,
i.e., φ◦ρt◦(Λ′◦ζ) = φ, since (φ◦ρ1−2t◦Λ◦ζ)(a) = (φ◦ρ1−2t◦Λ)((a, αφ(a))) =
(φ◦η)((a, αφ(a))) = φ(a) and (φ◦ρ2t−1◦Γ◦ζ)(a) = (φ◦ρ2t−1◦Γ)((a, αφ(a))) =
(φI ◦ Γ)((a, αφ(a)))(2t − 1) = Φ((a, αφ(a)))(2t − 1) = α̂φ(a)(2t − 1) = φ(a).

Thus we have obtained that Λ′ ◦ ζ : idA
h∼Bξ ◦ ζ. The second composition is

given by (ζ ◦ ξ)((a, α)) = ζ(Γ((a, α))(1)) = (Γ((a, α))(1), αα(0)). Consider
the ∗-homotopy defined by Ψ : Mφ → MφI defined by

Ψ((a, α))(t) =
{

(Γ((a, α))(1− 2t), α2t), if 0 ≤ t ≤ 1
2 ,

(Λ((a, α))(2t− 1), α), if 1
2 ≤ t ≤ 1.

where αt : I → B is given by αt(τ) = α(tτ). Ψ is well defined in t = 1
2 since

ρ0 ◦ Γ = ρ0 ◦ Λ and α1 = α.
Moreover, φ(Γ((a, α))(1−2t) = (φ◦Γ((a, α)))(1−2t) = (φI◦Γ)((a, α))(1−

2t) = Φ((a, α))(1 − 2t) = α̂(1 − 2t) = α(2t) = α2t(1) and φ(Λ((a, α))(2t −
1) = φ(ρ2t−1◦Λ)((a, α))) = φ(η((a, α))) = φ(a) = α(1). Thus Ψ((a, α))(t) ∈
Mφ, ∀t ∈ I and therefore Ψ is well defined. At last, by a simple computation
it follows that ρ0 ◦Ψ = ζ ◦ ξ, ρ1 ◦Ψ = idMφ

and Ψ is a ∗-homotopy over B.
This ends the proof. ¤

Theorem 3.4. Let φ : A → B be a ∗-homomorphism and 0 < ε < 1.
Then the following statements are equivalent:

(i) φ is a ∗-weak cofibration .
(ii) For an arbitrary C∗-algebra D, an arbitrary ∗-homomorphism ψ :

D → A and a ’semistationary’ ∗-homotopy Φ : D → AI, satisfying ρt ◦Φ =
φ ◦ ψ for any t ∈ [0, ε], there exists a ∗-homotopy Ψ : D → AI with the
properties : ρ0 ◦Ψ = ψ and φI ◦Ψ = Φ.

Proof. For (i)⇒ (ii), let φ : A → B be a ∗-weak cofibration. Let ψ and
Φ be ∗-homomorphisms as in the statement (ii).
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For the ∗-homotopy Φ′ : D → BI, defined by Φ′(d)(t) = Φ(d)((1 −
ε)t + ε), we have ρ0 ◦ Φ′ = ρε ◦ Φ = φ ◦ ψ. By ∗-WHEP for φ, there
exists a ∗-homotopy Γ : D → AI such that ρ0 ◦ Γ h∼Bψ, by a ∗-homotopy
Λ : D → AI, and φI ◦ Γ = Φ′. Denote J = [0, ε] and J ′ = [ε, 1]. The
∗-homomorphism Ψ′ : D → AJ ′, defined by Ψ′(d)(t) = Γ(d)( t−ε

1−ε), satisfies
φI ◦ Ψ′ = Φ, since (φI ◦ Ψ′)(d)(t) = (φI)(Γ(d)( t−ε

1−ε)) = (φI ◦ Γ)(d)( t−ε
1−ε) =

Φ′(d)( t−ε
1−ε) = Φ(d)(t). Similarly, the ∗-homomorphism Ψ′′ : D → AJ ,

defined by Ψ′′(d)(t) = Λ(d)( ε−t
ε ), satisfies φI ◦Ψ′′ = Φ. Moreover, ρε ◦Ψ′ =

ρε ◦ Ψ′′. Thus, there exists a ∗-homotopy Ψ : D → AI well defined by
Ψ(d)|[0,ε] = Ψ′′(d) and Ψ(d)|[ε,1] = Ψ′(d), ∀d ∈ D. This satisfies φI ◦Ψ = Φ
and ρ0 ◦Ψ = ρ0 ◦Ψ′′ = ρ1 ◦ Λ = ψ.

For (ii)⇒(i) it is sufficient to consider ε = 1
2 . We shall prove that φ

has ∗-WHEP. If ψ : D → A and Φ : D → BI are ∗-homomorphisms such
that ρ0 ◦ Φ = φ ◦ ψ, then we can apply (ii) for ψ and the semistationary
∗-homotopy Φ : D → BI, defined by Φ′(d)(t) = Φ(d)(max(2t − 1, 0)).
Then there exists Ψ′ : D → AI satisfying the conditions ρ0 ◦ Ψ′ = ψ and
φI ◦Ψ′ = Φ′. Define a ∗-homotopy Ψ : D → AI, by Ψ(d)(t) = Ψ′(d)(1+t

2 ).
Then φI ◦Ψ = Φ, since (φI ◦Ψ)(d)(t) = φ(Ψ′(d)(1+t

2 )) = (φ◦Ψ′)(d)(1+t
2 ) =

Φ′(d)(1+t
2 ) = Φ(d)(t). It remains to see that ρ0 ◦Ψ h∼Bψ. For this consider

the ∗-homotopy Λ : D → AI, defined by Λ(d)(t) = Ψ′(d)(1−t
2 ), which

verifies ρ0 ◦ Λ = ρ 1
2
◦Ψ′ = ρ0 ◦Ψ and ρ1 ◦ Λ = ρ0 ◦Ψ′ = ψ. Moreover, the

∗-homotopy Λ : ρ0 ◦Ψ h∼ ψ is over B, since (φ◦ρt ◦Λ)(d) = φ(Ψ′(d)(1−t
2 )) =

Φ′(d)(1−t
2 ) = Φ(d)(max(−t, 0)) = Φ(d)(0) = (φ ◦ ψ)(d), ∀d ∈ D. Thus we

have proved that φ has ∗-WHEP and by Th.3.3 the proof of this theorem
is complete. ¤

4. Properties

Proposition 4.1. If φ : A → B is a ∗-homomorphism of C∗-algebras,
φ′ : A′ → B is a ∗-weak cofibration, η : A′ → A is a ∗-homomorphism over
B and η admits a ∗-homotopy right inverse over B, then φ is a ∗- weak
cofibration.

Proof. Let η′ : A → A′ be a ∗-homotopy right inverse over B of η.
Then φ ◦ η = φ′, φ′ ◦ η′ = φ and η ◦ η′ h∼B idA. If D is a C∗-algebra and
ψ : D → A, Φ : D → BI are ∗-homomorphisms such that ρ0 ◦ Φ = φ ◦ ψ,
then φ′ ◦ (η′ ◦ ψ) = (φ′ ◦ η′) ◦ ψ = φ ◦ ψ = ρ0 ◦ Φ. The ∗-weak cofibration
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φ′ has ∗-WHEP (Th. 3.3) which implies that there exists Ψ′ : D → A′I
satisfying φ′I ◦Ψ′ = Φ and ρ0 ◦Ψ′ h∼Bη′ ◦ ψ. Define Ψ = ηI ◦Ψ′. We have
φI ◦ Ψ = (φI ◦ ηI) ◦ Ψ′ = φ′I ◦ Ψ′ = Φ and ρ0 ◦ Ψ = ρ0 ◦ (ηI ◦ Ψ′) =
η ◦ (ρ0 ◦Ψ′) h∼Bη ◦ η′ ◦ ψ

h∼Bψ. By Theorem 3.3 it follows that φ is indeed a
∗-weak cofibration. ¤

Proposition 4.2. Let φ : A → B be a ∗-weak cofibration. Let φ′ : A′ →
B and ψ : A′ → A be ∗-homomorphisms such that φ ◦ ψ

h∼ φ′. Then there
exists a ∗-homomorphism over B, ψ′ : A′ → A, such that ψ′ h∼ ψ.

Proof. Let Φ : A′ → BI be a ∗-homotopy with ρ0 ◦ Φ = φ ◦ ψ and
ρ1 ◦ Φ = φ′. By ∗-WHEP, there exists Ψ : A′ → AI with the following
properties: φI ◦ Ψ = Φ and ρ0 ◦ Ψ h∼Bψ. Define ψ′ = ρ1 ◦ Ψ. Then we
have ψ′ h∼ ρ0 ◦ Ψ h∼ ψ. The ∗-homomorphism ψ′ is over B, since φ ◦ ψ′ =
φ ◦ (ρ1 ◦Ψ) = ρ1 ◦ φI ◦Ψ = ρ1 ◦ Φ = φ′. ¤

Corollary 4.3. Let φ : A → B be a ∗-weak cofibration. If φ admits a
right inverse up to ∗-homotopy, then φ admits a right inverse.

Proof. The assertion is just a special case of Prop.4.2, for φ, idB and
ψ. Thus there exists ψ′ a ∗-homomorphism over B, hence φ ◦ ψ′ = idB. ¤

Proposition 4.4. Let a ∗-homotopy commutative diagram be given:

A
φ // B

C

ψ

__@@@@@@@ ϕ

>>~~~~~~~

Suppose that φ is a ∗-weak cofibration. Then A is a ’canonical retract’
of the relative mapping cylinder Mϕ(φ).

Particularly, if φ is a ∗-weak cofibration and it admits a ∗-homotopy
right inverse, then A is a canonical retract of the cylinder AI.

Proof. For the relative mapping cylinder, Mϕ(φ) = {(c, γ) ∈ C ⊕
AI/φ(γ(1)) = ϕ(c)}, there exists the projection πC : Mϕ(φ) → C, πC((c, γ))
= c. We need to define a ∗-homomorphism θ : C → Mϕ(φ) such that
πC ◦ θ = idC .

Let Φ : C → BI be a ∗-homotopy for the equivalence φ ◦ ψ
h∼ ϕ. Since

ρ0 ◦Φ = φ ◦ψ and φ has ∗-WHEP, there exists Ψ : C → AI, a ∗-homotopy,
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with φI ◦ Ψ = Φ and ρ0 ◦ Ψ h∼Bψ. We can define a ∗-homomorphism θ :
C → Mϕ(φ), by θ(c) = (c, Ψ(c)). We have γ = Ψ(c) and φ(γ(1)) = ρ1((φI ◦
Ψ)(c)) = ρ1(Φ(c)) = ϕ(c). Thus θ is well defined and πC ◦ θ = idC .

For the particular case, we take C = B and ϕ = idB. Then Mϕ(φ) can
be identified with AI. ¤

Proposition 4.5. i) If φ : A → B is a ∗-weak cofibration and ψ : B →
C is a ∗-cofibration, then ψ ◦ φ is a ∗-weak cofibration.

ii) If φ : A → B is a ∗-weak cofibration and η : A′ → A is a ∗-homotopy
equivalence over B, then φ ◦ η is a ∗-weak cofibration.

Proof. i) The composition of two ∗-cofibrations is also a ∗-cofibration,
(see [7]). If φ′ : A1 → B is a ∗-cofibration , then ψ ◦ φ′ is a ∗-cofibration .
Moreover, if A1 and A have the same ∗-homotopy type over B, they have
also the same homotopy type over C.

ii) If φ′ : A1 → B is a ∗-cofibration of the same ∗-homotopy type over
B as φ then φ ◦ η have the same homotopy type over B as φ. ¤

Proposition 4.6. Let φ : A → B be a ∗-homomorphism. Consider the
pull-back of B along the pair (φ, ρ0 : BI → B), i.e., W (φ) = A(B;φ, ρ0) =
{(a, β) ∈ A ⊕ BI/φ(a) = β(0)}, ([1], p. 21), and the ∗-homomorphism
k : AI → W (φ), defined by k(α) = (α(0), φ ◦ α).

If φ is a ∗-weak cofibration, k admits a ∗-homotopy right inverse over
B.

Proof. The ∗-homomorphisms π1 : W (φ) → A, π1((a, β)) = a, and
π2 : W (φ) → BI, π2((a, β)) = β, satisfy the relation ρ0 ◦ π2 = φ ◦ π1. By
∗-WHEP, there exists a ∗-homotopy θ : W (φ) → AI, such that ρ0 ◦ θ

h∼Bπ1

and φI ◦ θ = π2.

A
φ // B

W (φ)

π1

ccFFFFFFFFF

θ

h∼B

{{

π2

##FFFFFFFF

AI

ρ0

OO

φI
// BI

ρ0

OO

Let Φ : W (φ) → AI be a ∗-homotopy such that ρ0◦Φ = ρ0◦θ, ρ1◦Φ = π1

and φ ◦ (ρt ◦ Φ) = φ ◦ π1. We have (k ◦ θ)((a, β)) = ((ρ0 ◦ θ)((a, β)),
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(φI ◦ θ)((a, β))) = ((ρ0 ◦ θ)((a, β)), π2((a, β)) = ((ρ0 ◦ θ)((a, β)), β). We
shall prove that k ◦ θ

h∼ idW (φ).
The ∗-homotopy Γ : W (φ) → W (φ)I, with Γ((a, β))(t) = (Φ((a, β))(t), β),

is well defined since φ(Φ((a, β))(t)) = (φ◦(ρt◦Φ))((a, β)) = (φ◦π1)((a, β)) =
φ(a) = β(0). Moreover, (ρ0 ◦ Γ)((a, β)) = ((ρ0 ◦ Φ)((a, β)), β) = (k ◦
θ)((a, β)). Thus, Γ is a ∗-homotopy over B for the equivalence k◦θ h∼BidW (φ).¤

Proposition 4.7. If one of the ∗-homomorphisms φ : A → B and
ψ : C → B is a ∗-weak cofibration, then the double mapping cylinder M(φ,ψ)

and the pull-back A(B; φ, ψ) have the same ∗-homotopy type.

Proof. The double mapping cylinder is M(φ,ψ) := {(a, c, β) ∈ A ⊕
C ⊕ BI/φ(a) = β(0), ψ(c) = β(1)}, [6], and the pull-back is A(B; φ, ψ) =
{(a, c) ∈ A⊕C/φ(a) = ψ(c)}, ([1], p. 21). Suppose that φ is a ∗-weak cofi-
bration. Consider the ∗-homomorphisms k : AI → W (φ), θ : W (φ) → AI
and Φ : W (φ) → AI defined in the proof of Prop. 4.6, with the proper-
ties: (φ ◦ θ)((a, β)) = β, Φ((a, β))(0) = θ((a, β))(0), Φ((a, β))(1) = a and
φ(Φ((a, β))(t) = φ(a). We shall prove that the ∗-homomorphism

η : A(B; φ, ψ) → M(φ,ψ), η((a, c)) = (a, c, βφ(a)), with βφ(a)(t) = φ(a),∀t ∈
I, and ξ : M(φ,ψ) → A(B; φ, ψ), ξ((a, c, β)) = (θ((a, β))(1), c) establish a ∗-
homotopy equivalence.

We have (ξ ◦ η)((a, c)) = ξ((a, c, βφ(a))) = (θ((a, βφ(a)))(1), c) and we

define Λ : A(B; φ, ψ) → A(B;φ, ψ)I, a ∗-homotopy for idA(B;φ,ψ)
h∼ ξ ◦η, by

Λ((a, c))(t) =
{

(Φ((a, βφ(a)))(1− 2t), c), if 0 ≤ t ≤ 1
2 ,

(θ((a, βφ(a)))(2t− 1), c), if 1
2 ≤ t ≤ 1.

At first, Λ is well defined, since φ(Φ((a, βφ(a)))(1− 2t)) = φ(a) = ψ(c),
φ(θ((a, βφ(a)))(2t− 1) = (φ ◦ θ((a, βφ(a))))(2t− 1) = βφ(a)(2t− 1) = φ(a) =
ψ(c), and for t = 1

2 the two expressions are equal: Φ((a, βφ(a)))(0) =
θ((a, βφ(a)))(0). We can easily verify that ρ0 ◦ Λ = idA(B;φ,ψ) and ρ1 ◦ Λ =
ξ ◦ η.

The second composition is

(η ◦ ξ)((a, c, β)) = η((θ((a, β))(1), c)) = (θ((a, β))(1), c, βψ(c))

and a ∗-homotopy for idM(φ,ψ)

h∼ η ◦ ξ is Γ : M(φ,ψ) → M(φ,ψ)I, with

Γ((a, c, β))(t) =
{

(Φ((a, β))(1− 2t), c, β)), if 0 ≤ t ≤ 1
2 ,

(θ((a, β))(2t− 1), c, β2t−1), if 1
2 ≤ t ≤ 1.
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where βt : I → B is defined by βt(τ)) = β(1− (1− t)(1− τ)).
If t = 1

2 ,we have Φ((a, β))(0) = θ((a, β))(0) and β0 = β.
For 0 ≤ t ≤ 1

2 , φ(Φ((a, β))(1− 2t) = β(0) and β(1) = ψ(c). For 1
2 ≤ t ≤

1, φ(θ((a, β))(2t − 1)) = β(2t − 1) = β2t−1(0) and β2t−1(1) = β(1) = ψ(c).
Thus Γ is well defined. Moreover, ρ0 ◦ Γ = idM(φ,ψ)

and (ρ1 ◦ Γ)((a, c, β)) =
(θ((a, β))(1), c, β) = (θ((a, β))(1), c, βψ(c)) = (η ◦ ξ)((a, c, β)), since β1(τ) =
β(1) = ψ(c) = βψ(c)(τ). Hence ρ1 ◦ Γ = η ◦ ξ. ¤

Corollary 4.8. If φ, φ′ : A → A′ are ∗-weak cofibrations and ψ, ψ′ :
C → B are ∗-homomorphisms satisfying φ

h∼ φ′, ψ
h∼ ψ′, then the pull-

backs A(B;φ, ψ) and A(B; φ′, ψ′) have the same ∗-homotopy type.

Proof. If Λ : C → BI is a ∗-homotopy with ρ0 ◦Λ = ψ and ρ1 ◦Λ = ψ′,
then the ∗-homomorphisms η : M(φ,ψ) → M(φ,ψ′), η((a, c, β)) = (a, c, β ∗
Λ(c)), and ξ : M(φ,ψ′) → M(φ,ψ), ξ((a, c, β)) = (a, c, β ∗ Λ̂(c)), define a ∗-
homotopy equivalence. (Here ∗ denotes the usual composition of paths and
Λ̂(c) is the inverse path of Λ(c) in B ). Similarly, from φ

h∼ φ′ it follows
M(φ,ψ′)

h∼ M(φ′ψ′) and we conclude that M(φ,ψ)
h∼ M(φ′ψ′).

By Prop. 4.7, for φ a ∗-weak cofibration, we have M(φ,ψ′)
h∼ A(B;φ, ψ)

and for φ′ a ∗-weak cofibration, M(φ′,ψ′)
h∼ A(B;φ′, ψ′). By these ∗-homotopy

equivalences we obtain that A(B;φ, ψ) and A(B; φ′, ψ′) have the same ∗-
homotopy type. ¤

Proposition 4.9. If φ : A → B is a ∗-weak cofibration and η : A′ → B
is a ∗-homomorphism, then π2 : A(B; φ, η) → A′, π2((a, a′)) = a′, is a
∗-weak cofibration.

Proof. We shall denote by C := A(B;φ, η) = {(a, a′) ∈ A⊕A′/φ(a) =
η(a′)} the pull-back and π1, π2 the projections, i.e., π1((a, a′)) = a, π2((a, a′))
= a′.

By Th. 3.3, it is enough to prove that π2 has ∗-WHEP.
Let D be a C∗-algebra and ψ : D → C, Φ → A′I be such that ρ0 ◦ Φ =

π2 ◦ ψ. It follows that ρ0 ◦ (ηI ◦ Φ) = φ ◦ (π1 ◦ ψ).
The ∗-weak cofibration φ has ∗-WHEP, thus there exists Γ : D → AI

such that φI ◦Γ = ηI ◦φ and ρ0 ◦Γ h∼ π1 ◦ψ, by a ∗-homotopy Λ : D → AI
satisfying ρ0◦Λ = ρ0◦Γ, ρ1◦Λ = π1◦ψ and φ◦(ρt◦Λ) = φ◦(π1◦ψ), ∀t ∈ I.
A∗-homotopy Ψ : D → CI is well defined by Ψ(d)(t) = (Γ(d)(t), Φ(d)(t)),
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since φ(Γ(d)(t)) = (φ ◦ Γ(d))(t) = (φI ◦ Γ)(d)(t) = (ηI ◦ Φ)(d)(t) = (η ◦
Φ(d))(t) = η(Φ(d))(t). Thus the condition π2I ◦Ψ = Φ is fulfilled.

We define a ∗-homotopy Λ′ : D → CI, by Λ′(d)(t) = (Λ(d)(t), (π2 ◦
ψ)(d)). If ψ(d) = (a, a′), then φ(Λ(d)(t)) = (φ◦ρt◦Λ)(d) = (φ◦π1◦ψ)(d) =
φ(a) and (η ◦ (π2 ◦ ψ))(d) = η(a′) = φ(a). Thus Λ′(d)(t) ∈ C = A(B; φ, η)
and Λ′ is well defined. Then we have (ρ0◦Λ′)(d) = ((ρ0◦Λ)(d), (π2◦ψ)(d)) =
((ρ0 ◦ Γ)(d), (ρ0 ◦Φ)(d)) = (ρ0 ◦Ψ)(d) and (ρ1 ◦ Λ′)(d) = ((ρ1 ◦ Λ)(d), (π2 ◦
ψ)(d)) = ((π1◦ψ)(d), (π2◦ψ)(d)) = ψ(d). Thus we have Λ′ : ρ0◦Ψ h∼ ψ, and
the ∗-homotopy Λ′ is over A′, since π2 ◦ (ρt ◦ Λ′) = π2 ◦ ψ, ∀t ∈ I. We can
conclude that π2 has ∗-WHEP and therefore it is a ∗-weak cofibration. ¤

Proposition 4.10. If φ : A → B is a ∗-weak cofibration, then φI :
AI → BI is also a ∗-weak cofibration.

Proof. Let φ′ : A′ → B be a ∗-cofibration ∗-homotopically equivalent
with φ over B. Denote by η : A → A′ and ξ : A′ → A two ∗-homomorphisms
over B establishing a ∗-homotopy equivalence over B. Consider the ∗-
homomorphism φ′ : A′I → BI, which by [7], Cor. 3.6, is a ∗-cofibration.
We can prove that this is ∗-homotopically equivalent with φI over BI.
The ∗-homomorphisms which establish this equivalence are ηI : AI → A′I
and ξI : A′I → AI. These are ∗-homomorphisms over BI: if α ∈ AI,
(φ′I ◦ ηI)(α) = φ′I(η ◦ α) = φ′ ◦ η ◦ α = φ ◦ α = φI(α), i.e., φ′I ◦ ηI = φI,
and analogously, φI ◦ ξI = φ′I. Moreover, ξI ◦ ηI = (ξ ◦ η)I. Then, by
hypothesis, there exists a ∗-homotopy Λ : A → AI satisfying the conditions:

(i) ρ0 ◦ Λ = ξ ◦ η.
(ii) ρ1 ◦ Λ = idA.
(iii) φ ◦ ρt ◦ Λ = φ,∀t ∈ I.
Consider ΛI : AI → (AI)I and Λ̃ : AI → (AI)I defined by Λ̃(α)(t)(τ) =

ΛI(α)(τ)(t), ∀α ∈ AI, ∀t, τ ∈ I. These are ∗-homomorphisms. For α ∈ AI
and t ∈ I, we have (ρt ◦ Λ̃)(α) = ρt ◦ Λ ◦ α. It follows:

(i)’ (ρ0◦Λ̃)(α) = ρ0◦Λ◦α = ξ◦η◦α = ((ξ◦η)I)(α), i.e., ρ0◦Λ̃ = ξI ◦ηI.
(ii)’(ρ1 ◦ Λ̃)(α) = ρ1 ◦ Λ ◦ α = idA ◦ α = α, i.e., ρ1 ◦ Λ̃ = idAI .
(iii)’ (φI ◦ ρt ◦ Λ̃)(α) = φI(ρt ◦ Λ ◦ α) = φ ◦ ρt ◦ Λ ◦ α = φ ◦ α = φI(α),

i.e., φI ◦ ρt ◦ Λ̃ = φI.
Therefore we have proved that Λ̃ is ∗-homotopy over BI between ξI ◦ηI

and idAI . Analogously, using a ∗-homotopy over B between η ◦ ξ and idA′ ,
we obtain a ∗-homotopy over BI between ηI ◦ ξI and idA′I . ¤



12 ALINA TOFAN 12

5. A Dold type theorem via ∗-WHEP. This section is devoted
to prove a Dold type theorem for ∗-homomorphisms. At first we give two
lemmas necessary for the proof.

Lemma 5.1. If φ : A → B is a ∗-weak cofibration and η : A → A is
a ∗-homomorphism over B such that η

h∼ idA, then η admits a ∗-homotopy
right inverse over B.

Proof. If Φ : A → AI is a ∗-homotopy such that ρ0 ◦ Φ = η and
ρ1 ◦Φ = idA, then we define a semistationary ∗-homotopy Φ′ : A → AI, by
Φ′(a)(t) = Φ(a)(max(2t − 1, 0), ∀a ∈ A,∀t ∈ I. Then Φ′(a)(t) = η(a) for
any t ∈ [0, 1

2 ] and ρ1 ◦ Φ′ = idA.
The ∗-homomorphism Φ′′ = φI ◦ Φ′ : A → BI is a ∗-homoptopy for an

equivalence φ
h∼ φ. For any t ∈ [0, 1

2 ] and ∀a ∈ A, we have (ρt ◦ Φ′′)(a) =
(φI ◦Φ′)(a)(t) = (φ ◦Φ′(a))(t) = φ(η(a)) = φ(a) = (φ ◦ idA)(a). By Th.3.3,
there exists Ψ : A → AI with the properties ρ0 ◦Ψ = idA and φI ◦Ψ = Φ′′.

A
φ // B

D

idA

aaBBBBBBBB

Ψ}}

Φ′′

!!B
BB

BB
BB

B

AI

ρ0

OO

φI
// BI

ρ0

OO

Then ξ = ρ1 ◦ Ψ is a ∗-homomorphism over B, since φ ◦ ξ = φ(ρ1 ◦ Ψ) =
ρ1 ◦ (φI ◦Ψ) = ρ1 ◦ Φ′′ = φ.

The ∗-homotopy Γ : A → AI, given by

Γ(a)(τ) =
{

η(Ψ(a)(1− 2τ)), if 0 ≤ τ ≤ 1
2 ,

Φ′(a)(2τ − 1), if 1
2 ≤ τ ≤ 1.

is well defined since for τ = 1
2 we have η ◦ (ρ0 ◦Ψ) = η = ρ0 ◦Ψ′.

Moreover, Γ : η ◦ ξ
h∼ idA. But this ∗-homotopy is not over B. Then we

consider Λ : A → (BI)I, defined by:

Λ(a)(t)(τ) =
{

φ(Ψ(a)(1− 2τ(1− t))), if 0 ≤ τ ≤ 1
2 ,

φ(Φ′(a)(1− 2(1− τ)(1− t))), if 1
2 ≤ τ ≤ 1.
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For τ = 1
2 we have φ(Ψ(a)(t)) = (φI ◦ Ψ)(a)(t) = Φ′′(a)(t) = (φI ◦

Φ′)(a)(t) = φ(Φ′(a)(t)). Thus, Λ is well defined. It follows by computation
that Λ(a)(0)(τ) = φ(Γ(a)(τ)) and Λ(a)(t)(0) = φ(a). Then the ∗-homotopy
Λ′ : A → (BI)I, Λ′(a)(t) = Λ(a)(max(2t − 1), 0)) satisfies ρt ◦ Λ′ = φ ◦ Γ
for any t ∈ [0, 1

2 ]. Now we use the result of Prop. 4.10 from which φI is a
∗-weak cofibration. Then by Th. 3.4 there exists Ψ′ : A → (AI)I such that
ρ0 ◦Ψ′ = Γ and (φI)I ◦Ψ′ = Λ′.

AI
φI // BI

A

Γ
ccFFFFFFFFF

Ψ′||

Λ′

""EEEEEEEE

(AI)I

ρ0

OO

(φI)I
// (BI)I

ρ0

OO

Then: η ◦ ξ = η ◦ (ρ1 ◦ Ψ) = ρ0 ◦ Γ = ρ0 ◦ (ρ0 ◦ Ψ′) h∼ ρ0 ◦ (ρ1 ◦ Ψ′) h∼
ρ1 ◦ (ρ1 ◦ Ψ′) h∼ ρ1 ◦ (ρ0 ◦ Ψ′) = ρ1 ◦ Γ = idA. All ∗-homotopies are over
B, since (φ ◦ ρ0 ◦ (ρt ◦ Ψ′))(a) = φ((Ψ′(a)(t)(0) = Λ′(a)(t)(0) = φ(a),
(φ ◦ ρτ ◦ (ρ1 ◦ Ψ′))(a) = Λ′(a)(1)(τ) = Λ(a)(1)(τ) = Φ′′(a)(1) = φ((ρ1 ◦
Φ′)(a)) = φ(idA(a)) = φ(a) and (φ ◦ ρ1 ◦ (ρt ◦ Ψ′))(a) = Λ′(a)(t)(1) =
Λ(a)(max(2t− 1, 0))(1) = φ(Φ′(a)(1)) = φ(a).

Thus we have obtained the ∗-homotopy equivalence over B, η ◦ ξ
h∼BidA,

which means that ξ is a ∗-homotopy right inverse of η over B. ¤

Lemma 5.2. If φ : A → B and φ′ : A′ → B are ∗-weak cofibrations,
η : A → A′ is a ∗-homomorphism over B and η admits a ∗-homotopy right
inverse, then η admits a ∗-homotopy right inverse over B.

Proof. Let ξ be a ∗-homotopy right inverse for η. We have φ′ ◦ η = φ

and φ ◦ ξ = (φ′ ◦ η) ◦ ξ
h∼ φ′. By Prop. 4.2 there exists ξ′ : A′ → A, a

∗-homomorphism over B such that ξ′ h∼ ξ. The ∗-homomorphism θ = η ◦ ξ′

is over B an θ
h∼ idA. By Lemma 5.1, θ admits a ∗-homotopy right inverse

θ′ over B. Then ξ′ ◦θ′ is a ∗-homomorphism over B and η ◦ (ξ′ ◦θ′) h∼BidA.¤
We conclude with the following Dold type theorem, [3].

Theorem 5.3. Let a commutative diagram of C∗-algebras and ∗-homo-
morphisms be given:
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A
η //

φ ÂÂ@
@@

@@
@@

A′

φ′~~}}
}}

}}
}

B

If φ and φ′ are ∗-weak cofibrations and η is a simple ∗-homotopy equiv-
alence, then η is a ∗-homotopy equivalence over B.

Proof. The ∗-homomorphism η is over B and admits a ∗-homotopy
right inverse. By Prop. 5.2, η admits a ∗-homotopy right inverse η′ over B.
In fact η′ is a ∗-homotopy equivalence since η is a ∗-homotopy equivalence.
Now by the same argument, η′ admits a ∗-homotopy right inverse η′′ over
B. Thus, η′ both admits a ∗-homotopy right inverse η′′ over B and a ∗-
homotopy left inverse η over B. Hence η′ is a ∗-homotopy equivalence over
B and so η itself is a ∗-homotopy equivalence over B. ¤

Remark 5.4. A categorical approach of weak cofibrations and Dold
type theorems was given in [5].
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