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1. Introduction. In [12], VANDIVER introduced a new type of alge-
braic system which is commonly known as Semiring. Semiring is a common
generalization of associative rings and distributive lattices. A semiring is
an algebraic system consisting of a nonempty set together with two binary
operations, called addition and multiplication, which forms a commutative
semigroup relative to addition, a semigroup relative to multiplication and
the left, right distributive laws hold. In [10], OLSON and JENKINS defined
radical class in semiring. In ring theory [5], it is well known that a radical
class p is said to be left strong if for a ring R, p(R) contains all left p-ideals
of R. In this paper we introduce the notion of left strong radical class in
semiring and characterize them. We have also shown that Jacobson, Lev-
itzki, nil and prime radical classes are left strong. Our some earlier works
on semiring may be found in [3] and [4].

2. Preliminaries

Definition 2.1. A nonempty set S is said to form a semiring with re-
spect to two binary compositions, addition (4+) and multiplication (.) defined



198 T.K. DUTTA and M.L. DAS 2

on it, if the following conditions are satisfied.

(1) (S,4) is a commutative semigroup with zero,

(2) (S,.) is a semigroup,

(3) for any three elements a,b,c € S

the left distributive law a.(b+ ¢) = a.b+ a.c and

the right distributive law (b+ ¢).a = b.a + c.a both hold and
(4) s.0=0.s=0 forall s € S.

Definition 2.2. A nonempty subset I of a semiring S is called a left
ideal of S if (i) a,b € I implies a+b € I and (ii) a € I, s € S implies
s.ael.

Similarly we can define right ideal of a semiring. A nonempty subset I
of a semiring S is an ideal if it is a left as well as a right ideal of S.

Definition 2.3. The k-closure T of an ideal I of a semiring S, defined
byl ={ae€S:a+iecl for someie€I}.

Definition 2.4 ([7]). An ideal I of a semiring S is called a k-ideal if
beS,a+bel and a €1 impliesb € I.

Definition 2.5 ([6]). Let I be a proper ideal of a semiring S. Then
the congruence on S, denoted by p;r and defined by sprs’ if and only if
s+a; = s + ag for some ay,as € I, is called the Bourne congruence on S
defined by the ideal I.

We denote the Bourne congruence (py) class of an element r of S by
r/pr or simply by r/I and denote the set of all such congruence classes of
S by S/pr or simply by S/I.

It should be noted that for any s € S and for any proper ideal I of S,
s/I is not necessarily equal to s+ 1 = {s+a: a € I} but surely contains
it.

Definition 2.6 ([6]). For any proper ideal I of S if the Bourne con-
gruence pr, defined by I, is proper i.e. 0/1 # S then we define the addition
and multiplication on S/I by a/I+b/I = (a+b)/I and (a/I)(b/I) = (ab)/I
for all a,b € S. With these two operations S/I forms a semiring and is
called the Bourne factor semiring or simply the factor semiring.

Definition 2.7. An ideal I of a semiring S is said to be an essential
ideal of S if IN H # 0 for every nonzero ideal H of S.
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Definition 2.8 ([6]). An ideal I of a semiring S is called a semiprime
ideal if A?> C I implies A C I, where A is an ideal of S.

Definition 2.9. A semiring S is called a semiprime semiring if {0} is
a semiprime ideal of S.

3. Strong radical class in semiring

Definition 3.1 ([10], Definition 1). A nonempty class p of semirings
is called a radical class if:

(R1) p is homomorphically closed and

(R2) if S & p, then S contains a proper k-ideal K such that S/K has no
nonzero p-ideals (ideals which is as semirings are in the class p).

Proposition 3.2 ([10], Lemma 1). For a radical class p, if I and J
are p-ideals of a semiring S, then so is I + J.

Theorem 3.3 ([10], Theorem 2). If p is a radical class, then each
semiring S contains a maximal p-ideal which contains all other p-ideals of

S.

The maximal p-ideal of S will be called p-radical of S and denoted by
p(S):

Theorem 3.4 ([10], Theorem 3). p(S) is a k-ideal of S.

Theorem 3.5 ([10], Theorem 4). For any semiring S, p(S/p(S)) =

Definition 3.6. If p is a radical class then the class Sp = {S : p(S) =
0} is called a semisimple class.

Definition 3.7. A class M of semirings is called (left) hereditary if I
is an (left) ideal of a semiring S and S € M implies I € M.

Proposition 3.8 ([8], Theorem 6.3). For a radical class p, the semisim-
ple class Sp is hereditary.

Definition 3.9. A surjective morphism of semirings ¢ : R — S is called
semi-isomorphism if and only if ker¢p = 0. Here R is called semi-isomorphic

to S.
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Theorem 3.10. If I and J are ideals of a semiring S, then I/INJ* is
semi-isomorphic to (I + J)/J, where J* is the k-closure of J.

Definition 3.11. A radical class p is said to be left strong radical class
if L is a left ideal of a semiring S and L € p implies L C p(S).

Proposition 3.12. The following conditions are equivalent:
(1) p is a left strong radical class;
(7i) If L is a nonzero left ideal of S and S € Sp then L & p.

Proof. (i) = (ii) Suppose p is a left strong radical class. Let L be
a nonzero left ideal of S where S € Sp. If possible, let L € p. Then
L C p(S)=01i.e. L =0, a contradiction. Therefore L & p.

(19) = (i) Let L € p where L is a left ideal of S. If possible, let
L Z p(S). Then (L+ p(S))/p(S) is a nonzero left ideal of S/p(S). Now by
Theorem 3.5, S/p(S) € Sp. Therefore by (ii), (L + p(S))/p(S) & p. Let us
define a mapping ¢ : L — (L + p(S5))/p(S) by ¢(1) = 1/p(S). Then ¢ is a
homomorphism. So (L + p(S))/p(S) is a homomorphic image of L. Since
L e p,s0 (L+p(S))/p(S) € p, a contradiction. Hence L C p(S). Thus p is
a left strong radical class. O

Definition 3.13. A class M of semirings is called regular (left regular),
if for every semiring S € M, every nonzero ideal (left ideal) of S has a
nonzero homomorphic image in M.

Theorem 3.14. The following four conditions are equivalent:
(i) p is a left strong radical class;
(ii) p is a radical class whose semisimple class Sp is left reqular;

(7i1) p is homomorphically closed class and if every nonzero homomorphic
image of a semiring S has a nonzero left ideal in p then S € p;

(1v) p is a radical class and if L is a left ideal of S, L € p then the ideal
L+ LS of S is in p.

Proof. (i) = (ii) Let L be a nonzero left ideal of S € Sp. Then by
proposition 3.12, L & p. So p(L) # L i.e L/p(L) # 0. So L/p(L) is a
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nonzero homomorphic image of L and L/p(L) € Sp. Therefore Sp is left
regular.

(74) = (4i7) Since p is a radical class, so p is homomorphically closed
class. If possible let S be a semiring such that every nonzero homomorphic
image of S has a nonzero left ideal in p but S & p. So S/p(S) is a nonzero
homomorphic image of S and by assumption S/p(.S) has a nonzero left ideal
L/p(S) in p. By (ii) L/p(S) has a nonzero homomorphic image in Sp, which
is a contradiction, since p is a radical class.

(7i7) = (iv) Here p satisfied the condition (R1) of the definition of radi-
cal class. Let S & p. Then by given condition S has a homomorphic image
S1 such that S7 has no nonzero ideal in p. Let ¢ be the homomorphism.
Then S/ker¢ is semi-isomorphic to S;. Let ¢ be the semi-isomorphism.
If possible, let S/ker¢ have a nonzero p-ideal H/kery (say). Since p is
homomorphically closed, so 1(H/ker¢) is a nonzero p-ideal of Sp, a contra-
diction. Therefore S/ker¢ has no nonzero ideal in p. Hence for the k-ideal
ker¢ of S, S/ker$ has no nonzero p-ideals i.e. p is a radical class.

Suppose L be a nonzero left ideal of .S such that L € p. Then L+ LS is
an ideal of S. Let us consider a nonzero homomorphic image (L + LS)/K
of L + LS, where K is a k-ideal of L + LS.

If L £ K, then L/L N K is a nonzero homomorphic image of L. So
L/LNK € p. Now L/L N K is semi-isomorphic to (L + K)/K which is a
left ideal of (L + LS)/K. Therefore for the nonzero homomorphic image
(L+LS)/K of L+ LS has a nonzero left ideal (L+ K)/K in p. So by (iii),
L+LS e€p.

If L C K, then LS ¢ K (otherwise (L + LS)/K = 0). Therefore
there exists an element s € S such that Ls € K. Consider the mapping
f:L— (Ls+ K)/K defined by f(I) =ls/K for alll € L. So f(l1 +12) =
(l1+l2)8/K = lls/K+l28/K = f(l1)+f(l2), f(lllg) = lllgs/K € (K(LS)+
K)/K =0 (since L C K) and f(ll)f(lg) = (llS/K)(lQS/K) = 118l2$/K S
(L(SL)S + K)/K C (K(LS) + K)/K = 0. So f(y + 1) = f(l) + [(02)
and f(l1l2) = f(l1)f(l2) for all l1,1ly € L. Clearly f is surjective. Therefore
(Ls + K)/K is a homomorphic image of L. Since p is homomorphically
closed and L € p, so (Ls + K)/K € p. Hence by (iii), L + LS € p.

(iv) = (i) Let L be a left ideal of S and L € p. Then by (iv), L+ LS is
an ideal of S'in pi.e. p(L+ LS) = L+ LS. Since p(S) is the largest p-ideal
of S. So L+ LS C p(S). i.e. L C p(S). Hence p is left strong class. O

Proposition 3.15. A radical class p is left strong if p satisfies the
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following two conditions:

(1) For any two left ideals L and K of a semiring S and L, K € p
implies L + K € p.

(2) If L € p is a left ideal of a semiring S and a € S then La € p.

Proof. From condition (1) we get sum of finitely many left p-left ideal
of a semiring is a p-left ideal. Let L be left ideal of a semiring S and
Lep Letxe L+ LS. Then x = l—l—zﬁmt@lisi (Ll € Lyse S). So
T € L+ 3 e Lsi- Since L € p, so by (2) Ls; € p. Therefore the finite
sum of p-left ideals L + > finite L:si 1s p-left ideal. Hence by Theorem 3.14
(iv), p is left strong. O

Definition 3.16 ([2], Definition 3). A semiring S is said to be left
semireqular, if for every pair of elements i1, io in S there exist elements j;
and jo in S such that iy + j1 + jii1 + Jato = i2 + j2 + j2t1 + Jriz.

Theorem 3.17 ([10], Theorem 13). The class J of all left semireg-
ular semirings is a radical class.

J is called Jacobson radical class.

Lemma 3.18. Sum of two left semiregular ideals of a semiring is a left
semiregular ideal.

Proof. Let L and K be two left semiregular left ideals of a semiring S.
Let a1 + b1,as + by € L + K where a1,a2 € L and by,by € K.
Since L is left semiregular, there exist two elements ¢, co in L such that

(1) a1 +c1 + cra1 + ceaz = az + ¢2 + cras + coay

Now by + c1b1 + c2ba, ba + c1bs + cob; € K. Since K is a left semiregular
there exist di,ds in K such that

(b1 4+ c1b1 + c2b2) + di + di (b1 + c1b1 + c2b2)
(2) +da(ba + c1ba + c2b1) = (b2 + c1ba + c2b1)
+da + da(b1 + c1b1 + c2b2) + di1 (b2 + c1b2 + c2b).
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Therefore

(a1 +b1) + (1 + d1 + dicy + dac2) + (c1 + di + dicr + daca) (a1 + by)
+(cg + do + dacy + dyca)(az + b2)

= (a1 + c1 + cra1 + c2a2) + [(b1 + c1b1 + c2b2)

+di + di(by + c1b1 + c2b2) 4 da(bg + c1b2 + c2b1)]

+di(a1 + ¢1 + c1a1 + c2a2) + da(ag + co + c2a1 + c1a2)

= (az + c2 + c2a1 + craz) + [(b2 + c1b2 + c2b1)

+dz + da(by + c1b1 + c2b2) + di(bg + c1b2 + c2b1))]

+di(ag + c2 + c1a2 + c2a1) + da(a1 + ¢1 + cr1a1 + c2a2)

[using (1) and (2)]

= (ag + b2) + (co + do + dacy + dic2)

+(c2 + do + docy + dica) (a1 + b1) + (c1 + di + dicy + daca)(az + ba).

Since ¢1 + di + dicqy + daco, co +do +docy +dicy arein L+ K, so L+ K is
a left semiregular left ideal of S. U

Lemma 3.19. If L is a left semiregular left ideal of a semiring S then
for any element a € S, the left ideal La is a left semireqular left ideal.

Proof. Let x1,x9 € La. Then there exist a1, a2 in L such that 1 = a1a
and xo = aga. Now aaq,aas € L. Since L is a left semiregular, there exist
c1, ¢ in L such that

(1) aai + c1 + ciaaq + caaas = aas + co9 + caaaq + ciaas.
Multiplying a; from left and a from right of equation (1), we get
(2)  mx1+ardy + ardixy + ardawe = T2 + ardy + ardexy + ardizo

where cia = di and csa = do. Again multiplying as from left and a from
right of equation (1), we get

(3)  mam1 + agdy + axdizy + axdaxs = xax2 + asds + agdazy + axdixs.
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Adding (2) and (3), we get

121 + a1dy + a1dix1 + ardeza + X222 + azda + asdaxi + axdixo

= x122 + a1dz + a1dazy + a1dixs + 221 + ady + asdiz1 + azdaxs
or

x2 + (z1 + a1dy + agds) + (x1 + a1dy + agda) 1

+(x2 + a1da + agdy)x2 = 1 + (2 + arda + azdy)

+(z2 + a1da + azdi)z1 + (x1 + a1dy + azda)s.

(Adding x1+x2 to both sides of the equation.) Let x1+a1d; +aads = ps and
xo+ajda+asd; = py then py,pe € La (since x1,x9,d) = c1a,ds = caa € La)
and x1 + p1 + p121 + p2x2 = T2 + p2 + pax1 + p1w2. Since x1 and o are
arbitrary elements of La, so La is left semiregular. O

Theorem 3.20. The radical class J is left strong.

Proof. By Lemma 3.18, 3.19 and Proposition 3.15, we get the class
J is left strong. O

Definition 3.21 ([1]). A semiring S is said to be locally nilpotent if
every finite subset F' of S generates a nilpotent semiring i.e. there exists an
integer N such that every product x;1....x;ny = 0 for x;; in F.

Theorem 3.22 ([10], Theorem 12). The class L of all locally nilpo-
tent semirings is a radical class.

L is called Levitzki radical class.

Lemma 3.23 ([1], Lemma 3). If L and K are locally nilpotent ideals
of a semiring S then L + K is a locally nilpotent ideal of S.

Lemma 3.24. If L is a locally nilpotent left ideal of a semiring S then
for any element a € S, the left ideal La is a locally nilpotent left ideal.

Proof. Let F = {x1, 9, ....,x,} be a finite subset of La. Then x; = [ a,
xo = loa, ..., Ty = lpa for some Iy, 1o, ..., 1, € L. Let y1 = aly, yo = als, ....,
Yn = al, and G = {y1, Y2, ....,yn}. Then G is a finite subset of L. Since L is
locally nilpotent, there exists a positive integer N such that every product
Yi1....y;n = 0 for y;; in G ie. aljy....al;y = 0. So ax;i....ax;y = 0, which
shows every product xji...xjny41 = 0 for xj, in F. Hence La is locally
nilpotent. O
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Theorem 3.25. L is left strong.

Proof. By Lemma 3.23, 3.24 and Proposition 3.15, we can say class
L is left strong. O

Definition 3.26. A semiring S is called a nil semiring if for each a € S
there exists a positive integer n such that a™ = 0.

Theorem 3.27 ([11], Theorem 31). The class of all nil semirings N
s a radical class.

N is called nil radical class.

Lemma 3.28. If L and K are two ideals of a semiring S such that
L KeN then L+ K € N.

Proof. Let x € L+ K. Sox =1+ k for somel € L and k € K. Since L
and K are nil semirings, there exist positive integers m, n such that I =0
and k" = 0. Now ™" = ([+ k)™t = [mtngn el g n ey pmin=2p2 L
oo + kK™ = (0. Therefore L + K € N. O

Lemma 3.29. If L € N is a left ideal of a semiring S and a € S then
LaeN.

Proof. Let © € La. Then x = la for some [ € L. Since L is a left ideal
of S, al € L. Again L is a nil semiring, so there exists a positive integer n
such that (al)™ = 0. Therefore (la)"*! =0 i.e 2""! = 0. Hence La € N. [

Theorem 3.30. N is left strong.

Proof. By Lemma 3.28, 3.29 and Proposition 3.15, we can say class
N is left strong. U

Theorem 3.31 ([11], Theorem 17). If M is a regular class of semir-
ings, then the class UM = {S : S has no nonzero homomorphic image in
M} is a radical class.

Theorem 3.32. If M is a left regular class of semirings, then the upper
radical p = UM 1is left strong.

Proof. Here p is homomorphically closed. Let S be a semiring such
that S € p. Then S has a nonzero homomorphic image S; in M. Let L
be a nonzero left ideal of S1. Since M is left regular class, L has a nonzero
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homomorphic image in M. Therefore L ¢ p. So S; has no nonzero left
ideal in p. This implies that if every nonzero homomorphic image of S has
a nonzero left ideal in p, then S is itself in p. Therefore by Theorem 3.14
(i), p is left strong radical class. O

Let M be a homomorphically closed class of semirings. Define M; =
M, M,={S: every nonzero homomorphic image of the semiring S contains
a nonzero left ideal in Mg for some 3 < a} for ordinals a > 1, M) =
Ug<r Mq for limit ordinal A and LS(M) =, Ma-

Proposition 3.33. For a homomorphically closed class M of semir-
mgs:

(i) Mgy is homomorphically closed for every ordinal c.

(17) If B < o then Mg C M.

Proof. Let S € M, and S; be a homomorphic image of S. If S; =0
then clearly S7 € Mg. If S; # 0, then suppose S2 be a nonzero homomor-
phic image of S;. Then Ss is a nonzero homomorphic image of S. Since
S € Mg, so Sy contains a nonzero left ideal in Mg for some 3 < a.. There-
fore S; € M,. Hence M, is homomorphically closed for every ordinal
a.

(ii) Let S € Mg and S; be a nonzero homomorphic image of S. Then
S1 contains a nonzero left ideal in M, for some § < 3 i.e. for some § < a.
Therefore S € M,. Hence Mg C M,. O

Theorem 3.34. LS(M) is the smallest left strong radical class con-
taining M.

Proof. By Proposition 3.33, each M, is homomorphically closed, so
LS(M) is homomorphically closed. Let S be a semiring such that every
nonzero homomorphic image S; of S has a nonzero left ideal L; in LS(M).
Then L; belongs to M, for some ordinal a. For various homomorphic
images we get various a’s. Let § be an ordinal number which is larger
than or equal to all of these a’s. Then for each S1, L; € M, C Ms.
So S € Msiq and therefore S € LS(M). Hence by Theorem 3.14 (iii),
LS(M) is a left strong radical class.

Clearly LS(M) contains M. To prove that LS(M) is the smallest
left strong radical class containing M, let p be a left strong radical class
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containing M. we shall prove by method of induction. Suppose Mg C p
for 6 < a. Let S € M,. Then every nonzero homomorphic image of S
contains a nonzero left ideal in Mg for some 3 < a. These left ideals also
belongs to p. Since p is left strong radical class by Theorem 3.14 (iii),
S € p. Also M C p. Therefore by induction LS(M) = J, Ma C p. Hence
proved. O

4. Prime radical class

Proposition 4.1. If P is a semiprime ideal of a semiring S and I is
an ideal of S then PN I is a semiprime ideal of I.

Proof. Let ala C PNI, where a € I. Then ala C P. Let K = Ial. So
K is an ideal of S and K? = IalIal C Ialal C P. Since P is a semiprime
ideal of S, K C P. Now < a >3C Ial. So < a >3C P, which implies that
a € Pie a€ PNI. Hence PN 1 is a semiprime ideal of I. O

Proposition 4.2. The class of semiprime semirings is hereditary.

Proof. Suppose S is a semiprime semiring and I is an ideal of S. So {0}
is semiprime ideal of S. Therefore by proposition 4.1, {0} is a semiprime
ideal of I i.e. I is a semiprime semiring. Hence the proposition. U

Definition 4.3. A semiring S is said to be an essential extension of a
semiring R, if R is an essential ideal of S.

Definition 4.4. A class p of semirings is called closed under essential
extension if I is an essential ideal of a semiring S and I € p implies S € p.

Proposition 4.5. The class of semiprime semirings is closed under
essential extensions.

Proof. Suppose I is an essential ideal of a semiring S and [ is a
semiprime semiring. Let A be an ideal of S such that A? = 0. Let
Ay = ANI. Then A? C A2 = 0. Since I is a semiprime semiring, A; = 0.
Since I is an essential ideal of S, So A = 0. Therefore S is a semiprime
semiring. Hence the proposition. U

Definition 4.6. Let A be a non-empty subset of a semiring S. Anni-
hilator of A in S, denoted by anng(A), is defined by anng(A) = {s € S :
As =0=sA}.
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Definition 4.7. A class M of semirings will be called a weakly special
class if M is a hereditary class of semiprime semirings satisfying:

(1) If ¢ is a semi-isomorphism of S onto T and T € M, then S € M.
(2) If I € M and I is an ideal of a semiring S, then S/anng(I) € M.

Lemma 4.8 ([9], Lemma 13). If M is a hereditary class of semiprime
semirings which satisfies properties: “if S € M and S is semi-isomorphic
to T then T € M” then the following are equivalent:

(1) If Ae M and A is an ideal of S, then S/anng(A) € M;
(2) If A e M with A is an ideal of S and anng(A) =0, then S € M;
(3) If Ae M and A is an essential ideal of S, then S € M.

Proposition 4.9. If a semiring S is semi-isomorphic to a semiring T
and T is semiprime, then S is semiprime.

Proof. Let ¢ be the semi-isomorphism i.e ¢(S) = T. Suppose A is an
ideal of S such that A? = 0. Therefore ¢(A2%) = 0i.e. (¢(A))?2 =0. Since T’
is a semiprime semiring, so ¢(A4) = 0. Again since ¢ is a semi-isomorphism,
so A = 0. Hence S is a semiprime semiring. O

Proposition 4.10. If a semiring S is semi-isomorphic to a semiring T
and S is semiprime, then T is semiprime.

Proof. Let ¢ be the semi-isomorphism i.e ¢(S) = T. Suppose A’ is
an ideal of T such that (A’)2 = 0. So there exist an ideal A of S such
that ¢(A) = A’. Therefore (¢(A))? = 0 i.e. ¢p(A%) = 0. Since ¢ is a semi-
isomorphism, so A? = 0. Again S is a semiprime semiring implies A = 0.
Hence A’ = 0. Thus T is a semiprime semiring. O

Theorem 4.11. The class of all semiprime semirings @ is a weakly
special class.

Proof. By Proposition 4.2, g is hereditary. By Proposition 4.9, p
satisfies the condition (1) of the definition of weakly special class. Also
by Proposition 4.10, Lemma 4.8 and by Proposition 4.5, p satisfies the
condition (2) of the definition of weakly special class. Hence g is a weakly
special class. O
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Definition 4.12. An ideal I of a semiring S is said to be nilpotent if
there exists a positive integer n such that I™ = 0.

Let B = {S : each nonzero homomorphic image of the semiring S con-
tains a nonzero nilpotent ideal }.

Theorem 4.13 ([10], Theorem 5). B is a radical class.
B is called prime radical class.

Theorem 4.14. B=Up i.e B={S : no nonzero homomorphic image
of the semiring S is a semiprime semiring}.

Proof. Let S € Up and S; be a nonzero homomorphic image of S.
So Sp is not a semiprime semiring. Therefore there exists a nonzero ideal
I such that I? = 0 i.e. S; contains a nonzero nil ideal. So S € B. Thus
Up C B.

Conversely, let T' € B and T} be a nonzero homomorphic image of T'. If
possible let T7 is a semiprime semiring. Since T € B, T contains a nonzero
nilpotent ideal I. So there exist a positive integer n such that I™ = 0.
Also I = 0 implies I = 0 (as T} is a semiprime semiring), a contradiction.
Therefore no nonzero homomorphic image of T belongs to p i.e. T € Up.
So B C Ugp. Hence Up = B. O

Proposition 4.15. o = SB i.e p = {S : for each nonzero ideal I of
S there exists a nonzero homomorphic image Iy of I such that 11 does not
contain any nonzero nilpotent ideal }.

Proof. Let S € p and I be any nonzero ideal of S. Since p is hereditary,
S € p implies I € p. We now prove that I does not contain any nonzero
nilpotent ideal. If possible, let K be a nonzero nilpotent ideal of I. So there
exists a positive integer n > 1 such that K™ = 0. Since [ is a semiprime
semiring K™ = 0 implies K = 0, a contradiction. Therefore I does not
contain any nonzero nilpotent ideal. So S € SB.

Let S € SB. If possible, let S & p i.e. S is not a semiprime semiring.
So there exists a nonzero ideal I of S such that I? = 0. Therefore for the
nonzero ideal I, each nonzero homomorphic image of I contains a nonzero
nilpotent ideal, a contradiction. So S € p. Hence p = SB. O

Theorem 4.16. Prime radical class B is left strong.
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Proof. If possible, let B is not a left strong radical class. So by propo-
sition 3.12, there exists a nonzero left ideal L of S € SB such that L € B.
Since B=Ugp, L is not a semiprime semiring. Therefore there exists a
nonzero ideal of L which is a zero semiring. Applying Zorn’s lemma to
the set of all ideals of L which are zero semirings, we can find an ideal
K of L which is maximal with respect to the property K? = 0. Now
LK + LKS is an ideal of S and (LK + LKS)? = (LK)? + (LK)(LKS) +
(LKS)(LK)+(LKS)? = (LK)?*+(LK)?S+(LK)(SLK)+(LK)(SLK)S C
(LK)?+ (LK)?S C K? + K2S =0 (as LK C K). Since S is a semiprime
semiring, so LK + LKS = 0 ie. LK C LK + LKS = 0. Therefore
LK = 0. Again L? # 0, if not, then L + LS is an ideal of S and
(L+ LS)? C L? + L?S = 0 implies L + LS = 0 i.e. L = 0, a contra-
diction. Therefore L? # 0 and LK = 0 implies K # L. So L/K is a
nonzero homomorphic image of L. Since B is homomorphically closed and
L € B, L/K € B. Hence there exists a nonzero ideal I/K of L/K such that
I/K is a zero semiring i.e. I? C K. Then (LI)?> = LILI C LII C LK = 0.
Again LI + LIS is an ideal of S and (LI + LIS)? C (LI)? + (LI)%S = 0.
Since S is semiprime, so LI + LIS = 0 i.e. LI = 0. Therefore I? C LI =0
i.e. I? = 0. By maximality condition of K implies that I = K which is a
contradiction, since I/K # 0. Hence L ¢ B i.e. B is left strong. O
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