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Abstract. In the paper [5] written jointly with A. Gavrilut we have introduced
and studied a Gould type integral for a bounded real valued function with respect to a
submeasure of finite variation. In the present paper we define a Gould type integral in
a more general case for an unbounded function with respect to a submeasure which may
be not of finite variation. We point out several basic properties of this integral and we
give a characterization of the integrability in generalized sense.
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1. Introduction. In [7], GOULD has introduced and studied a special
type of integral for a real valued function with respect to a finite additive set
function taking values in a Banach space. In [8] and [9], PRECUPANU and
CROITORU have defined and studied a Gould type integral for a real valued
function with respect to a multimeasure with values in the family of all
nonvoid, compact, convex sets of a Banach space. Following ideas from [§],
GAVRILUT has studied in [3] and [4] a Gould type integral for a bounded,
real valued function with respect to a multisubmeasure of finite variation.
In [5] GAVRILUT and PETCU have investigated a Gould type integral for a
bounded, real valued function with respect to a real submeasure of finite
variation.

In this paper we introduce and study a Gould type integral in a more
general case for an arbitrary real function with respect to a submeasure
which may be not of finite variation.

In the following, we shall use the terminology from [8] and [9].
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Let T be an abstract, nonvoid set, A an algebra of subsets of T" and
f:T — R a function.

We denote by P the class of all finite partitions of T" by sets from A .

All over this paper we assume that m : A — R, is a submeasure in
Drewnowski’s sense [2].

Let us also consider the following set functions associated to m:

(1) m(A) = sup{>_m(A;)}, for every AC T,
i=1
where the supremum is extended over all finite partitions {4;};,_1 of A,

called the variation of m; and
(2) m(A) = inf{m(B); A C B,B € A}, for every A CT.

We note that m(A) = m(A), for every A € A and T is a finitely additive
set function on A.

Definition 1.1. We say that a property (P) holds m-almost everywhere
if the property (P) is valid on T\ A, with m(A4) = 0.

Definition 1.2. A submeasure m : A +— R is said to be:

i) o—subadditive if, for any sequence (Ay)nen+ of pairwise disjoint sets
in A (N* = N\{0}), such that |J;2, A, € A, we have m({J;"; 4,) <
2 net M(An);

ii) e—d— absolutely continuous with respect to a set function v : A — R,
if for every € > 0, there exists d(¢) > 0 such that for every A € A with
m(A) < 6, we have |v(A)| < e, denoted by m < v;

iii) absolutely continuous with respect to a set function v : A — R, if
for every A € A with v(A) = 0 we have m(A) = 0, denoted by m <z v.

Definition 1.3.

I) A set A€ Aissaid to be m—bounded if {m(B); B C A,B € A} is a
bounded set in R.

IT) The space (T, A,m) is said to be non-degenerate if for any m-unboun-
ded set A € A, there exists o > 0 such that every m—unbounded set B € A,
B C A, contains a m—bounded set C' € A, C' C B such that m(C) > a.

Remark 1.4. A set A € A is bounded if and only if m(A) < oo.
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Definition 1.5. I) A function f : T — R is said to be m-totally-
measurable on (T, A,m) if for every ¢ > 0 there exists a partition P. =
{Ai};—g7 of T such that:

i) m(Ap) < € and

ii) sup; sea, | f(t) — f(s)| = osc(f, A;) < e, for every i = 1,n.

IT) f is said to be m-totally-measurable on B € A if its restriction f|p
of f to B is m-totally measurable on (B, A, mp), where mp = m| 4, and

Ap={ANB;Ac A}.

2. Definition of the Gould g-m-integral. Without any special
assumptions, m : A +— R is a submeasure with total variation m, (T, .A,m)
is a non-degenerate space and f : T — R is a real valued function.

We define:

(3) M(f)={K € A, m(K) < o and f is bounded over K}
and
(4)  Mp(f)=M(f)NAp,VB € A, where Ap ={ANB;Ac A}

Since m is a finitely additive set function, using Remark 3.1 [9] for the
special case in which the multimeasure is real valued, we obtain:

Remark 2.1. If f: T — R is m-totally-measurable, then M (f) # 0.
Also, we give the following lemma concerning the m-totally-measurability

of f:

Lemma 2.2. If f:T — R is m-totally-measurable, then for every
e > 0 there exist N(¢) > 0 and Ay € A such that m(T\An) < € and

supey |F(H] < V.

Proof. Since f is m— totally measurable for every € > 0, there exists a
partition P = {A;};,_g; of T such that m(Ag) < € and sup; ¢ 4, [f(s) — f(?)|
< ¢, for every i = 1,n. Because f is bounded on each A;, for every i = 1,n,
f is bounded on Ay = |J;_; Ai. Then there exists N > 0 such that
supsea, [f(t)] < N and m(T\An) < ¢, as claimed. O

We now define the Gould m-integrability of a function in general case.

Definition 2.3. I) We say that f is generalized Gould m—integrable
(briefly, g-m-integrable) on T if the following conditions are satisfied:
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i) f is m-totally-measurable;
ii) there exists I € R such that for every € > 0 there exists K. € M(f)
such that for any K € M (f) with K D K., we have:

‘/ fdm—]’<5,
K

where [} fdm is the integral in the sense of Definition 2.3 [5].

The real number [ is called the generalized Gould integral of f (briefly,
g-m~integral). We denote it by fT fdm.

IT) f is said to be g — m-integrable on B € A if the restriction f|p of f
to B is g — m~integrable on (B, A, mp).

Remark 2.4. I) If f : T — R is g — m—integrable, then fT fdm is
uniquely determined.

II) If f : T — R is a bounded g — m—integrable function on 7" and
m(T) < oo, then [, fdm = [, fdm.

Thus we can use the same symbol fT fdm for the Gould integral in both
situations ”"bounded” or "unbounded”.

In the following we give a characterization of the g — m—integrability.

Theorem 2.5. A m-totally-measurable function f : T — R is g —
m—integrable on T if and only if for every € > 0 there exists K. € M(f)
such that for any K € M(f) with K N K. =0, we have:

'/ fdm‘ < e.
K
Proof. The if part.

From Definition 2.3. there exists I € R such that for every € > 0 there
exists K. € M(f) such that for any K € M(f) with K D K., we have:

(5) ‘/dem—l‘<;.

Let us consider K € M(f) with KN K, = (. Since f is g—m—integrable
we have

13
(6) ‘/KUK fdm—[‘ <3
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According to Theorem 2.12 [5] and using successively (6) and (5), we
obtain:

o] = |frs fn- o

‘ / fdml‘+‘/fdml‘<;+;:a
K.

KUK.

IN

The only if part.
By hypothesis for ¢ > 0 there exists K. € M(f) such that for any
K € M(f) with K N K. = (), we have:

(7) ’/K fdm' <e.

For every K € M(f) we consider the net {([, fdm)xca, A € M(f)},
directed by inclusion relation. Let us take K = K.. We shall prove that the
g — m—integral is the limit of the net {( [, fdm)x.ca, A € M(f)}.

With this end in mind we show that the net ([, fdm) is Cauchy in R.

Indeed, using Theorem 2.12 [5] and from (7), for every Ay, A2 € M(f)
with K. C Ay, K. C As we get that

fdm+/ fdm—/ fdm — fdm
K. A\ K - A2\ K

fdm‘

/ fdm —
KcU(A1\Ke) K U(A2\K:)

= / fdm — fdm| < / fdm| + / fdm|
AI\KE AQ\KE Al\Ks AQ\KE
< = + Z= €
2 2 7

that is ([ fdm) is a Cauchy net in R.
A

Thus, it converges to a real number I, which means, according to Defi-
nition 2.3, that f is g-m-integrable on T.
The proof is completed. O

Remark 2.6. According to Theorem 2.15 [5], we observe that f: T —
R is ¢ — m—integrable on T if and only if is g-m—integrable on 7.
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Theorem 2.7. If f = 0 m-almost everywhere, then f is g—m—integrable
on T and [ fdm = 0.

Proof. First, we shall prove that f is m-totally-measurable.

Indeed, since f = 0 m-almost everywhere there exists A C T such that
m(A) =0 and f(t) = 0 for t € T\ A. Using (2), from m(A) = 0 it results
that for every € > 0 there exists B. € A such that A C B, and m(B;) < e.

We consider the partition P. = {B., T\B:} of T

Since m(Bc) < € and osc(f, T\B:) = sup; ser\p. |f(t) — f(s)] =0 <&,
we get that f is m-totally-measurable.

From Remark 2.1 we see that M(f) # (. Let Ko € M(f) fixed and
K € M(f) arbitrary with K D K.

Since K € M(f) we have m(K) < oo and f is bounded on K.

According to Theorem 2.6 [5] we obtain [ fdm = 0.

K

Consequently, for every £ > 0 there is Ky € M(f) such that for every
K € M(f) with K 2 Ko | [ fdm —0] = [0—0] = 0 < ¢, that is f is
g — m—integrable on T and [ fdm = 0.

3. Properties of the g-m-integral. In this section we point out some
basic properties of the g — m—integral concerning its behavior with respect
to the function. More precisely, homogeneity, additivity and monotonicity
properties of this type of integral are obtained.

Theorem 3.1. If f is a g — m—integrable function on T and o € R,
then of is g — m—integrable on T and [, afdm = o [, fdm.

Proof. The case o = 0 is trivial. Let o # 0.

We easily see that af is m-totally-measurable.

Now we prove ii) of Definition 2.3.

Let be M(af) ={K € A; m(K) < co and af is bounded over K} .

Because f is g-m-integrable on T for every € > 0 there exists K. € M(f)
such that for any K € M(f) with K D K. we have:

foon- o<
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Let K € M(af) such that K O K.. We observe that K € M(f). By
virtue of Theorem 2.7-i) [5] and from (8) we obtain:

’/K(ozf)dm—a/dem‘ a/dem—a/dem’
- <o -

which means that o f is g-m-integrable on T' and [, afdm = a [, fdm.

= e

Theorem 3.2. If f is g—m-integrable on T, then:
i) f is g—m-integrable on every set A € A;
ii) The set function I : A — R, defined by

(9) I(A) = /Afdm, for every A € A,

18 finite additive;
i) I <1 m.

Proof. i) We easily obtain that f is m-totally-measurable on A.
Using Theorem 2.5 we have that for every ¢ > 0 there exists K. € M(f)
such that for every K € M(f) with K N K, = {):

(10) ‘/K fdm' <e.

We consider K. = K. N A € Mu(f). For every K' € Mu(f) with
K NK. —(Z)wehave K'NnA)N K. = 0. Hence,

ot = fe7im] <=

11) Let A1, Ay € A with A1 N Ay = 0.

From i) it follows that f is g-m-integrable on A, Ay and A; U A,.

So, for every € > 0 there exists K; - Al,KE1 € My, (f) such that for
every K € My, (f) with K D K; we obtain

(11)

€
" fdm—/dem' < 3
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K. C Ay, K. € M, (f) such that for every K € My, (f) with K D K2 we

have
/ fdm—/fdm‘<€
Ao K 3

and K. C Ay U Ay, K. € Ma,ua,(f) such that for every K € Ma,ua,(f)

with K O K2 we have
/ fdm/ fdm' <<
AjUA K 3

Since A; N Ay = ) it implies that K. N K. = .

Now, we consider K1 = K. U(K.NA1) € My, (f), Ko = K. U(K.NAp) €
Ma,(f). We observe that K1 D K;,KQ D Kj,Kl NKy =0, KUK, €
Ma,ua,(f) and K UKy D K.

According to Theorem 2.12 [5] and using succesively (13), (11) and (12),
we get that

/ fdm—/ fdm—/ fdm'g/ fdm — fdm’
A1UAs A1 Ao A1UA5 KiUK>

/ fdm—/ Fdm — fdm‘<€+/ fdm — fdm’
KiUK> Ay Ao 3 Aq K

/fdm— fdm‘<€+6+€:s,
As K> 3

(12)

(13)

_|_

* 3 3

that is I is a finite additive set function on.A.
iii) Because f is g-m-integrable on T, according to Theorem 2.5. for
every € > 0 there exists K. € M(f) such that for every B € M(f) with

BN K, =0 holds:
€

First, we prove that for every C € A with C N K. = () we have

| [ fdm| < e.
Indeed, let C' € A be such that C N K. = (. From i) it follows that f

is g-m-integrable on C. Thus, there exists K. € Mc(f) such that for every
K € M¢c(f) with K D K,

/dem—/cfdm’<;.

(14)

(15)
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Since C N K, = () it results that KN K, = (. From (14) and (15), we obtain

<l o ]| |55

Let us take A € A with m(A) = 0. We can write A = (AN K.) U (A\K,).
Since, from i) f is ¢ — m—integrable on A, using ii) we have

Then, by virtue of Corollary 2.13-i) [5] and taking C' = A\K, in (16), we

get that
/fdm‘: / fdm+/ fdm| < / fdm‘
A ANK. A\Ke ANK.

The proof is finished. O

fdm
A\Ke

<e.

Corollary 3.3. Let f be a g — m-integrable function on T.

i) If m is o—subadditive and m(T) < oo, then the set function I defined
by (9) is a o—additive set function on A;

ii) I <1 m.

Proof. i) We consider a mutually disjoint sequence (4;), C A with
A= U(;il Aj e A.

Because m is o —subadditive on A and m(T') < oo, then T is o-additive,
according to Remark, p. 37 [1].

So, for every € > 0 there exists ng € N such that

o0
(17) m( U Aj) < e, for every n > ny.
J=n+1

Since f is g-m-integrable on T', from Theorem 3.2-1) f is g-m-integrable on
Ui 41 Aj and A.

Consequently, for every e > 0 there exists K! C [J
bounded on K! such that for every K C |52
and K 2 K., we have

i=ng+1 Aj with f

= no+1 Aj with f bounded on K

(18) /fdm I( U Al < e

Jj=no+1
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and there exists K f C A with f bounded on K, 52 such that for every K C A
with f bounded on K and K 2 K2, we get that

‘/dem—I(A)‘ < e

Let us take K = (K! U K?2) MU, 11 Aj- We see that K C 72, 1 A;
with f bounded on K and K O K. Hence, holds (18).
Let us denote by M = sup,cg |f()].
Now, using successively (18), Theorem 2.7-iii) from [5] and (17), we have
e o] OO
U 4l < ‘/fdm—l ‘/ fdm‘
Jj=no+1 K Jj=no+1

< e+ Mm( U Aj) <e(1+ M),
j=no+1
which means that I is c—additive on A.
ii) Because f is ¢ — m—integrable on 7', using an analog of the proof of

Theorem 3. 2-ii) for every € > 0 there exists K. € M (f) such that for every
C € A with CnN K, = () we have

(19)

€
d —.
/Cfm‘<2

On the other hand, according to Theorem 2.10 [6], for every € > 0 there
exists § > 0 such that for K € M(f) with m(K) < ¢ we have

(20) ’/K fdm‘ < g

Let us consider A € A with m(A) < 0. We can write A = (AN K.) U
(A\K.). By virtue of Theorem 3.2-ii) we get that

Jogim= e 1 f

Taking C' = A\ K. in (19) we obtain

/ fdm
A\K.

<&
5"
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Since m(AN K.) <m(A) < § and f is bounded on A N K. holds (20).
Consequently,

Jotan] < | g0 |

which means that I is € — §—absolutely continuous with respect to m.

<S4t
2 2 7

Remark 3.4. We observe that, according to “the only if part” of
Proposition 13, p. 148 from [1], the ¢ — d—absolut continuity implies the
absolut continuity.

Theorem 3.5. Suppose that m : A +— Ry is a submeasure and f,g :
T — R are bounded g-m-integrable functions on T. Then f+ g is g-m-
integrable on T and

(21) [ty [ fam+ [ gim.

Proof. To prove that f + g is g — m—integrable we shall use Theorem
2.5.

It is easy to see that f + g is m—totally measurable.

Since f, g are g-m—integrable on T', according to Theorem 2.5, for every
e > 0 there exists K! € A with m(K!) < oo such that for every K € A
with m(K) < oo and K N K} = () holds

(22) VK fdm‘ < g

and respectively K2 € A with m(K?2) < oo such that for every K € A with
m(K) < co and K N K2 = () we have

(23) ’/ gdm’ <<
K 2

Let us consider K = K} UK? € A and K € A with m(K) < oo such
that K N K2 = 0.
By virtue of Theorem 2.7-iv) [5] we have

[ oyt = [ gams [ gim.
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Then, applying (22) and (23), we obtain

] | ] o] <5

that is f + g is g-m-integrable on T.

We now prove the equality (21).

Indeed, because f,g and f + g are g-m-integrable on T" we get that

for every e > 0 there exist K! € A with m(K_) < oo such that for every
K € A with m(K}) < oo and K 2 K}

24) [ gam = [ gam <,

K? € A with m(K2) < oo such that for every K € A with m(K) < oo and
K D K?

(25) ‘ /K gdm — /T gdm‘ <

and K. € A with m(K.) < oo such that for every K € A with m(K) < oo
and K D K,

(20 [ gan= [ 1+ g <

Let us take K € A with m(K) < oo and K O K} UK2 U K..
Then, from (26) and applying successively Theorem 2.7-iv) [5], (24) and
(25), we have

[+ apim = [ gam— [ gam| <| [
+‘/K(f+g)dm—/dem—/ngm‘
<§+‘/dem+/Kgdm—/dem—/ngm‘
<;4—'/dem—/dem‘jL’/Kgdm—/ngm‘<Z+§+§:

which completes the proof. O

(f + g)dm — /K(f+g)dm‘
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In what follows we give a property of monotonicity with respect to the
function.

Theorem 3.6. Let m : A+ R, be a submeasure and f,g: T — R be
bounded, g- m-integrable functions on T so that f < g onT. Then

/T fdm < /T gdm.

Proof. Because f and g are g-m-integrable on T, for every ¢ > 0
there exists K! € A with m(K!) < oo such that for every K € A with
m(K) < oo, K D K} we get that

(27) ’/dem—/dem' <§

and respectively K2 € A with m(K2) < oo such that for every K € A with
m(K) < oo, K D K2 we have

(28) ’/ gdm—/gdm‘ <<
K T 2

Let us consider K. = K! U K2 and K € A with m(K) < oo such that
KD K..
By virtue of Theorem 2.7-v) [5] we have [}, fdm < [;- gdm. Then, using

(27) and (28), we obtain
/dem—/dem—l-/dem

/dem—/ngm
—/Kgdm+/Kgdm—/ngm
/dem—/dem’—i-/dem—/Kgdm

e €
dm — d — 4+ - =c.
/Kgm /Tgm‘<2+2 €

Corollary 3.7. If f:T — Ry is a bounded g-m-integrable function on
T. Then fT fdm > 0.

IN

IN

+

Theorem 3.8. Let f: T — R, g:T — Ry be two functions such that
F(®)] < g(t), for every t € T.
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If f is m—totally measurable and g is g-m-integrable on T, then f is
g-m-integrable on T.

Proof. Because g is g-m-integrable on T, according to Theorem 2.5
we get that for every e > 0 there exists K. € M(g) such that for every
K € M(g) with KN K. = 0),

(29) ‘/Kgdm' < %

From |f(t)| < g(t), for every t € T, we have that M(g) C M(f). Let be
fixed K € M(f) with KN K. = (.

Now, since g is g-m-integrable on K there exists K| ; € Mk (g) such that
for every A € My(g) with A D K., we have

/gdm—/ gdm‘<€.
A K 2

On the other hand, from (30) and (29) we have

/gdm§ / gdm—/gdm / gdm
K K. K K.

According to Theorem 2.16 [5] , f is ¢ — m—integrabile on K.
Using successively Theorems 2.17 and 2.7-v) from [5] we obtain:

'/dem' S/Kmdmﬁ/Kgdm<a.

Thus, by virtue of Theorem 2.5, f is g-m-integrable on 7.

(30)

9 9
<z4z=e

* 2 2

Corollary 3.9. If f is bounded m—totally measurable function and |f|
is g-m-integrable on T, then f is g-m-integrable on T and, moreover,

[ am| < [1s10m.

Theorem 3.10. Let f: T — Ry and B,C € A, with BC C. If fisa
bounded g-m-integrable function on T, then

/B fdm < /C fdm.
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Proof. According to Theorem 3.2-i), f is g-m-integrable on B and C
and then for every ¢ > 0 there exist K7 ¢ A KB C B with m(KP) < 0
such that for every K € A, K C B with m(K) < oo and K O KB

(31) ‘/ fdm — /fdm’ <f

and K¢ € A, K¢ C C with m(KY) < oo such that for every K € A, K C C
with m(K) < oo and K O K&, we have

(32) '/dem—/cfdm‘ < %

Let K. = KPUKS € A

We observe that K. O KP | K. D K¢ and m(K.) < oc.

Then for every K € A, K Q C with m( ) < oo such that K O K. hold
(31) and (32).

According to Theorem 2.14 [5] we have [,z fdm < [} fdm. Now, using
(31) and (32) we obtain )

/dem—/cfdmg/dem—/KEdem—i—/KEdem—/dem
+ [ pam— [ gam < /dem—/Kngdm‘
—i—/KEdem—/dem—i-‘/dem—/Cfdm‘<;—i—;:

Hence, [ fdm < [ fdm.
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