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Abstract. In this Note we define the notion of weak cofibration in the homotopy
theory of C*- algebras. This notion is correlated with the notion of cofibration for C*-
algebras introduced by SCHOCHET in [8] (also studied in [6] and [7]). We establish some
‘topological’ characterizations and other properties of weak cofibrations of C*- algebras.
Particularly we derive a result which corresponds to a Dold’s type theorem in Top.
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1. Introduction. In the category of topological spaces the notion
of weak cofibration was introduced by the name of h-cofibration by TOM
Dieck, KAMPS and PUPPE in their Homotopietheorie ([2], Ch.I §2) in con-
nection with the study of cofiber homotopy equivalences. This notion was
inspired by the notion of weak fibration before introduced by DoOLD [3] and
WEINZWEIG [9] in connection with the study of fiber homotopy equiva-
lences. A map u: A — X is a weak cofibration if there exists a cofibration
v : A — Y such that the topological spaces X and Y have the same homo-
topy type as spaces under A. Weak cofibrations satisfy a weak form of the
homotopy extension property (WHEP). This property can be formulated
in two alternative ways which are equivalent (see [2], Ch. I, and [4], Ch.
6). Either way we are given a space F, a map f : X — E and a homotopy
G : Ax I — F such that Gy = fowu. In the first formulation the property is
that there exists a homotopy F' : X x I — E such that Fy ~ f under A and
such that F o (u x id;) = G. In the second formulation we further require
that G is semistationary, in the sense that G(a,.) is stationary on [0, 1] for
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each point ¢ € A, and then the property is that there exists a homotopy
F: X x I — FE such that Fy = f and such that F' o (u x id;) = G.

Since to a problem of cofiber homotopy equivalence in the category Top
corresponds a problem of homotopy equivalence ’over’ in the category of
C*-algebras and moreover all three characterizations of a topological weak
cofibration can be translated in the homotopic language of C*-algebras, the
consideration of the notion of weak cofibration for C*-algebras appears to
be very natural. This is more so as the notion of cofibration for C*-algebras
was already studied in [8] (see also [6], [7]).

We prove the equivalence of the three ’topological’ characterizations
(theorems 3.3 and 3.4) and we establish also some other properties. Partic-
ularly we derive a result which corresponds to a 'Dold’s type theorem’ in
Top (Theorem 5.3).

2. The notion of homotopy for *-homomorphisms. By a *-
homomorphism we shall mean a homomorphism of C*-algebras. We recall
from [1] the definition of the homotopy relation between x-homomorphisms.

Given a C*-algebra A and a (locally) compact space Y, denote by AY
the C*-algebra of (vanishing at infinity) continuous functions on Y into
A. IfY =1 :=[0,1] then, for every ¢t € I, denote by p, : AI — A the
s-homomorphism defined by pi(a) = a(t),Vao € Al. If ¢ : A — B is
a *-homomorphism and Y is a (locally)compact space, then ¢ induces a
s-homomorphism ¢Y : AY — BY given by ¢Y (u) = ¢ ou,Vu € AY.

Definition 2.1. (i) The x-homomorphisms n,§ : A — B are homotopic
if there exists a x-homomorphism ® : A — BI satisfying po o ® = n and
p1o® = & We shall use the notation n S & and © will be called a *-
homotopy.

(ii) The C*- algebras A and B have the same homotopy type if there

eristsn: A— B and&:BaAverifymgnoffgidB and&oniidA.

Definition 2.2. (i) Let ¢ : A — B and ¢' : A — B be x-homomorphisms.
A x-homomorphism n: A — A’ is called over B if it is a x-homomorphism
in the ordinary sense and ¢' on = ¢.

(i) Let n,& : A — A’ be x-homomorphisms over B. A x-homotopy over
B of n into £ is a x-homotopy ® : A — A'I, with ® : n S &, which is a
x-homomorphism over B at each stage of deformation, i.e., ¢ o pyo ® =
¢,Vt € I. We shall use the notation ® : niiBg.
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Definition 2.3. [8] (see also [6], [7]). A x-homomorphism ¢ : A — B is
a cofibration (or a x-cofibration) if for a C*-algebra D, a x-homomorphism
¥ : D — A and a %-homotopy ® : D — BI of po ), i.e., pgo® = o,
there exists a *-homotopy ¥ : D — Al of ¢, i.e., pgo W = 4, such that
GIloU =P,

Proposition 2.4. [6] (see also [8]). For any x-homomorphism ¢ : A —
B there exists a commutative diagram

¢ = 1o, with  a strong deformation x-homomorphism and v a x-cofibration.

3. Weak cofibrations

Definition 3.1. A x-homomorphism ¢ : A — B is a weak cofibration
of C*-algebras (or a x-weak cofibration) if there exists a x-cofibration ¢’ :
A" — B such that A and A’ (¢ and ¢') have the same x-homotopy type over
B.

Example 3.2. A x-homomorphism ¢ : A — B is a *-weak cofibration if
A has the same *-homotopy type over B with a directed sum pg : A’ & B —
B (cf. [7], Ex. 2.2).

Theorem 3.3. A x-homomorphism ¢ : A — B is a x-weak cofibration if
and only if it has a weak form of x- homotopy extension property (x- WHEP)
in the following sense: for a C*-algebra D, a *-homomorphism ¢ : D — A
and a x-homotopy ® : D — BI for o), i.e., pgo ® = ¢ o), there exists a
x-homotopy ¥ : D — Al such that pg o \IJr}\LJBw and ¢l o U = &,

This property is schematically illustred by the following diagram

A i B
\Y
PO D PO
n
~B . . X
PR
Al BI
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Proof. Suppose that ¢ : A — B is a *-weak cofibration and v : D — A,
® : D — BI are x-homomorphisms with pgo ® = ¢ o 1.

Let ¢’ : A’ — B be a *-cofibration x-homotopically equivalent over B
with ¢ by the *-homomorphisms 7: A — A" and £ : A’ — A. Then we have
¢ o(foh)=(do&)o) =¢or) =pyo®d. Then by *-HEP for ¢/, there
exists a *-homotopy ¥’ : D — A'I, with pgo ¥ =01 and ¢'T o ¥’ = P.

Al d B
w
PO D PO
®
P
AT o7 BI

We define ¥ = £l oW : D — AI. This *-homotopy satisfies ¢I o U =
Gplo(EToV)=(¢po&)[oVW =¢'ToVW =& and pgo ¥ = pyo ((1 o0 V') =
Eo(ppoW')=Eo(noh) = (ﬁon)odw}iw. Moreover, if A : A — Al is a
x-homotopy over B between { on and id 4, then Aot : D — Al satisfies the
relations:pg o (Ao ) = (pooA)otp = (§on)oy), pro(Aot)) = (proA)oy) =
idaot =1p and popio(Aor)) = (poproA)otp = ¢porp. Thus we obtain that
A o1 is a x-homotopy, Ao : pgo ¥ L ¥ over B. Hence ¢ has +-WHEP.

Conversely, now suppose that ¢ has x-WHEP.

Let My = {(a,a) € A® BI/a(l) = ¢(a)} be the mapping cylinder of
¢. We know (from Prop. 2.4)that ¢ = ¢ o (, where ¢ : My — B is defined
by «((a,@)) = a(0) and ¢ : A — My is given by ((a) = (a, agq)), with
Qg(q) the constant path defined by ayq)(t) = ¢(a),Vt € I. Moreover ¢ is a
x-cofibration. We can prove that the C*-algebras A and M, have the same
x-homotopy type over B.

The *-homomorphism 1 : My — A defined by n((a,«)) = a satisfies the
conditions no ¢ = ids and Con L idp,, but 7 is not over B. For the -
homotopy ® : My — BI, defined by ®((a, o)) = &, we have pgo® = ¢on. By
*-WHEP, there exists I' : My — AI, such that ¢/ o' = ® and pg o FQBT].
Let A : My — AI be a corresponding *-homotopy, i.e., poo A = pgoT,
proA=nand gpo(poA)=¢onVtel

The *homomorphism ¢ = p;oI' : My — A is over B since (¢ o

§)((a,@)) = ¢(L'((a, @))(1)) = (&1 o T)((a, @))(1) = @((a,a))(1) = a(l) =
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a(0) = ¢((a,a)). Obviously that ¢ is also over B. We shall prove that ¢
and & define a x-homotopy equivalence over B between ¢ and ¢.
At first, we see that a *-homomorphism A’ : M, — AI is well defined

by
, A(a,0))(1—2t), if0<t<i
A, 0))(t) = { F((((a, a))))((2t — 1)), f% <t< i
and we consider the composition A’ o ( : A — AI. For this *-homotopy we
have pgo (A o¢) = (ppoA)o( = (ppoA)o¢ =no( =1idy and pyo(Ao() =
(proA)ol = (p1oT)o( = £o(. Moreover, the x-homotopy, A’o( is over B,
i.e., popso(No() = ¢, since (¢pop1_gr0Ao()(a) = (¢pop1_aroN)((a, aya))) =
(¢on)((a, ag(a))) = ¢(a) and (popy—10T0C)(a) = (popar—1°T)((a, ay@))) =
(@1 o T)((a, ag(a))) (2t — 1) = @((a, g(a))) (2t — 1) = Qy(a) (2t — 1) = ¢(a).

Thus we have obtained that A’ o ( : id Aﬁ, & o (. The second composition is

given by (Co§)((a, @) = ¢(I'((a,a))(1)) = (I'((a, @))(1), aa(0)). Consider
the *-homotopy defined by W : My — Myl defined by

o (C((aa))(1 - 2)an), HO<E< ]
(@ @)() = { A(aa)@-1)a) ifl<t<i

where oy : I — B is given by () = a(tr). VU is well defined in ¢t = £ since
pool'=pgo A and a; = a.

Moreover, 6(I'((a, a))(1-2t) = (¢oT((a, a)))(1-2t) = (¢IoT)((a,a))(1—
2t) = ®((a,a))(1 — 2t) = a(l — 2t) = «(2t) = ax(l) and ¢(A((a,a))(2t —
1) = ¢(par—10A)((a, @))) = ¢(n((a, @))) = ¢(a) = a(1). Thus ¥((a, a))(t) €
My, ¥t € I and therefore W is well defined. At last, by a simple computation
it follows that pgo W = (o0&, p1 oW =idy, and V¥ is a x-homotopy over B.
This ends the proof. O

Theorem 3.4. Let ¢ : A — B be a *x-homomorphism and 0 < ¢ < 1.
Then the following statements are equivalent:

(i) ¢ is a x-weak cofibration .

(ii) For an arbitrary C*-algebra D, an arbitrary x-homomorphism 1) :
D — A and a ’semistationary’ x-homotopy ® : D — Al, satisfying pro® =
¢ o for any t € [0,e], there exists a x-homotopy V : D — Al with the
properties : pgo VW =1 and ¢l o ¥ = P.

Proof. For (i)= (ii), let ¢ : A — B be a x-weak cofibration. Let ¢ and
® be x-homomorphisms as in the statement (ii).
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For the x-homotopy ®' : D — BI, defined by ®'(d)(t) = ®(d)((1 —
g)t + ¢), we have pgo ® = p.o® = ¢ o). By *-WHEP for ¢, there
exists a x-homotopy I' : D — AI such that pg o rl BY, by a x-homotopy
A: D — Al and ¢ o' = ®'. Denote J = [0,e] and J" = [,1]. The
*-homomorphism ¥’ : D — AJ’, defined by ¥'(d)(t) = I'(d)(4=2), satisfies

1—¢
¢I o W' =, since (¢I o ¥)(d)(t) = (¢1)(T(d)({=5)) = (¢ o T)(d)(1=5) =
®'(d) (=) = ®(d)(t). Similarly, the s-homomorphism ¥" : D — AJ,

defined by U”(d)(t) = A(d)(=Z*), satisfies ¢pI o ¥” = . Moreover, p.o ¥’ =
p- o U’ Thus, there exists a x-homotopy ¥ : D — AI well defined by
U(d)|jo,q) = ¥"(d) and W(d)|[. 1) = ¥'(d), Vd € D. This satisfies ¢/ o W = &
and pgo WU =pgo W' =pj oA =1.

For (ii)=-(i) it is sufficient to consider ¢ = 1. We shall prove that ¢
has +-WHEP. If ¢y : D — A and ® : D — BI are *-homomorphisms such
that pgo ® = ¢ o9, then we can apply (ii) for ¢ and the semistationary
x-homotopy ® : D — BI, defined by ®'(d)(t) = ®(d)(maz(2t — 1,0)).
Then there exists ¥/ : D — AI satisfying the conditions pg o ¥/ = 1) and
@I o W' = @'. Define a x-homotopy ¥ : D — AI, by U(d)(t) = V'(d)(1E).
Then ¢l oW = &, since (¢1 0 W) (d)(t) = (V' (d) (L)) = ($o ¥')(d) (1) =

®'(d) (1) = ®(d)(t). It remains to see that pg o \Ilﬁgw. For this consider

the *-homotopy A : D — AI, defined by A(d)(t) = ¥'(d)(15%), which

verifies pgo A = p1 oW = pgo W and p; o A = pg o ¥’ = ¢). Moreover, the
2

«-homotopy A : pgo ¥ L ¢ is over B, since (¢pop;oA)(d) = ¢('(d)(15L)) =
®'(d)(35E) = @(d)(maz(—t,0)) = &(d)(0) = (¢ 0 )(d), Vd € D. Thus we
have proved that ¢ has *-WHEP and by Th.3.3 the proof of this theorem
is complete. Il

4. Properties

Proposition 4.1. If ¢ : A — B is a x-homomorphism of C*-algebras,
¢’ A — B is a x-weak cofibration, n: A’ — A is a x-homomorphism over
B and n admits a x-homotopy right inverse over B, then ¢ is a *- weak
cofibration.

Proof. Let ' : A — A’ be a x-homotopy right inverse over B of 7.
Then pon = ¢, ¢ o = ¢ and no 77,’]3'3 idg. If D is a C*-algebra and
Yv: D — A ®: D — BI are x-homomorphisms such that pgo ® = ¢ o1,
then ¢/ o (9 09p) = (¢ o) oh = poth = pgo ®. The x-weak cofibration
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¢ has *WHEP (Th. 3.3) which implies that there exists ¥ : D — A'l
satisfying ¢/ o ¥/ = ® and pg o \Il’r}\lJBn’ o). Define ¥ = nl o ¥'. We have
ploW = (plonl) oV = ¢ToW = ® and ppo ¥ = pyo (nl o V') =
no(poo \IJ’)leBn on o wﬁsz By Theorem 3.3 it follows that ¢ is indeed a
x-weak cofibration. U

Proposition 4.2. Let ¢ : A — B be a x-weak cofibration. Let ¢' : A —
B and v : A — A be x-homomorphisms such that ¢ o 1 S ¢'. Then there
exists a x-homomorphism over B, ' : A’ — A, such that ' S .

Proof. Let ® : A’ — BI be a *homotopy with pgo ® = ¢ o and
pro® = ¢. By »WHEP, there exists ¥ : A’ — AI with the following

properties: ¢l oW = & and pg o \IlilJBw. Define ¢’ = p; o ¥. Then we
have ¢/ LJ poo W L 1. The *-homomorphism ¢ is over B, since ¢ o ¢}/
gpo(proV)=pioglo¥=pod=4g.

Corollary 4.3. Let ¢ : A — B be a x-weak cofibration. If ¢ admits a
right inverse up to x-homotopy, then ¢ admits a right inverse.

ol

Proof. The assertion is just a special case of Prop.4.2, for ¢, idg and
tp. Thus there exists 1)’ a *-homomorphism over B, hence ¢ o ¢/ = idg. O

Proposition 4.4. Let a *-homotopy commutative diagram be given:

i B
DA
C
Suppose that ¢ is a x-weak cofibration. Then A is a ’canonical retract’
of the relative mapping cylinder M, (¢).

Particularly, if ¢ is a x-weak cofibration and it admits a x-homotopy
right inverse, then A is a canonical retract of the cylinder Al.

A

Proof. For the relative mapping cylinder, M,(¢) = {(¢,7) € C @
Al/p(v(1)) = ¢(c)}, there exists the projection ¢ : My (¢) — C, mc((c, 7))
= c¢. We need to define a *-homomorphism 6 : C — M,(¢) such that
o o0 =ido.

Let ® : C' — BI be a x-homotopy for the equivalence ¢ o ¥ b . Since
poo P = ¢o1 and ¢ has x-WHEP, there exists ¥ : C — Al, a x-homotopy,
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with ¢ o U = & and pg o q/,}qup, We can define a *x-homomorphism 6 :
C — M), by (c) = (¢, B(c)). We have 5 = W(c) and 6(1(1)) = p1((6] 0
U)(c)) = p1(®(c)) = p(c). Thus 0 is well defined and m¢ 0 0 = idc.

For the particular case, we take C' = B and ¢ = idgp. Then M,(¢) can
be identified with AI. O

Proposition 4.5. i) If ¢ : A — B is a x-weak cofibration and ¢ : B —
C is a *-cofibration, then 1 o ¢ is a *-weak cofibration.

ii) If ¢ : A — B is a x-weak cofibration and n: A" — A is a x-homotopy
equivalence over B, then ¢ on is a x-weak cofibration.

Proof. i) The composition of two *-cofibrations is also a *-cofibration,
(see [7]). If ¢’ : Ay — B is a *-cofibration , then v o ¢’ is a *-cofibration .
Moreover, if A1 and A have the same x-homotopy type over B, they have
also the same homotopy type over C.

ii) If ¢’ : Ay — B is a *-cofibration of the same *-homotopy type over
B as ¢ then ¢ o n have the same homotopy type over B as ¢. O

Proposition 4.6. Let ¢ : A — B be a x-homomorphism. Consider the
pull-back of B along the pair (¢, po : BI — B), i.e., W(¢) = A(B; ¢, po) =
{(a,B8) € A® BI/¢(a) = 5(0)}, ([1], p- 21), and the *-homomorphism
k: Al — W(¢), defined by k(o) = ((0), ¢ o ).

If ¢ is a x-weak cofibration, k admits a x-homotopy right inverse over
B.

Proof. The x-homomorphisms m : W(¢) — A, mi1((a,3)) = a, and
o : W(¢) — BI, ma((a,3)) = 3, satisfy the relation pg o mg = ¢ o 1. By
x-WHEP, there exists a «-homotopy 6 : W (¢) — AI, such that pg o 9£B7r1
and ¢ 0 0 = my.
@

A B
\
PO W(o) PO
’}‘l‘B: o K
A 6
Al ol BI

Let @ : W(¢) — AI be a x-homotopy such that pgo® = pgol, pjo® = m;
and ¢ o (pr o @) = ¢ om. We have (ko 0)((a,3)) = ((po o 0)((a,)),
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(¢ 0 0)((a,3))) = ((po © 0)((a,B)),m2((a,3)) = ((po© 0)((a,)),5). We
shall prove that ko 6 L idyy ()

The *-homotopy I" : W(¢) — W(¢)I, with I'((a, 5))(t) = (®((a, 8))(t),
is well defined since ¢(®((a, 3))(£)) = (¢0(p1o®))((a, B)) = ($om)((a. B)) =
#a) = A(0). Moreover, (pg o D)((a,8) = ((po © ®)((a, ). 8) = (ko

0)((a,3)). Thus, I is a x-homotopy over B for the equivalence koef}iBidW((ﬁ).D

Proposition 4.7. If one of the x-homomorphisms ¢ : A — B and
Y : C — B is a x-weak cofibration, then the double mapping cylinder Mg )
and the pull-back A(B;¢,1)) have the same x-homotopy type.

Proof. The double mapping cylinder is My ) = {(a,c,8) € A @
C @ BI/¢(a) = B(0),¢(c) = B(1)}, [6], and the pull-back is A(B; ¢, ) =
{(a,c) e A® C/¢p(a) =9(c)}, ([1], p- 21). Suppose that ¢ is a *-weak cofi-
bration. Consider the *-homomorphisms k : Al — W (¢), 6 : W(¢) — Al
and ® : W(¢) — AI defined in the proof of Prop. 4.6, with the proper-
ties: (60 6)((a,)) = B, D((a,8))(0) = 0((a, $)(0), B((a,A))(1) = a and
&(®((a, 8))(t) = ¢(a). We shall prove that the x-homomorphism

n:A(B;¢,0) — Mg, n((a; ¢)) = (a, ¢, By(a)), with By(a) (1) = é(a), Vt €
I, and & : My 4y — A(B; ¢,9), ((a,c,3)) = (0((a, 3))(1),c) establish a *-

homotopy equivalence.
= 6((0‘7 ¢, B(j)(a))) = (0(((1’ ﬁd)(a)))(l)a C) and we

We have (£ o n)((a,c)
define A : A(B; ¢,v) — A(B; ¢,v)I, a -homotopy for id (.4 ) S Eomn, by
®((a, fy(a)) (1~ 20),¢), Ot <,

A((a, 0))(t) = { 0((a, g¢ ))(215 —_ 1) ¢), ifi<t<l
At first, A is well defined, since ¢(®((a, Bya)))(1 —2t)) = d(a) = (),

P —~ ~—

¢(0((a; By(a))) (2t = 1) = (6 0 0((a; By(a )))(275 - 1) B (2t = 1) = ¢(a)
¥(c), and for t = 1 the two expressions are equal: <I>(( ; Bg(a)))(0)
0((a, Bp(a)))(0). We can easily verify that pg o A = id4(p.¢4) and p1 o A

§on.
The second composition is

(n o &)((a, ¢, B)) = n((0((a, B))(1), ¢)) = (0((a, B))(1), ¢, By(c))
and a x-homotopy for Wy L no&is I't Mg gy — Mg gL, with

(®((a,B))(1 —2t),¢,B)), if0<t<3,
I((a, e, /)(¢) = { (0((a, 3)(2t — 1), Bor1), £ <t<L.
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where (; : I — B is defined by (7)) = 8(1 — (1 —t)(1 —7)).

If t = 3,we have ®((a, 3))(0) = 0((a, 8))(0) and By = B.

For 0 < t < 3, ¢(®((a, /))(1 - 2t) = 4(0) and 5(1) = 9(c). For 5 <t
1, 9(0((a, 8)) (2 — 1)) = B2t — 1) = for1(0) and fy_1(1) = B(L) = (e
Thus I is well defined. Moreover, pgoI' = ida, ,, and (p10T)((a,c, 3))
(9(((1,/8))( )7C7ﬁ) ( (( 7/8))( )76751/) ) ( f)((a,c,ﬂ)) since 61 )
B(1) = h(c) = By(e)(7). Hence pyol'=no.

Corollary 4.8. If ¢,¢' : A — A’ are x-weak cofibrations and 1, :

C — B are x-homomorphisms satisfying ¢ S ¢, P S ', then the pull-
backs A(B; ¢,v) and A(B;¢',1)") have the same x-homotopy type.

<
)-

Proof. If A : C — BI is a *-homotopy with pgo A = and pyo A = 1)/,
then the x-homomorphisms 1 : My ) — Mg g, n((a,c, ﬁ)) = (a,c, [ *

A(c)), and & = Mg gy — Mg, £((a,c,8)) = (a,¢, 8 * A( )), define a *-
homotopy equivalence. (Here * denotes the usual composition of paths and

—_

A(c) is the inverse path of A(c) in B ). Similarly, from ¢ LJ ¢’ it follows
Mg 4 L Mgryry and we conclude that Mg S Mgy
By Prop. 4.7, for ¢ a x-weak coﬁbratlon we have M4 4 S A(B;¢,1)

and for ¢’ a *-weak cofibration, M4 4 L A(B; ¢',¢"). By these x-homotopy
equivalences we obtain that A(B;®,) and A(B;¢’,v') have the same -
homotopy type. O

Proposition 4.9. If ¢ : A — B is a x-weak cofibration and n: A’ — B
is a x-homomorphism, then m : A(B;¢,n) — A', m((a,d’)) = d, is a
x-weak cofibration.

Proof. We shall denote by C := A(B;¢,n) = {(a,d’) € A® A /p(a) =
n(a’)} the pull-back and 71, 75 the projections, i.e., m1((a,a’)) = a, m2((a,a’))
=ad.

By Th. 3.3, it is enough to prove that ms has x-WHEP.

Let D be a C*-algebra and v : D — C, ® — A’ be such that pyo ® =
mg 0 1. It follows that pg o (nl o ®) = ¢ o (7w o ¥).

The #-weak cofibration ¢ has *-WHEP, thus there exists I' : D — Al
such that /o’ =nlo¢ and pgol’ L w1 01, by a x-homotopy A : D — Al
satisfying pgo A = pgoT’, pyoA = w09 and ¢po(pioA) = ¢po(m o), Vt € I.
Asx-homotopy ¥ : D — C1I is well defined by ¥(d)(t) = (I'(d)(t), ®(d)(t)),
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since ¢(I'(d)(t)) = (¢ o I'(d))(t) = (oI o T)(d)(t) = (nl o ®)(d)(t) = (no
®(d))(t) = n(®(d))(t). Thus the condition el o ¥ = & is fulfilled.

We define a #-homotopy A’ : D — CI, by A(d)(t) = (A(d)(¢), (m2 0
¥)(d)). If ¢(d) = (a,a’), then ¢(A(d)(t)) = (¢oproA)(d) = (pomov)(d) =
¢(a) and (n o (w2 0 9))(d) = n(a’) = ¢(a). Thus A'(d)(t) € C = A(B;¢,7
and A’ is well defined. Then we have (pgoA’)(d) = ((pooA)(d), (m201))(d)) =
((po 0 T)(d), (po o )(d)) = (po © ¥)(d) and (p1 © A')(d) = ((p1 A)( ), (20

P)(d)) = ((m109)(d), (ma01)(d)) = ¥(d). Thus we have A’ : pgo ¥ A 1, and
the *-homotopy A’ is over A’, since my 0 (pr o A') = m 09, Vt € I. We can
conclude that m has *-WHEP and therefore it is a *-weak cofibration. [

Proposition 4.10. If ¢ : A — B is a *x-weak cofibration, then ¢I :
Al — BI is also a x-weak cofibration.

Proof. Let ¢’ : A’ — B be a *-cofibration *-homotopically equivalent
with ¢ over B. Denote by n: A — A’ and £ : A’ — A two *-homomorphisms
over B establishing a x-homotopy equivalence over B. Consider the *-
homomorphism ¢’ : A'T — BI, which by [7], Cor. 3.6, is a %-cofibration.
We can prove that this is x-homotopically equivalent with ¢I over BI.
The *-homomorphisms which establish this equivalence are nI : Al — A'T
and &I : A'I — AI. These are *-homomorphisms over BI: if a € Al,
(@' Tonl)(a)=¢'I(noa)=¢ onoa=d¢oa=¢l(a), ie., ¢Ionl = ¢I,
and analogously, ¢I o £ = ¢'I. Moreover, £ onl = (£ on)I. Then, by
hypothesis, there exists a *-homotopy A : A — AI satisfying the conditions:

(i) pooA=¢Eomn.

(ii) p1 o A = idy.

(iii) popro A = ¢, Vt € 1.

Consider AT : AT — (AII and A : AT — (AII defined by A(a)(t)(7) =
Al (a)(T)(t),Vao € AIVt, T € I. These are *-homomorphisms. For o € Al
and t € I, we have (p; o A) () = p; o Ao a. It follows:

(i) (pooA)(a) = ppoAoar = §onoar = ((§on)I)(a), i.e., ppo A = ETonl.

(i)’ (proA)(a) =proAoa=idgoa=a,ie., poA =idar.

(iii) (¢l o pro A)(a) = pl(proAoa) =dopoAoa=doa=¢l(x),
ie., ngIoptoK = ¢l.

Therefore we have proved that Ais x-homotopy over BI between £ onl
and ida7. Analogously, using a *-homotopy over B between no & and id 4,
we obtain a x-homotopy over BI between nl o {1 and id 4/;. (]
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5. A Dold type theorem via x-WHEP. This section is devoted
to prove a Dold type theorem for #-homomorphisms. At first we give two
lemmas necessary for the proof.

Lemma 5.1. If ¢ : A — B is a *x-weak cofibration andn : A — A is

a x-homomorphism over B such thatn S ida, then n admits a *-homotopy
right inverse over B.

Proof. If & : A — Al is a x-homotopy such that pg o ® = n and
p1o® =ida, then we define a semistationary *-homotopy @' : A — AI, by
P'(a)(t) = ®(a)(maz(2t — 1,0),Va € A,Vt € I. Then ®'(a)(t) = n(a) for
any ¢ € [0, 3] and p1 o ' = ida.

The *-homomorphism ®” = ¢I o &' : A — BI is a *-homoptopy for an

equivalence ¢ L ¢. For any t € [0, 3] and Va € A, we have (p, o ®")(a) =

(@I o) (a)(t) = (¢0P'(a))(t) = p(n(a)) = ¢(a) = (¢oida)(a). By Th.3.3,
there exists W : A — AI with the properties pgo ¥ = id4 and ¢l o ¥ = @”.

¢

A B
‘\Yﬁ,
Po D po
P
R
ATl Py, BI

Then & = p; o ¥ is a x-homomorphism over B, since ¢ o & = ¢(p1 o V) =
pro(ploW)=pod” =0
The *-homotopy I' : A — Al, given by

[ n(¥(a)(1—27)), fO<T
(a)(r) = { Z,@(zf —1), ifi<r

IA A
= ol

is well defined since for 7 = % we have no (pgo W) =n=pyo V.

Moreover, I' : po & L id 4. But this x-homotopy is not over B. Then we
consider A : A — (BI)I, defined by:

$(T(a)(1 —27(1 —1))), !
M@0 ={ S50 - o),

H
= O
INIA
IAIA
e

—
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For 7 = 3 we have g(U(a)(t) = (6] o W)(a)(t) = &"(a)(t) = (o o
@) (a)(t) = ¢(P'(a)(t)). Thus, A is well defined. It follows by computation
that A(a)(0)(7) = ¢(I'(a)(7)) and A(a)(t)(0) = ¢(a). Then the x-homotopy
AN A — (BI)I, N(a)(t) = Ala)(max(2t — 1),0)) satisfies pyo A’ = ¢poT
for any t € [0, %] Now we use the result of Prop. 4.10 from which ¢I is a
x-weak cofibration. Then by Th. 3.4 there exists ¥ : A — (AI)I such that
poo¥ =T and (¢I)l o ¥ = A'.

I
Al ¢ BI
\
PO A PO
P
(ANI @D (BI)I

) = pool = pyo(poo W) ~ pyo(proW) ~
p1 0 (p1 o W) S p1 o (po o \Il’) p1 ol =idy. All x-homotopies are over
B, since (¢ 0 po o (pr o ¥'))(a) = o((¥(a)()(0) = A(a)(t)(0) = ¢(a),
(¢ 0 pro(pro¥))(a) = N(a)(1)(1) = Aa)(1)(r) = ©"(a)(1) = ¢((p1 0
®')(a)) = ¢(ida(a)) = ¢(a) and (¢ o p1 o (pr 0 ¥'))(a) = A'(a)(t)(1) =
A(a)(maz(2t —1,0))(1) = ¢(2'(a)(1)) = ¢(a).

Thus we have obtained the *-homotopy equivalence over B, no¢& 3 Bid A,
which means that £ is a x-homotopy right inverse of n over B. (]

Then: no& =no(ppoVW

Lemma 5.2. If ¢ : A — B and ¢’ : A’ — B are x-weak cofibrations,
n:A— A is a x-homomorphism over B and n admits a *-homotopy right
iverse, then n admits a x-homotopy right inverse over B.

Proof. Let £ be a *-homotopy right inverse for . We have ¢/ on = ¢
and po& = (¢/ om)o& L ¢'. By Prop. 4.2 there exists & : A’ — A, a
x-homomorphism over B such that &’ L . The *-homomorphism 6 = no ¢’
is over B an 0 2 ida. By Lemma 5.1, § admits a *-homotopy right inverse

0" over B. Then &' 06’ is a x-homomorphism over B and no (5’09’)£BidA.D
We conclude with the following Dold type theorem, [3].

Theorem 5.3. Let a commutative diagram of C*-algebras and x-homo-
morphisms be given:
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A

n A/
N
B

If ¢ and ¢' are x-weak cofibrations and n is a simple x-homotopy equiv-
alence, then n is a x-homotopy equivalence over B.

Proof. The x-homomorphism 7 is over B and admits a *-homotopy
right inverse. By Prop. 5.2, n admits a x-homotopy right inverse n’ over B.
In fact 7" is a x-homotopy equivalence since 7 is a x-homotopy equivalence.
Now by the same argument, 7’ admits a *-homotopy right inverse n” over
B. Thus, ' both admits a *-homotopy right inverse n” over B and a *-
homotopy left inverse n over B. Hence 7’ is a x-homotopy equivalence over
B and so 7 itself is a *-homotopy equivalence over B. ]

Remark 5.4. A categorical approach of weak cofibrations and Dold
type theorems was given in [5].
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