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Mathematics Subject Classification 2000: 46185, 55P05.

Key words: C*-algebra, x-homomorphism, homotopy for *-homomorphisms, weak
fibration, WHLP, semistationary homotopy, weak fibration of C*-algebras, fibration of
C™-algebras, homotopy equivalence under, shrinkable *-homomorphism, Dold’s type the-
orem.

1. Introduction. The notion of weak fibration for topological spaces
was introduced by DoLD [3] and WEINZWEIG [6] in connection with the
study of so called ’spaces over’. A continuous map p : £ — B is called
a space over B. If p: E — B, p/ : E/ — B are spaces over B then a
continuous map f : E — E’ is called a map over B if p' o f = p. The
spaces over B and the maps over B under ordinary composition form a
category Cg. A homotopy © : E x I — E’ is called a homotopy overB or a
vertical homotopy if O, : E — E’, ©.(e) = O(e,t) is a map over B for every
t €I =1[0,1]. Two maps fo, f1 : E — E' are vertical homotopic, fo ~p fi,
if there exists a vertical homotopy © with ©¢ = fy, ©1 = f1. By identifying
equivalent maps, one gets a new category Cp whose objects are those of
Cp and whose morphisms are vertical homotopy classes of maps over B. A
map f : E — E' over B whose class in Cp is an equivalence (i.e., has left
and right inverses) is called a fibre homotopy equivalence. A weak fibration
p : E — B satisfies a weak form of the homotopy lifting (covering) property
(WHLP or WCHP). This property can be formulated in two equivalent
ways (see [4], Ch. 6, and [2], Ch. II). Either way a space X, a map
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g: X — E and a homotopy G : X x I — B with (po g)(z) = G(x,0) are
given. In the first formulation the property is that there exists a homotopy
G : X xI — E with poG = G and such that Gy : X — E, Go(z) = G(z,0),
is vertically homotopic to g, Gy ~p g¢g. In the second formulation one
requires that G is semistationary(in the sense that G(z,.) is stationary on
[0, %] for each point z € X) and then the property is that there exists a
homotopy H : X x I — E with po H = G and H(x,0) = g(x). One
can also prove that a map p: F — B is a weak fibration if and only if it is
vertically homotopic with a (Hurewicz) fibration p’ : E' — B, p ~p p’. This
fact shows that WCHP is essentially a local property, just like the covering
homotopy property (CHP). The main application of weak fibrations is the
following Dold’s theorem: Let p : E — B, p’ : E' — B be spaces over B
which have WCHP. Then a map f : E — E’ over B is a fibre homotopy
equivalence if and only if it is an ordinary homotopy equivalence ([3], Th.
6. 1).

The subject of the present paper is a translation of the notion of weak
fibration together with some properties of this and also a Dold’s type the-
orem in the language of so called noncommutative homotopy theory , i.e.,
in the language of the homotopy theory of C*- algebras. Naturally the
objects which appear here are C*-algebras under, i.e., *-homomorphisms
(p: A— B, ¢ : A— B') and x-homomorphisms under (6 : B — B’ with
Bod=d).

In the definition which we propose for the notion of weak fibration of
C*-algebras we illustrate the three characterizations from the topological
case: 1) WHLP (Definition 3.1), 2) HLP for semistationary homotopies
(Theorem 3.3 and Proposition 3.4 ), 3) The vertical homotopy equivalence
with a fibration (Definition 4.6 and Proposition 4.7).

A lot of examples prove the consistency of our definition.

Other properties refer to a weak fibration by a push-out diagram (Propo-
sition 4.4) and to a weak fibration by a domination (Proposition 5.1 and
Corollary 5.3).

Finally, some properties (Propositions 5.4, 5.5 and Lemma 5.6) prepare
the proof of our Dold type results (Theorem 5.7 and Corollary 5.8).

2. The notion of homotopy for *-homomorphisms. By a x-
homomorphism we shall mean a homomorphism of C*-algebras. We recall
from [1] the definition of the homotopy relation between x-homomorphisms.
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Given a C*-algebra A and a (locally) compact space Y, denote by AY
the C*-algebra of (vanishing at infinity) continuous functions on Y into
A. TY =1 :=10,1] then, for every t € I, denote by p; : AI — A the
s-homomorphism defined by pi(a) = a(t),Vao € AI. If ¢ : A — Bis a
x-homomorphism, then ¢ induces a *-homomorphism ¢I : AI — BI given
by ¢I(a) = ¢poa,Va € Al

Definition 2.1. (i) The x-homomorphisms 1,6 : A — B are homotopic
if there exists a x-homomorphism ® : A — BI satisfying po o ® = n and
p1o® = 0. We shall use the notation n L9 and ® will be called a *-
homotopy.

(ii) Two *-homomorphisms n : A — B and 0 : B — A establish a

homotopy equivalence if no 6 S idp and @ on L ida.

Definition 2.2. (i) Let ¢ : A — B and ¢/ : A — B’ be some x-
homomorphisms. A *x-homomorphism 1 : B — B’ such that no ¢ = ¢’ is
called under A.

(ii) Let n,0 : B — B’ be some x-homomorphisms under A. The -
homomorphismsn and 6 are homotopic under A if there exists a x-homotopy
®: B — B'I satisfying poo ® =n,p10® =6 and (pro®) o = ¢Vt € I.

Definition 2.3. A x-homomorphism ¢ : A — B is called shrinkable if
one of the following equivalent properties holds:

(i) ¢ is a fibre homotopy equivalence;

(ii) ¢ dominates id ;

(iii) there exists a *-homomorphism v : B — A such that 1) o ¢ = ida
and ¢ o S idg under A.

3. Weak fibrations.

Definition 3.1. A x-homomorphism ¢ : A — B is a weak fibration if it
has a weak lifting homotopy property x- (WHLP) in the following sense: for
any x-homomorphism 0 : B — D and any *-homotopy x : A — DI, with
poox = 0o @, there exists a x-homotopy ¥V : B — DI, with the properties

poo\IlilzeunderA, and ¥o ¢ = y.

Remark 3.2. This property is schematically illustrated by the following
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diagram
A—" B
X v 4
h
DI D

£0

Theorem 3.3. Let ¢ : A — B be a x-homomorphism and 0 < & < 1.
The following statements are equivalent:

(i) ¢ is a weak fibration

(ii) for an arbitrary C*-algebra D, an arbitrary x-homomorphism 6 :
B — D and a "semistationary” x-homotopy x : A — DI, satisfying prox =
Oop,Vt € [0,¢], there exists a x-homotopy ¥ : B — DI, such that pgoW¥ = 6
and Vo ¢ =y.

Proof. For (i)= (ii), let ¢ : A — B be a weak fibration. Let 6 : B — D
and x : A — DI be some *-homomorphisms such that p; o x = 0o ¢,Vt €
[0, ¢].

We can define a x-homotopy x’ : A — DI by x/(a)(t) = x(a)((1—¢)t+e).
Then pgo X' = p: o x = 6 o ¢ and, by Def. 3.1, there exists a *-homotopy
I': B — DI such that pool“iﬁ under A and I'o ¢ = ).

Let A : B — DI be a *-homotopy under A, satisfying ppo A = pgo T,
proA=0and ppoAop=0o0¢,Vt el

A—" B

X' ) . 0

DI————>D
Denote J = [0,¢] and J' = [e,1]. For the *-homomorphism ¥’ : B —
DJ, defined by W'(b)(t) = A(b)(5*), we have ¥'(b)(e) = A(b)(0) = T'(b)(0)
and W'(b)(0) = A(b)(1) = 0(b),Vb € B. Moreover, (p;o¥')op = pet toMNop =

poox =psox=piox,Vtel0e].
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Let ¥/ : B — DJ' be the *-homomorphism defined by ¥”(b)(t) =
['(b)({=%). We obtain the relations ¥”(b)(e) = I'(b)(0),Vb € B and (p; o
\IJ”)ogb:p;_Ti oI‘qu:p;;_i ox = prox,Vt € [e1].

There exists a *-homomorphism ¥ : B — DI well defined by ¥(b)/J =
U'(b) and W(b)/J = W"(b), Vb € B, since p. o ¥ = p. o ¥’ It follows
immediately that pgo ¥ =0 and ¥ o ¢ = x.

For (ii)= (i) it is sufficient to consider e = 3. If § : B — D and
X : A — DI are x-homomorphisms such that pg o x = 6 o ¢, then we can
define ' : A — DI by x/(a)(t) = x(a)(maz(2t — 1,0)). For any t € [0, 1],
we have 2t —1 < 0 and p;o X’ = pgo x = o . We can apply (ii) for § and

/

X -

¢

_

A3
1
ol

A

DIT)D

>

Thus there exists ¥/ : B — DI, a x-homotopy, with the properties
pooW =0 and ¥ o¢p=y'. Let ¥: B — DI be the *-homotopy defined by
(B)(t) = W(b)(15L). Then Wo = x, since (Voi)(a)(t) = ¥'(é(a))(141) =
Y (a)(H) = x(a)(maz(t,0)) = x(a)(t),Va € AVt € I. It remains to
see that pg o ¥ " 9 under A. For this purpose, consider the #-homotopy
A : B — DI defined by A(b)(t) = ¥'(b)(15). It follows, by a simple
computation, that pgo A = p1 o ¥ = pgo W and pjo A = pgo ¥ = 6.

2
Moreover, (proA)op =pii oW op=pitox =pyox==00¢. Thus A
2 2

is a *-homotopy for pg o ¥ 2 9 under A and the proof is complete. O

Proposition 3.4. Let ¢ : A — B be a x-homomorphism and 0 < e < 1.
Denote J = [0,e] and let & : DI — DJ be the x-homomorphism defined by
&(a) = a/J. Then the following statements are equivalent:

(i) ¢ is a weak fibration

(ii) for any C*-algebra D and %-homomorphisms ¢ : B — DJ and
X : A — DI, satisfying £ox = (o @, there exists a *x-homotopy ¥ : B — DI
with the properties ¥ o ¢ = x and pgo ¥ = pgo (.

Proof. (i)= (ii).
Suppose that the following commutative diagram is given
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A2 .pB

Y| l¢

DIT>DJ

Define ' : A — (DJ)I, by ¥/ (a)(t)(7) = x(a)1 - (1 —-t) (1 — 7
AVt € I,Y71 € J. For this we have (pgox’)(a)(7) = x'(a)(0)(7) = x(

(Eox)(a)(T) = (Cod)(a)(T),Va € A VT € J. Thus poox = (o¢. By the
definition of a weak fibration, there exists a *-homotopy I' : B — (DJ)I

such that pooFr’iC under A and I'o ¢ = ).

A ¢ B
X T ¢
13
(DJ)I DJ

)

Consider a *-homotopy, A : B — (DJ)I, satisfying pgo A = (, pyo A =
pooT and pyohod=Coop.
Let ¥ : B — DI be the x-homotopy defined by:

AB(D(M,  o<i<e,

Yo = { FO)(i=)(e), ife<t<l.

For t = ¢, the expressions are equal since pjoA = pgol’. Therefore V¥ is a well
defined *- homomorphism. We have ¥(b)(0) = A(b)(0)(0) = ¢(b)(0),Vb €
B. Thus pgo ¥ = pg o (. It remains to prove that W o ¢ = y. If t € [0,¢],
then W(¢(a))(t) = (pr o (Ao ¢))(a)(t) = (Cod)(a)(t) = (§ox)(a)(t) =
x(a)(t) = x(a)(t). If t € [e,1], then ¥(g(a))(t) = (T 0 ¢)(a)(1=5)(e) =
X (a)(£=£)(e) = x(a)(t). Thus indeed we have ¥ o ¢ = y.
For (11) (i), let D be an arbitrary C*- algebra and let y : A — DI,
f : B — D be % homomorphisms such that p; o x = 6 o ¢, for any t €
[0,e]. We define ( : B — D.J by ¢(b)(t) = 6(b),Vb € B,Vt € J. Then
(Cod)(a)(t) =0(¢(a)) = x(a)(t),Vt € [0,e]. We apply Theorem 3.3. Then
there exists a x-homomorphism V¥ : B — DI satisfying pgo W =6 = pgo (
and Vo ¢ = y. ]
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4. Examples

Example 4.1. The % homomorphism ¢ : A — A & B, defined by
#(a) = (a,0), is a weak fibration.

If D is an arbitray C* -algebra and § : A@ B — D, x : A — DI are
x-homomorphisms such that pgox = o ¢, then we define ¥V : A® B — DI,
by ¥((a,b)) = x(a). It follows immediately that ¥ o ¢ = .

A Ae B

X v 0
3

DI D

PO
Let ® : A® B — DI be the *-homotopy defined by ®(a, b)(t) = 0(a,tb). We
have: (poo®)((a,b)) = 0((a,0)) = (fo¢)(a) = (poox)(a) = ¥((a,b))(0) and
(pro®)((a,b)) =06((a,b)),Y(a,b) € A® B. Thus, ¢ : pgo ¥ L. Moreover,
this homotopy is under A

A

N\

Ao B D

pto®

since ((pr o @) 0 ¢)(a) = ®((a,0))(t) = 0((a,0)) = (6 0 ¢)(a).

Example 4.2. Let ¢ : A — AI be the x-homomorphism defined by
¢(a) = ag, with « the constant path g : I — A, a,(t) = a,Vt € I.

Then ¢ is a weak fibration.

Consider an arbitrary C*-algebra and two *-homomorphisms 6 : AI —
D and x : A — DI satisfying pg o x = 0 o ¢.

Let W : AI — DI be the x-homotopy defined by ¥(a) = x(«(0)). Then
(¥ og)(a) =¥(ag) = x(aq(0)) = x(a),Va € A, therefore ¥ o ¢ = x.

A—2ear

i

DI?D
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We define ® : AI — DI by ®(a)(t) = 0(5;), where 3; € AI is given by
Bi(1) = a(tT),V1 € I. We have (pg o ®)(a) = 0(5y) = 0(ay) = (0 0 @)(a) =
(500 (@) = x(@)(0) = x(a(0))(0) = ¥(a)(0),Yar € AT, since fo(r) =
a(0) =a = aq(7),V7 € I. Thus pgo® = pgo V. It’s obvious that pjo® = 6.
Moreover, ((py 0 ) o 6)(a) = B(a)(t) = 0(8) = B(a) = (0 0 B)(a), since
Bi(T) = aq(t1) = a = au(7), V7 € 1. Tt follows that ® is a homotopy under
A.

Remark 4.3. Example 4.2 is inspired by the trivial fibration p : BxI —
B, using the isomorphism C'(B x I) ~ C(B)I.

Proposition 4.4. In a push-out diagram,

¢

A B
C—— B*AC
¢

if ¢+ A — B is a weak fibration and n : A — C is an arbitrary x-
homomorphism, then ¢ is a weak fibration.

Proof. We verify condition (ii) from Th.3.3.

Let D be an arbitrary C*-algebra and 0 < e < 1. Let 8 : Bx4 C — D
and y : C — DI be x-homomorphisms satisfying the condition p;ox = o,
for any ¢t € [0,¢]. Then we have g; 0 (yon) = (fod)on =00 (pon) =
0o(Mod)=(0cm) oo

Since ¢ is a weak fibration, by Th.3.3, there exists a x-homotopy, I :
B — DI, such that To¢p = xyonand pgoI' =0 o7.

A2

B
xon| T J{Gon
ya

DITD

We have ' o ¢ = x omn, thus I' and x give us a push-out coherent
pair of x-homomorphisms. Then there exists a unique *-homomorphism
U : Bxyg C — DI satisfying Wogp =y and Vo =T.
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A C
¢ ¢
B——=Bxs C \}
Ny
T
DI

Now we have to prove that pgo V¥ = . By the push-out property, pgo ¥
is the unique *-homomorphism with the properties (ppo ¥) o7 = pgoI and

(pooW)op=pgoyx. But we know that §o ¢ = pgox and o7 = pgol.
Therefore pg o ¥ = § and this ends the proof. (]

Remark 4.5. The existence of push-out diagrams in the category of
C*-algebras is proved in [5], p. 247.

Definition 4.6. A x-homomorphism ¢ : A — B is a fibration if for
any C*-algebra D and two x-homomorphisms 0 : B — D, x : A — DI,
satisfying pg o x = 0 o @, there exists a *-homomorphism ¥ : B — DI with
the following properties:W o ¢ = x and pgo ¥ = 6.

A—-B

J/ v
X .
L

DIT>D

0

0

Proposition 4.7. Let a commutative diagram of x-homomorphisms be
glven.

If ¢ is a fibration and the x-homomorphisms n and & establish a homo-
topy equivalence under A, then ¢ is a weak fibration.

Proof. Let D be a C*-algebra. Let 6 : B — D and x : A — DI be
x-homomorphisms such that pg oy = 6 o ¢. By the commutativity of the
given diagram, we have £ 0 ¢/ = ¢. Then (o) o ¢ = pgo x.
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A2

1
L

DIP40>D

Since ¢’ is a fibration, there exists a *-homotopy I' : B’ — DI satisfying
IFog¢  =xand pgol’ =0o& We define V: B — DI, by ¥ =T o07n. Then
Vop=Tonop=To(nog)=Io¢ =xandpoW¥ = (pol)on=
(Bo&)on="00(Eon) L 0oids =06 under A. 0

Corollary 4.8. Let ¢ : A — B be a x-homomorphism and let ¢/ : A —
B’ be a *x-isomorphism. If n: B’ — B is a *-homotopy equivalence under
A, then ¢ is a weak fibration.

Example 4.9. Let A be a C*-algebra and X a contractible topological
space.

Let ¢ : A — AX be the s-homomorphism defined by ¢(a) = f,, with
fa : X — A the constant map f,(x) = a,Vx € X. Then ¢ is a weak
fibration.

We prove that A and AX have the same #-homotopy type. Let xg
be a fixed point in X. By the property of being a contractible space, the
constant map 0 : X — X, 6(z) = x¢ and idx are homotopic, i.e., there exists
H : X xI — X such that H(z,0) = z9 and H(z,1) = . We define ® :
AX — A by ¥(f) = f(xg). We prove that ¢ and 1) establish a *-homotopy
equivalence. First, (¢ o ¢)(a) = ¥(f,) = fa(xo) = a = ida(a),Va € A.
On the other hand, ¢ o % L idax, by the s-homotopy ® : AX — (AX)I,
defined by ®(f)(t) = g¢, where g, : X — A is given by g;(z) = f(H(z,t)).
Moreover, this homotopy is under A.

X

AX

A

Indeed, we have ((pro®)o¢)(a) = ®(¢p(a))(t) = gt = fo = ¢(a),Va € A,
since g¢(x) = fo(H(x,t)) = a = fu(x),Vx € X.

Thus, there exists a fibration , id4 : A — A, and ¢, ¥ are x-homotopy
equivalences under A. Then by Prop. 4.7, ¢ is a weak fibration.
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Remark 4.10. This *-homomorphism ¢ : A — AX is a *-homotopy
equivalence under A, hence ¢ is shrinkable.

Remark 4.11. If § : A — B is a *-homorphism and n: B — AX,¢ :
AX — B establish a *-homotopy equivalence under A, then 8 = £o0 ¢ is a
fibre x-homotopy equivalence, therefore ¢ is shrinkable.

A
/@sl id A
B : AX p A

Moreover, 6 is a weak fibration, we’ll prove this in Corollary 5.3.

5. Properties
Proposition 5.1. Let

be a commutative diagram of x-homomorphisms.

If ¢’ is a weak fibration and n admits a x-homotopy right inverse under
A, then ¢ is a weak fibration.

Proof. Let 1 : B' — B be a x- homotopy right inverse of n under A.
Thus, non’ L idp by a #-homotopy I' : B — BI, with pgol’ = non/, pjol’ =
idg and (pyoT) o ¢ = ¢.

Let D be an arbitrary C*-algebra. Let x : A — DI and § : B — D
be *-homomorphisms such that pg o x = 6 o ¢. By the commutativity of
the diagram mentioned in the statement, we have o ¢ = ¢, therefore
(Bon)od =0o(nogd’)=00¢ = pyox. Since ¢ is a weak fibration, there
exists a *-homotopy ¥’ : B’ — DI, with the properties ¥’ o ¢/ = x and
po o W’ r}ieon under A.

A—-B

X I

DITD
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Let ® : B’ — DI be such a *-homotopy, i.e., pgo® = pgoW’, pjo® = Hon
and (0 )0 ¢/ =00 (570 ¢/) = 00 6.

We can define ¥ : B — DI, by ¥ = ¥ op/. It follows, by a simple
computation, that Wo ¢ = (¥ on)ogp = ¥ o (g og) = ¥og¢ = yx.
Moreover, pgo W = (pgo ¥')on/ 9 (@ on)on under A, by the x-homotopy
Pon/, and Ho(non') 2 9 under A, by the x-homotopy #IoI'. Thus pgo¥ Ly
under A. O

Remark 5.2. As we saw in Prop.4.7, fibrations are not invariant un-
der *-fibre homotopy equivalence. Corollary 5.3 from below shows that
the notion of weak fibration is adequate in questions dealing with x-fibre
homotopy equivalence.

Corollary 5.3. Let a commutative diagram of x-homomorphisms be
gilven:

N

B n

Bl

If ¢ is a weak fibration and n is a homotopy equivalence under A, then
¢’ is a weak fibration.

Proposition 5.4. Let a x-homotopy commutative diagram be given:

VN

n

B’ B
If ¢’ is a weak fibration, then there exists a x-homomorphism ¢ : B — B
under A, such that n L C.

Proof. Let ® : A — BI be a x-homotopy satisfying pg o ® = 7o ¢’
and p; o ® = ¢. Since ¢’ is a weak fibration, there exists a *-homotopy

VU : B’ — BI, such that \Ilo¢’:<I>andpoo\I/£n.
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(z)/

A B
v
o n
3
Bl ———B

We consider ¢ = p; o W. Then ¢ S poo VU 9 n. We have ( o ¢/ =
p1o(Pog¢)=p;od =g, thus ( is also a *-homomorphism under 4. O

Proposition 5.5. Let ¢ : A — B be a weak fibration. If ¢ admits a left
mverse up to a x-homotopy, then ¢ admits a left inverse.

Proof. This statement is a special case of Proposition 5.4. Let ¢ be a

x-homotopy left inverse of ¢. Then 1) o ¢ L id 4. It follows that there exists
Y’ : B — A a *-homomorphism under A. Therefore 1’ o ¢ = id 4. U

Lemma 5.6. Let ¢ : A — B be a weak fibration. Ifn : B — B is
a x-homomorphism under A and n S idp, then there exists € : B — B a

x-homomorphism under A, such that £ on L idp under A.

Proof. Let ® : B — BI be a corresponding *-homotopy, satisfying
poo® =nand p;od® =idpg.

We can consider that ® is semistationary, otherwise we define ® : B —
BI, by:

It follows immediately that ® o ¢ : A — BI is a semistationary *-
homotopy, which satisfies the relations pgo (®' o) = no¢p = ¢ and p;o(P’o
@) =idg o ¢ = ¢. Since p;o (P 0 ¢@) = idg o ¢, for any ¢ € [0,%] an ¢ is a
weak fibration, there exists a x-homotopy ¥ : B — BI, with the properties
Vop=>®o¢and pgoV¥ = idpg.

¢

HB

A B
e

d’o
BI T B
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Let &€ = p1o¥. We have £o¢p = p1o(Vogp) = p1o(P'o¢p) = ¢. Therefore &
is a *-homomorphism under A. Let I' : B — BI be the x-homotopy defined

by:
[ ¥(n(d)(1—2¢t), if0
T)®) _{ <1>(n)( o —1), ifl
Then T' is well defined, since ¥(7(b))(0) = n(b) and ®'(b)(0) = n(b).
Moreover, (pg o I')(b) = W(n())(1) = ((pr o ¥) o n)(b) = (£ o n)(b) and
(p1 o T)(b) = ®'(b)(1) = ®(b)(1) = b,¥b € B. But this *-homotopy I :
Eon 2 idp is not under A.
Let A : A — (BI)I be the x-homotopy defined by:

en

[ @(p(a)(1 —27(1 — 1)), fo<r<lter
Aa)(t)(r) = { O(p(a))(1—2(1—7)(1—1), ifL<r< i,t cl.

It follows, by a simple computation, that for 7 = % the expressions are
equal. Thus A is well defined. Moreover, A has the following properties:

(i) A(a)(0)(7) = ( (a))(7),V7 € I,Va € A, ie., ppoA=To¢;

(i) A(a)(£)(0) = ®'(¢(a))(1) = ¢(a),Vt € I,Va € A, Le., poo(prol) = ¢;

(iii) A(a)(1)(7) = ®'(¢(a))(1) = ¢(a),VT € [,Va € A, i.e., pro(pioA) =
;

(iv) Aa)(t)(1) = ®'(¢(a))(1) = ¢(a),Vt € [,Va € A, ie., pro(pioA) =

Since pgo A =T o¢ and ¢ is a weak fibration, there exists a *-homotopy
A': B — (BI)I such that A’ o ¢ = A and pyo A’ 2 T under A.

A ¢ B
A A , N
(BD)T BI

P
Let x : B — (BI)I be a x-homotopy satisfying ppo x = pgo A ,piox =T
and pjoxo¢=1T00. Thengon:poof‘r}ipoo(poo/\’) fgpoo(plo/\’) L
p1o(p1od’) L pro(pooAN)=piol =idg. The first x*-homotopy of this
sequence is under A, since pgo (prox)odp =poo (l'od)=pioPogp=¢.
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By the properties (ii)-(iv) and the relation A’ o ¢ = A, we obtain that the
other *-homotopies are under A. The proof is complete. O

Theorem 5.7. Let a commutative diagram of x-homomorphisms be
gien:

A
X
n B

If ¢ and ¢’ are weak fibrations and 1 is an ordinary *- homotopy equiv-
alence, then n is a x-homotopy equivalence under A.

B

Proof. Let 6 : B’ — B be a *-homotopy inverse of 7, as an ordinary
s-homomorphism. Then fo¢’ = fo(nog) S ¢. Hence 6 S (,for(: B"— B
a *-homomorphism under A. Since ( on Loo n L idp and (on is a *-
homomorphism under A, there exists, by Lemma 5.6, a x-homomorphism
¢ : B — B under A, such that £ o ((on) S idp under A. Thus n admits a
x-homotopy right inverse 1’ := £ o ( under A.

Now 7/’ is a x-homotopy equivalence, since 7 is a *-homotopy equivalence.
The same argument, applied to 7’ instead of 7, shows that 1’ admits a *-
homotopy right inverse 7" under A. Thus 7’ admits both a *-homotopy left
inverse 1 under A and a *-homotopy right inverse " under A. Hence 7/ is a

x-homotopy equivalence under A and so 7 itself is a x-homotopy equivalence
under A. O

Corollary 5.8. If 0 : A — B is a weak fibration, then ¢ is shrinkable
if and only if ¢ is an ordinary x-homotopy equivalence.
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