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1. Introduction. In 1975, Handelman and Lawrence [8] intro-
duced the notion of (right) strongly prime ring motivated by the notion
of primitive group ring and characterized strongly prime rings. In 1988,
Booth [2] extended the notions of uniformly strongly prime ideal and uni-
formly strongly prime ring to Γ-ring. In 2006, Dutta and Das [7] intro-
duced the notion of (right) strongly prime ideal and (right) strongly prime
semiring and characterized strongly prime semirings.

In this paper we introduce the notions of right strongly prime ideal and
right strongly prime Γ-semiring and study these as G.L. Booth did in case
of Γ-ring . Some earlier work on the operator semiring of a Γ-semiring may
be found in [4]. We obtain a one-to-one correspondence between the set of
all rsp k-ideals of a Γ-semiring and the set of all rsp k-ideals of the operator
semiring of the Γ-semiring.

2. Right strongly prime Γ-semirings

Definition 2.1. [4] Let S and Γ be two additive commutative semi-
groups. Then S is called a Γ-semiring if there exists a mapping S×Γ×S −→



214 T.K. DUTTA and S. DHARA 2

S (the image to be denoted by aαb, for a, b ∈ S and α ∈ Γ) satisfying the
following conditions:

(i) aα(b + c) = aαb + aαc;
(ii) (a + b)αc = aαc + bαc;
(iii) a(α + β)c = aαc + aβc;
(iv) aα(bβc) = (aαb)βc for all a, b, c ∈ S and for all α, β ∈ Γ.

Every semiring S is a Γ-semiring with Γ = S where aαb denotes the
product of elements a, α, b ∈ S.

If S contains an element 0 such that 0+x = x = x+0 and 0αx = xα0 = 0
for all x ∈ S, for all α ∈ Γ, then 0 is called the zero of S.

Throughout this paper we assume that a Γ-semiring S always contains
a zero element 0 and we denote the set S \ {0} by S∗.

Definition 2.2. [4] A nonempty subset I of a Γ-semiring S is called an
ideal of S if I + I ⊆ I, IΓS ⊆ I, SΓI ⊆ I, where for subsets U, V of S
and ∆ of Γ,

U∆V = {∑n
i=1 uiγivi : ui ∈ U, vi ∈ V, γi ∈ ∆ and n is a positive

integer}.
Definition 2.3. [4] An ideal I of a Γ-semiring S is called a k-ideal if

for x, y ∈ S, x + y ∈ I and y ∈ I implies that x ∈ I.

Definition 2.4. A Γ-semiring S is called right strongly prime if for
every x ∈ S∗ there exist a finite subset F of S and finite subsets Φ and ∆
of Γ such that xΦF∆y = {0} implies that y = 0 for all y ∈ S.

Analogously we define left strongly prime Γ-semirings.

Definition 2.5. [3] A proper ideal P of a Γ-semiring S is called a prime
ideal of S if for any two ideals A,B of S, AΓB ⊆ P implies that A ⊆ P
or B ⊆ P .

A Γ-semiring S is called a prime Γ-semiring if (0) is a prime ideal of
S.

Proposition 2.6. A right strongly prime Γ-semiring is prime.

Proof. Let S be a right strongly prime Γ-semiring. Let a(6= 0) ∈ S
be such that aΓSΓb = 0 for all b ∈ S. Since a 6= 0 and S is right strongly
prime, there exist a finite subset F of S and finite subsets Φ and ∆ of Γ
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such that aΦF∆b = 0 implies that b = 0. Now aΦF∆b ⊆ aΓSΓb = 0,
which implies that b = 0. It follows that by Theorem 3.6 of [3], S is a prime
Γ-semiring. ¤

Proposition 2.7. The following statements about a Γ-semiring S are
equivalent:

(i) S is right strongly prime;
(ii) If I is a nonzero ideal of S, there exist finite subsets F of I and ∆

of Γ such that F∆y = {0} implies that y = 0 for all y ∈ S;
(iii) If x ∈ S∗, there exist γ ∈ Γ and finite subsets F of S and ∆ of Γ

such that xγF∆y = {0} implies that y = 0 for all y ∈ S.

Proof. (i) ⇒ (ii) Let I be a nonzero ideal of S. Let x( 6= 0) ∈ I. Then
by (i) there exist finite subsets F of S and finite subsets ∆, Φ of Γ such that
xΦF∆y = {0} implies that y = 0 for all y ∈ S. Then F

′
= xΦF is a finite

subset of I and F
′
∆y = 0 implies that y = 0 for all y ∈ S.

(ii) ⇒ (iii) Let a(6= 0) ∈ S. Then < a > is a nonzero ideal of S.
So by (ii) there exist finite subsets F

′
of < a > and Φ of Γ such that

F
′
Φy = {0} implies that y = 0 for all y ∈ S. Suppose that aΓS = {0}.

Then < a > ΓS = 0. Since F
′
Φa ⊆< a > ΓS = {0}, we have F

′
Φa = {0}.

This implies that a = 0, a contradiction. Therefore aγx 6= 0 for some
γ ∈ Γ and x ∈ S. Then I =< aγx > is a nonzero ideal of S. Again by
(ii) there exist a finite subset G of I and a finite subset ∆ of Γ such that
G∆y = {0} implies that y = 0 for all y ∈ S. Since G is a finite subset of I,
we have G = {naγx +

∑m
i=1 aγxβizi +

∑l
j=1 sjγjaγx +

∑k
t=1 utλtaγxµtvt,

where m,n, l, k ∈ Z+
0 ; zi, sj , ut, vt ∈ S and βi, γj , λt, µt ∈ Γ}. Let F =

{x, xµtvt, xβizi : i = 1, 2, ...m; t = 1, 2, .....k; m, k ∈ Z+
0 and βi, µt ∈ Γ}.

Let aγF∆y = {0}. Then G∆y = {0}. By (ii) y = 0.
(iii) ⇒ (i) Let a(6= 0) ∈ S. Then by (iii), there exist γ ∈ Γ and finite

subsets F of S and ∆ of Γ such that aγF∆y = {0} implies that y = 0 for
all y ∈ S. Let Φ = {γ}. Hence there exist finite subsets F of S and Φ, ∆
of Γ such that aΦF∆y = {0} implies that y = 0, for all y ∈ S. Thus (i)
holds. ¤

Examples 2.8. (1) Every strongly prime Γ-ring is a strongly prime
Γ-semiring.

(2) Let S = {rω : r ∈ Z} and Γ = {rω2 : r ∈ Z}, where ω is a cube
root of unity and Z is the set of all integers. Then S is a Γ-semiring with
usual addition and multiplication. Let rω(6= 0) ∈ S. Let F = {rω} and
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Φ = ∆ = {rω2}. Then (rω)ΦF∆y = 0 implies that y = 0 for all y ∈ S.
Hence by definition, S is a right strongly prime Γ-semiring.

(3) Let S be the set of all 2× 3 matrices over Z+
0 and Γ be the set of all

3×2 matrices over Z+
0 , where Z+

0 is the set of all nonnegative integers. Then
S is a Γ-semiring with usual matrix addition and matrix multiplication.
Let I be a nonzero ideal of S. Then I has a nonzero element, say (aij)2×3.
Then (aij)2×3 has atleast one nonzero element, say ars. Since I is an ideal
of S, E11E

′
1r(aij)2×3E

′
s1E11 ∈ I, where Ers(respectively E

′
rs) denotes a

2 × 3(respectively 3 × 2) matrix whose (r, s)th element is 1 and all others
elements are zero. This shows that I has an element, say f1 whose (1, 1)th

element is nonzero and all others elements are all zero. Similarly we can
get an element, say f2 in I whose (2, 2)th element is nonzero and all others

elements are all zero. Let f1 =
(

a 0 0
0 0 0

)
where a ∈ Z+ and f2 =

(
0 0 0
0 b 0

)
where b ∈ Z+. Let F = {f1, f2} and ∆ = {α1, α2} where

α1 =




α 0
0 0
0 0


 with α ∈ Z+ and α2 =




0 0
0 β
0 0


 with β ∈ Z+. Let

F∆t = 0, where t =
(

u v w
x y z

)
∈ S. Then f1α1t = 0 = f2α2t which

implies that aαu = aαv = aαw = bβx = bβy = bβz = 0. Since a, b, α, β ∈
Z+, we must have u = 0 = v = w = x = y = z i.e. t = 0. Hence by above
Proposition, S is a right strongly prime Γ-semiring.

(4) Let S be a simple Γ-semiring(i.e. a Γ-semiring S in which SΓS 6= 0
and S, {0} are the only ideals of S) with left unity(defined in proposition
2.29). Then S is the only nonzero ideal of S. Let F = {e1, e2, ......, em}
and ∆ = {δ1, δ2, ......., δm} where

∑m
i=1[ei, δi] is the left unity of S. Let

F∆y = 0, where y ∈ S. Then eiδiy = 0 for all i = 1, 2, ......,m which
implies that y =

∑m
i=1 eiδiy = 0. Hence by the above Proposition, S is a

right strongly prime Γ-semiring.

Definition 2.9. Let A be a nonempty subset of a Γ-semiring S. The
right annihilator of A with respect to Φ ⊆ Γ in S, denoted by r(A, Φ), is
defined by r(A, Φ) = {s ∈ S : AΦs = {0}}.

Proposition 2.10. The right annihilator r(A, Φ) of A with respect to
Φ in a Γ-semiring S is a right ideal of S.
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Proof. Since AΦ0 = {0}, 0 ∈ r(A, Φ); so r(A, Φ) is nonempty.
Let s, s

′ ∈ r(A, Φ). Then AΦs = {0} = AΦs
′
. Then AΦ(s + s

′
) =

AΦs+AΦs
′
= {0}+{0} = {0}. It follows that r(A, Φ)+r(A, Φ) ⊆ r(A, Φ).

Again AΦ(sαt) = (AΦs)αt = 0αt = 0 for all α ∈ Γ and for all t ∈ S i.e
sαt ∈ r(A, Φ) i.e. r(A, Φ)ΓS ⊆ r(A, Φ). Thus r(A, Φ) is a right ideal of
S. ¤

Definition 2.11. A Γ-semiring S is said to satisfy the descending chain
condition (DCC) for left (right) ideals if for each sequence of left (right)
ideals A1, A2, A3, ...... of S with A1 ⊇ A2 ⊇ A3 ⊇ ...... there exists a
positive integer n such that An = An+1 = ........

Proposition 2.12. If S is a prime Γ-semiring with DCC on right an-
nihilator ideals then S is a right strongly prime Γ-semiring.

Proof. Let I be a non zero ideal of S and let M denote the class of all
right annihilators of the form r(F, Φ), where F and Φ are finite subsets of
I and Γ respectively. Then M contains a minimal element J = r(F0, Φ0),
say. Suppose J 6= 0. Since S is a prime Γ-semiring, I ΓJ 6= 0. Let
x ∈ I, γ ∈ Γ, y ∈ J be such that xγy 6= 0. Let F

′
= F0 ∪ {x} and

Φ
′

= Φ0 ∪ {γ}. Since F0Φ0s ⊆ F
′
Φ
′
s, r(F

′
, Φ

′
) ⊆ J . Again y ∈ J and

xγy 6= 0 implies that r(F
′
, Φ

′
) ⊂ J , which contradicts the minimality of J .

Hence J = {0}. Therefore by (ii) of Proposition 2.8, S is a right strongly
prime Γ-semiring. ¤

Definition 2.13. [3] For an ideal A of a Γ-semiring S, the Γ-congruence
on S , denoted by ρA and defined as sρAs

′
if and only if s + a1 = s

′
+ a2 ,

for some a1, a2 ∈ A, is called the Bourne Γ-congruence on S defined by the
ideal A.

For the Bourne Γ-congruence ρA we denote the class of an element r of
S by r/ρA or simply by r/A and denote the set of all such Γ-congruences
classes of the elements of the Γ-semiring S by S/ρA or simply by S/A .

Definition 2.14. [3] For an ideal A of a Γ-semiring S if the Bourne
Γ-congruence ρA, defined by A , is proper i.e. 0/A 6= S then we define on
S/A the following operations: s/A+ s

′
/A = (s+ s

′
)/A and (s/A)α(s

′
/A) =

(sαs
′
)/A for all α ∈ Γ. Now S/A is a Γ-semiring with these operations.

We call this Γ-semiring the Bourne factor Γ-semiring or simply the factor
Γ-semiring of S by A.



218 T.K. DUTTA and S. DHARA 6

Definition 2.15. An ideal I of a Γ-semiring S is called a right strongly
prime ideal if the factor Γ-semiring S/I is right strongly prime.

Proposition 2.16. Let Q be a k-ideal of a Γ-semiring S. Then Q is
a right strongly prime ideal of S if and only if, for every ideal I of S not
contained in Q, there exist finite subsets F and Φ of I and Γ respectively
such that FΦy ⊆ Q implies that y ∈ Q for all y ∈ S.

Proof. Let Q be a right strongly prime ideal of the Γ-semiring S.
Then the factor Γ-semiring S/Q is right strongly prime. Let I be an
ideal of S not contained in Q. Then I/Q is a non zero ideal of the right
strongly prime factor Γ-semiring S/Q. Hence there exist finite subsets
F
′
= {i1/Q, i2/Q, i3/Q, ......., in/Q} and Φ of I/Q and Γ respectively such

that F
′
Φ(y/Q) = 0/Q implies that y/Q = 0/Q for all y/Q ∈ S/Q. Let

F = {i1, i2, i3, ......., in}. Then F is a finite subset of I. Let FΦy ⊆ Q. Then
(F/Q)Φ(y/Q) = 0/Q i.e. F

′
Φ(y/Q) = 0/Q, which implies that y/Q = 0/Q

for all y/Q ∈ S/Q. Since Q is a k-ideal of S, y ∈ Q for all y ∈ S.
Conversely, let I/Q be a non zero ideal of S/Q. Then I is an ideal of

S not contained in Q. Then by hypothesis there exist finite subsets F and
Φ of I and Γ respectively such that FΦy ⊆ Q implies that y ∈ Q for all
y ∈ S. Since F is a finite subset of I, F/Q is a finite subset of I/Q. Let
(F/Q)Φ(y/Q) = 0/Q. Then FΦy ⊆ Q, and hence y ∈ Q i.e. y/Q = 0/Q.
Thus S/Q is a right strongly prime Γ-semiring. Hence Q is a right strongly
prime ideal of S.

Definition 2.17. [7] An ideal I of a semiring S is called a right strongly
prime ideal if for all a /∈ I there is a finite set F ⊆< a > such that Fb ⊆ I
implies that b ∈ I.

Proposition 2.18. [7] A k-ideal I of a semiring S is a right strongly
prime ideal if and only if S/I is a right strongly prime semiring.

Definition 2.19. [7] Let A be a nonempty subset of a semiring S. The
right annihilator of A, denoted by annR(A), is defined by annR(A) = {s ∈
S : As = 0}.

Theorem 2.20. [7] A semiring S is right strongly prime if and only if
every nonzero ideal of S contains a finite subset G such that annR(G) = (0).

Proposition 2.21. Let Q be a k-ideal of a semiring S. Then Q is
a right strongly prime ideal of S if and only if for every ideal I of S not
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contained in Q, there exist finite subset F of I such that Fy ⊆ Q implies
that y ∈ Q for all y ∈ S.

Proof. The proof is similar to that of Proposition 2.16. ¤
We can prove the following Proposition as G. L. Booth did in the case

of Γ-rings in [1](Lemma 5.1).

Proposition 2.22. Let S be a semiring and I be an ideal of the Γ-
semiring S, where Γ = S. Let Ī be the ideal of the semiring S generated by
the set I. Then (Ī)5 ⊆ I.

Proposition 2.23. Let S be a semiring. Then a proper subset P of the
semiring S is a right strongly prime k-ideal of the semiring S if and only if
P is a right strongly prime k-ideal of the Γ-semiring S where Γ = S.

Proof. Let P be a right strongly prime k-ideal of the semiring S. Then
P is a k-ideal of the Γ-semiring S where Γ = S. Let I be an ideal of
the Γ-semiring S not contained in P . Then by Proposition 2.22 (Ī)5 ⊆ I.
Suppose (Ī)5 ⊆ P . Since P is a prime ideal of the semiring S, this implies
that (Ī) ⊆ P i.e. I ⊆ P which contradicts the fact that I is not contained in
P . Hence (Ī)5 6⊆ P . Since P is a right strongly prime ideal of the semiring
S, then by Proposition 2.19 there exists a finite subset F of (Ī)5 such that
Fx ⊆ P implies that x ∈ P for all x ∈ S. Let FFx ⊆ P . Then F (fx) ⊆ P
for all f ∈ F implies that fx ∈ P for all f ∈ F i.e. Fx ⊆ P . Again this
implies that x ∈ P for all x ∈ S. Since F ⊆ (Ī)5 ⊆ I, by Proposition 2.16,
P is a right strongly prime ideal of the Γ-semiring S where Γ = S.

Conversely, suppose that Q is a right strongly prime ideal of the Γ-
semiring S where Γ = S. Then by Proposition 2.22, (Q̄)5 ⊆ Q. Since
Q̄S ⊆ Q̄, it follows that (Q̄S)4Q̄ ⊆ Q. Since every right strongly prime
ideal of a Γ-semiring S is prime, so we have Q̄ ⊆ Q. Hence Q = Q̄ i.e. Q
is an ideal of the semiring S. Let J be an ideal of the semiring S which is
not contained in Q. Then J is an ideal of the Γ-semiring S which is not
contained in Q. By Proposition 2.15 there exist finite subsets F and G of
J and S respectively such that FGx ⊆ Q implies x ∈ Q for all x ∈ S. Let
H = {fg : f ∈ F, g ∈ G}. Clearly H is a finite subset of J , and Hy ⊆ Q
implies y ∈ Q for all y ∈ S. Hence by Proposition 2.21, Q is a right strongly
prime ideal of the semiring S. ¤

Definition 2.24. [4] Let S be a Γ-semiring and F be the free additive
commutative semigroup generated by S × Γ. Then the relation ρ on F de-
fined by

∑m
i=1(xi, αi)ρ

∑n
j=1(yj , βj) if and only if

∑m
i=1 xiαia =

∑n
j=1 yjβja
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for all a ∈ S(m,n ∈ Z+, the set of all positive integer), is a congruence on
F . We denote the congruence class containing

∑m
i=1(xi, αi) by

∑m
i=1[xi, αi].

Then F/ρ is an additive commutative semigroup. Now F/ρ forms a semir-
ing with the multiplication defined by (

∑m
i=1[xi, αi])(

∑n
j=1[yj , βj ]) =∑

i,j [xiαiyj , βj ]. We denotes this semiring by L and call it the left oper-
ator semiring of the Γ-semiring S.

Dually We define the right operator semiring R of the Γ-semiring S
where R = {∑m

i=1[αi, xi] : αi ∈ Γ, xi ∈ S, i = 1, 2, ...........m; m ∈ Z+}
and the multiplication on R is defined as (

∑m
i=1[αi, xi])(

∑n
j=1[βj , yj ]) =∑

i,j [αi, xiβjyj ].

Proposition 2.25. [4] Let S be a Γ-semirig with 0 and L (respectively
R) be its left (respectively right) operator semiring. Then for any α ∈ Γ,
[0, α] (respectively [α, 0]) is the zero of L (respectively R).

Definition 2.26. [4] Let S be a Γ-semiring and L (respectively R) be its
left (respectively right) operator semiring. Then for A ⊆ L,B ⊆ R, C ⊆ S
we define A+ = {x ∈ S : [x, α] ∈ A for all α ∈ Γ},B∗ = {x ∈ S : [α, x] ∈ B
for all α ∈ Γ}, C+′ = {∑n

i=1[xi, αi] ∈ L :
∑n

i=1 xiαis ∈ C for all s ∈ S}
and C∗′ = {∑m

j=1[βj , yj ] ∈ R :
∑m

j=1 sβjyj ∈ C for all s ∈ S}.
Proposition 2.27. [4] Let S be a Γ-semiring and L be its left operator

semiring. Then:
(i) if Q is an ideal of S then Q+′ is an ideal of L;
(ii) if P is an ideal of L then P+ is an ideal of S;
(iii) (Q+′)+ = Q and (P+)+

′
= P .

Theorem 2.28. Let S be a Γ-semiring and L be its left operator semir-
ing. Then S is a right strongly prime Γ-semiring if only if L is a right
strongly prime semiring and xΓS = {0} implies that x = 0 for all x ∈ S.

Proof. Let S be a right strongly prime Γ-semiring. Let I be a non
zero ideal of the operator semiring L of S. Then by Proposition 2.27 I+

is an ideal of S. Since I is a non zero ideal, there exits
∑n

i=1[xi, αi] ∈ I
such that

∑n
i=1[xi, αi] 6= [0, α] i.e.

∑n
i=1 xiαis 6= 0 for some s ∈ S. Now∑n

i=1[xi, αi][s, γ] ∈ I for all γ ∈ Γ i.e. [
∑n

i=1 xiαis, γ] ∈ I for all γ ∈ Γ
i.e.0 6= ∑n

i=1 xiαis ∈ I+. Therefore I+ 6= (0). Since S is a right strongly
prime Γ-semiring, there exist finite subsets F and Φ of I+ and Γ respectively
such that FΦx = (0) implies that x = 0 for all x ∈ S. Let G = {[x, γ] :
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x ∈ F, γ ∈ Φ}. Clearly, G is a finite subset of I as F and Φ are finite. Let
l =

∑n
i=1[xi, αi] ∈ L be such that Gl = 0 i.e. [x, γ]

∑n
i=1[xi, αi] = [0, α]

for all x ∈ F, γ ∈ Φ and for some α ∈ Γ i.e. xγ(
∑n

i=1 xiαis) = 0αs = 0 for
all x ∈ F, γ ∈ Φ, for all s ∈ S and for some α ∈ Γ i.e. FΦ(

∑n
i=1 xiαis) = 0

for all s ∈ S. Then by the above argument
∑n

i=1 xiαis = 0 for all s ∈ S
i.e. l =

∑n
i=1[xi, αi] = [0, α]. Hence L is a right strongly prime semiring.

Since S is a right strongly prime Γ-semiring, it is a prime Γ-semiring. Hence
xΓS = 0 implies that x = 0 for all x ∈ S.

Conversely, let L be a right strongly prime semiring and xΓS = 0 implies
that x = 0 for all x ∈ S. Let I be a non zero ideal of S. Then by
Proposition 2.27, I+

′
is an ideal of L. Since I is non zero, there exists

x ∈ I such that x 6= 0. By hypothesis xΓS 6= 0 i.e. xγs 6= 0 for some
γ ∈ Γ and s ∈ S i.e. [x, γ] 6= [0, α]. Since I is an ideal and x ∈ I,
xγs ∈ I for all s ∈ S. Hence [x, γ] ∈ I+

′
with [x, γ] 6= [0, α] for some

α ∈ Γ. Therefore I+
′ 6= ([0, α]). Then by Theorem 2.18 there exists

a finite subset F of I+
′

such that Fl = [0, α] implies that l = [0, α]
for all l ∈ L. Let F = {f1, f2, f3, ....., fm} where each fj is of the form∑n

i=1[xi, αi]. Set G = {fifj : fi, fj ∈ F}. Then G is a finite subset of
I+

′
. Let Gl = 0. Then F (fl) = {0} for all f ∈ F which implies that

fl = 0 for all f ∈ F and for all l ∈ L i.e. Fl = 0. Again this implies that
l = 0 for all l ∈ L. Also if fk =

∑n
i=1[xi, αi] and ft =

∑p
j=1[xj , αj ] ∈ F ,

then fkft =
∑n

i=1[xi, αi]
∑p

j=1[xj , αj ] =
∑p

j=1[
∑n

i=1 xiαixj , αj ]. Since
∑n

i=1[xi, αi] ∈ F ⊆ I+
′
,

∑n
i=1 xiαixj ∈ I. It follows that G ⊆ [I, Γ].

Suppose that G = {g1, g2, ......., gn} and gj =
∑k

i=1[xij , γij ] for all j =
1, 2, ...., n where all xij ∈ I. Let H and Φ denote the sets of all the xij ’s
and γij ’s, respectively. Then H and Φ both are finite subsets of I and Γ
respectively. Let y ∈ S be such that HΦy = 0. Then xijγijy = 0 for all
xij ∈ H, γij ∈ Φ i.e. xijγijyγs = 0αs, for all xij ∈ H; γij ∈ Φ, α, γ ∈ Γ
and for all s ∈ S i.e.

∑n
i=1[xij , γij ][y, γ] = [0, α] for all j and α, γ ∈ Γ i.e.

G[y, γ] = [0, α], for all α, γ ∈ Γ. It follows from above [y, γ] = [0, α] for
all γ, α ∈ Γ i.e. yγs = 0αs = 0 for all γ ∈ Γ and for all s ∈ S i.e. yΓS = 0.
Then by hypothesis y = 0, and hence S is right strongly prime. ¤

Definition 2.29. [4] Let S be a Γ-semiring and L be the left operator
semiring and R be the right operator semiring. If there exists an element∑m

i=1[ei, δi] ∈ L (respectively
∑n

j=1[νj , fj ] ∈ R) such that
∑m

i=1 eiδia =
a(respectively

∑n
j=1 aνjfj = a) for all a ∈ S then S is said to have the left
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unity
∑m

i=1[ei, δi] (respectively the right unity
∑n

j=1[νj , fj ]).

Corollary 2.30. Let S be a Γ-semiring with left unity
∑m

i=1[ei, δi] and
right unity

∑n
j=1[νj , fj ] and L be its left operator semiring. Then S is right

strongly prime if and only if L is right strongly prime.

Proof. The Proof follows from Theorem 2.28. ¤

Proposition 2.31. [4] Let S be a Γ-semiring and R be its right operator
semiring. Then:

(i) if Q is an ideal of S then Q∗′ is an ideal of R;
(ii) if P is an ideal of R then P ∗ is an ideal of S;
(iii) (Q∗′)∗ = Q and (P ∗)∗′ = P .

Theorem 2.32. Let S be a Γ-semiring with left and right unities and
R be its right operator semiring. Then S is right strongly prime if and only
if R is right strongly prime.

Proof. Let S be a Γ-semiring with left unity
∑m

i=1[ei, δi] and right unity∑n
j=1[νj , fj ]. Suppose that S is a right strongly prime Γ-semiring. Let I be

a non zero ideal of the right operator semiring R. Then by Proposition 2.31,
I∗ is an ideal of S. Also we have I∗ 6= 0. Then there exist finite subsets F
and Φ of I∗ and Γ respectively such that FΦx = 0 implies that x = 0 for all
x ∈ S. Let G = {[δi, xγfj ] : 1 ≤ i ≤ m, 1 ≤ j ≤ n, x ∈ F, γ ∈ Φ}. Then G
is finite. Since I∗ is an ideal of S, xγfj ∈ I∗ for all j and for all x ∈ F, γ ∈ Φ.
Hence sδixγfj ∈ I∗ for all i, j and for all x ∈ F, γ ∈ Φ, s ∈ S. It follows
that [δi, xγfj ] ∈ I, for all i, j and for all x ∈ F, γ ∈ Φ. Hence G is a
finite subset of I. Let r =

∑p
k=1[βk, yk] ∈ R be such that Gr = 0. Then

[δi, xγfj ]
∑p

k=1[βk, yk] = [α, 0] for all i, j and for all x ∈ F , for all γ ∈ Φ i.e.∑
k sδixγfjβkyk = sα0 = 0 for all i, j and for all x ∈ F , for all s ∈ S; γ ∈ Φ

i.e. (
∑m

i=1 eiδix) γ (
∑p

k=1 fjβkyk) = 0 for all j and for all x ∈ F, γ ∈ Φ i.e.
xγ(

∑p
k=1 fjβkyk) = 0 for all j and for all x ∈ F, γ ∈ Φ as S has left unity∑m

i=1[ei, δi] i.e. FΦ(
∑p

k=1 fjβkyk) = 0 for all j. Since S is right strongly
prime,

∑p
k=1 fjβkyk = 0 for all j i.e.

∑
j,k sνjfjβkyk = 0 for all s ∈ S. Since∑n

j=1[νj , fj ] is right unity of S, we get
∑p

k=1 sβkyk = 0 for all s ∈ S i.e.
r =

∑p
k=1[βk, yk] = [α, 0]. Hence R is right strongly prime semiring.

Conversely, suppose R is a right strongly prime semiring. Let J be a non
zero ideal of S. Then by Proposition 2.31, J∗′ is an ideal of R, which is non
zero. Then there exists a finite subset H of J∗′ such that Hr = 0 implies
that r = 0 for all r ∈ R. Let H = {h1, h2, ......, hr}. Since S has right unity
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∑n

j=1[νj , fj ], ht =
∑n

j=1[νj , fj ]
∑p

k=1[βk, yk] =
∑n

j=1[νj ,
∑p

k=1 fjβkyk]. Let
xjk =

∑p
k=1 fjβkyk. Then xjk ∈ J as ht =

∑p
k=1[βk, yk] ∈ J∗′ for all j, k.

Hence every ht can be expressed as
∑p

k=1[νj , xjk]. Let G be the set of all
xjk’ s and Φ = {δ1, δ2, ........., δm}. Then G and Φ are finite subsets of J
and Γ respectively. Let x ∈ S be such that GΦx = 0. Then xjkδix = 0 for
all i, j, k. Hence

∑n
j=1[νj , xjk][δi, x] =

∑n
j=1[νj , xjkδix] = [α, 0] for all

i, k. It follows that [δi, x] = [α, 0] for all i i.e. sδix = 0 for all i and for all
s ∈ S i.e. x =

∑m
i=1 eiδix = 0 as

∑m
i=1[ei, δi] is the left unity of S. Hence,

S is a right strongly prime Γ-semiring. ¤
Proposition 2.33. [9] Let S be a Γ-semiring with left and right uni-

ties and L be its left operator semiring and Q be a proper ideal of S.
Then LS/Q and L/Q+′ are isomorphic via the mapping

∑m
i=1[xi/Q, αi] −→∑m

i=1[xi, αi]/Q+′, where LS/Q is the left operator semiring of the Bourne
factor Γ- semiring S/Q.

Theorem 2.34. Let S be a Γ-semiring with left and right unities and
L be its left operator semiring. Then the mapping P → P+ defines a one-
to-one correspondence between the sets of right strongly prime k-ideals of L
and S.

Proof. Suppose P is a right strongly prime k-ideal of the semiring L.
Then by Proposition 2.27, P is an ideal of L and P = (P+)+

′
. It is also

easy to proof P is a k-ideal of the Γ-semiring S. Let L
′

denote the left
operator semiring of the factor Γ-semiring S/P+. By Proposition 2.33, L

′

and L/(P+)+
′
i.e. L

′
and L/P are isomorphic. Again by Proposition 2.18

L/P is right strongly prime semiring and hence so is L
′
. Thus by Corollary

2.30 the factor Γ-semiring S/P+ is strongly prime. Hence P+ is a right
strongly prime ideal of S.

Conversely, suppose Q is a right strongly prime k-ideal of Γ-semiring
S. Then the factor Γ-semiring S/Q is right strongly prime. By Corollary
2.30, the left operator semiring of S/Q i.e. LS/Q is right strongly prime.
Again by Proposition 2.33, LS/Q and L/Q+′ are isomorphic. It follows that
L/Q+′ is a right strongly prime semiring. Hence, by Proposition 2.18, Q+′

is a right strongly prime k-ideal of L. ¤
Proposition 2.35. Let S be a Γ-semiring with left and right unities

and R be its right operator semiring. Then the mapping Q → Q∗ defines a
one-to-one correspondence between the sets of strongly prime k-ideals of R
and S.
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