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Abstract. We prove the local exponential stabilizability for the MHD system in
space dimension 2, with internally distributed feedback controllers. These controllers take
values in a finite dimensional space which is the unstable manifold of the elliptic part of
the linearized operator. They are represented through two scalar functions supported in
a subdomain.
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1. Introduction. This paper is concerned with the study of the local
exponential stabilization for the magnetohydrodynamic (MHD) equations
in space dimension 2, with feedback controllers, localized in a subdomain
and taking values in a finite dimensional space. These controllers are scalar
functions supported in the given subdomain. The fact that one is able
to control the system using scalar functions is due to the possibility of
representing the divergence free vector fields using the corresponding stream
functions.

The method we use is to linearize the system around the stationary state
and then construct a feedback controller stabilizing the linear system. Then
we show that the same controller stabilizes, locally in a specified space, the
nonlinear system.

The stabilization of the linearized system is obtained via a spectral de-
composition of the elliptic part. Thus, we project the system on the stable
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and unstable subspaces corresponding to this decomposition. The unsta-
ble subspace is finite dimensional and the corresponding projected system
is exactly controllable, as a consequence of the approximate controllabil-
ity of the original linearized system; one may thus construct a feedback
stabilizing this finite dimensional linear system. The projected system on
the stable subspace is asymptotically stable and the feedback for the finite
dimensional system is stabilizing the initial linearized equations. The ap-
proximate controllability of the linearized system is a consequence of the
unique continuation result established in [10], for the adjoint system. The
feedback controller constructed in the linear case is also stabilizing the non-
linear system.

The stabilization result for the 3-D magnetohydrodynamic equations
was treated by LEFTER in [7]. The special feature in the two dimensional
case is that one may use scalar functions as controllers.

The method of spectral decomposition was used in the study of Navier-
Stokes equations with internal controllers by BARBU in [1], BARBU and
TRIGGIANI [5]. BARBU, LASIECKA and TRIGGIANI treated in [3] and [4]
the stabilization of Navier-Stokes equations with boundary tangential con-
trollers. The stabilization of two dimensional Navier-Stokes equations with
Navier slip boundary conditions was studied by LEFTER in [8]. We mention
also the references [6], [11], [13] for the linearization method in the study
of hydrodynamical stability and the existence of invariant manifolds.

The procedure we follow here for the stabilization of the 2-D MHD
equations is essentially that used in [7], [8].

2. Preliminaries and main results. Let Q C R? be a bounded,
simply connected open set with C? boundary 99 and w CC € an open
subset of Q. Let @ = Q x (0,00), ¥ = 90 x (0,00), n is the unit exterior
normal to 0€2. We consider in the paper the following MHD controlled
System:

(ZZ—yAy—i—(gi'V)y—(B-V)B

(1) - +V(§B2+p) = f 4+ xwBiu in Q,
S ~TMAB+(y-V)B—(B-V)y=Bw inQ,
(V.y=0,V-B=0 in Q.
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with boundary and initial conditions

y=0, B-n=0,r0t B=0 onX,
y(-,0) =yo, B(-,0)=By  in .

The functions that appear in the system have the following physical mean-
ing: v = (y1,42)7 : 2 x (0,T) — R? is the velocity field, p: Q x (0,7) — R
is the pressure, B = (B, B2)” : Q x (0,T) — R? is the magnetic field
and f = (f1, f2)7 : © — R? represents the density of the exterior forces
((---)" means the matrix transpose). The coefficients v, 7 are the positive
kinematic viscosity and the magnetic resistivity coefficients. We denote by
0B, 0B
rot B = Ry s
the scalar version of the curl operator. We also note the formula curl curl B
= —AB + Vdiv B valid for vector fields in 3-dimensional domains. So,
knowing the fact that the solution B will remain divergence free, we wrote
—AB instead of curl curl B as is formulated the second equation in the 3
dimensional case (see [7]), keeping in mind that the system models in fact
phenomena in a 3 dimensional cylindrical body and the data depend only
on x1,xo variables.

The functions u,v : w x (0,T) — R ,u,v € U = L*(0,T; (L?*(w)))
are the controllers and Y., : L?(w) — L%(Q) is the operator extending the
functions in L?(w) with 0 to the whole Q. The linear continuous operators
By : L}(w) — (L*w))?, By : L*(w) — (L?(2))? are the control operators
and will be described below.

Let ¢ be be the solution of the following boundary value problem

1
Agpzu—/udaz in w
|l Jes

0 on Ow

(2)

(3) Bl’LL =
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Let 1 be be the solution of the following boundary value problem

() {AT/J_XwU in

Y=0 on 9.

We define By : L?(w) — (L?(£2))? by the formula

_o
. 8.1‘2
(5) BQ’U == ai
Bxl
Denote by

H={z¢(L*Q)*:V-2=0,2-n=0 on 9N}
endowed with the L? norm and

Vi :HO(H&)Q
Vs :Hﬂ(Hl)Z

endowed with the H' norm. We denote by |- | and (-,-) the L? norm
respectively the L? scalar product.

We also recall here the standard estimate on the trilinear term appearing
in the Navier-Stokes equations and, consequently in the MHD system (see
[12]). Let for m > 0,V™ := H N (H™(Q))? with norm | - ||;n. Then the

trilinear form

3
b(u,v,w) := / [(w- V)v] - wdx = / Z uigvjwjdx
Q Q T

ij=1

is well defined on (V'1)3 and extends to V"™ x V™21 x V™3 when my +mg+
ms > 1 and m; # 1 or when at least one of m; =1 and m; +mg +m3 > 1.
In these situations we have:

(6) [b(w, v, w)| < Cllullmy [0]lmo+1[w]lms-

Also, it is antisymmetric in the last two variables: b(u, v, w) = —b(u, w,v).
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Consider for a given f € (H ~1(Q2))? a steady state variational solution
(5, B,p) € Vi x Va x L*(Q) of (1):

1_ _ _

—vAG+ (§- V)7 + V(iBQ) —(B-V)B+Vp=f inQ,

(7) —nAB+ (y-V)B—(B-V)j=0 in Q,
V-4=0,V-B=0 in €,
=0, B-n=0,t0t B=0 on 0.

We will assume the following hypothesis on the regularity of the sta-
tionary solution:

(8) (H) 7, B € Wh*°(Q)n H*(Q).

In order to write (1) in an abstract form we define the following two
operators (P is the Leray projection):

Ay = —PAy for y € D(A;)

AsB=—-AB for B € D(Az)
where
D(Ay) = (H*(Q))*nW,
D(As) := {B € (H*(Q))*NV; | rot B =0 on 90}.

With no loss of generality we will suppose that ¥ = 7 = 1 and system (1)
may thus be written as

y + Ay + P(y - V)y — P(B-V)B = Pf + P(x.Biu),
(9) B'+ AsB+(y-V)B — (B-V)y = Bav,
y(0) = yo, B(0) = By.

The main question we address in this paper is to find a feedback control
(u,v) = K(y, B) such that, if (yo, Bo) is in a neighborhood of (¢, B) then

system (9) admits a global weak solution that satisfies an estimate of the

form: B )
I(y, B) — (&, B)|| < Ce™"||(yo — 5, Bo — B)||

with C, v positive constants and the norm is in a space that will be spec-
ified. Moreover, the feedback control we construct takes values in a finite
dimensional space.
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Thus, the main result of this paper, that will be proved in §4, concerns
the null stabilization of the nonlinear system (1) around the stationary
solution satisfying (7):

Theorem 1. There exist 6 > 0, C > 0, a neighborhood V, of 0 in
Vi x Vo, a finite dimensional subspace U C L?(w) x L?(w) and a continuous
linear feedback operator K : Hx H — U such that system (1) with (yo, Bo) €
V, admits a global weak solution that satisfies:

(10) [I(y(t) = 5, B(t) = B)llvixva < Cll(yo = 7, Bo = B)llvixrae ™, t > 0.

In order to prove this result, we need to study the difference between the
solution of (1) and the stationary solution satisfying (7). After renaming
by y, B, p, yo, Bo the quantities y — 7, B — B, p — p, yo — § and respectively
By — B, we obtain the following system that we have now to stabilize in 0:

Y+ Ay +P(ly-V)g+(5-V)y—(B-V)B~(B-V)B)
+P((y-V)y—(B-V)B) = (XwBI ),
(11) B+ A:B+(y - V)B (17 ) —(B-V)yj—(B-V)y
+(y-V)B—(B-V)y=
(»(0) = o, B(0) = By.

The first thing we are doing is to find a feedback that stabilizes the linearized
system:

(v + Ay +P((y-V)y+ (y-V)y— (B-V)B
~(B-V)B) = P(x.Biu),

(12) B'+ AsB+ P((y-V)B+ (§-V)B— (B-V)y
—(B - V)y) = Bav,

(¥(0) = yo, B(0) = Bo.

We observe (see [2]) that in the second equation one has to introduce a sup-
plementary Leray projection since otherwise we could not obtain a solution
(y, B) of (12) with a divergence free B. Denote by A the following operator:

v _ (At Py V)i + -y = (B-9)B  (B-V)B)
“3’A(B)‘<A§B+P<<y~v>é+<y-v>3 (B-V)j - (B v>y>>’
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with D(A) = D(A;) x D(A3) € H x H and by B : (L?(w)) x (L?*(w)) —

HxH
<U> (P(xwls’lu)>
B = .
v Bov

Then, the linear controlled system (12) is written in the abstract form

! =B
(14) 2+ Az w

z2(0) = zo

where we denoted by z = (y, B)T, w = (u,v)” and the solution correspond-
ing to the control w will be denoted as z".

The stabilization result concerning the linearized MHD system, that will
be proved in §3, is the following:

Proposition 1. i) The operator —A generates an analytic semigroup
i H x H, with compact resolvent.
i1) The linear system (12) is approzimately controllable in any time T'.
ii) There exist a finite dimensional subspace U C L*(w)x L*(w) and a linear
continuous operator K : Hx H — U such that the operator —A = — A+ BK
generates an analytic semigroup of negative type i.e. a semigroup satisfying
an estimate of the form:

(15) le M A=BR)|| < Ce™®, £ > 0.

where C,§ are positive constants. Moreover, for any positive & there exists
such a feedback K with a corresponding change of the constant C = C(J)
and of the finite dimensional space U.

3. Feedback stabilization of the linearized MHD system.
Proof of Proposition 1. The stabilization of the linearized system fol-
lows mainly the lines in [7] and [8], particularly the proof of the steps i),
iii) below are similar to the corresponding assertions in the cited papers.

i) The operator A admits the representation A = A + Ag where

4(5) = (s).

o(9)- (0 T B )
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with D(A) = D(A) C H x H and D(Ay) = V4 x Vo C H x H. Remark
that, since 3, B € W1>(Q), for y € V4, B € V4 the products of the type
(y - V)B, (B - V)y appearing in the definition of Ay are in L? and it is
easy to see that Ag is closed, A is semi-positive self-adjoint operator and
D(A) C D(Ap). Moreover, an estimate of the type

| Agy| < e|Ay| + C(e)ly]

is standard to prove (see e.g. [9]) and it implies that —A is the genera-
tor of an analytic semigroup. Compactness of the resolvent is, finally, a
consequence of the Rellich theorem on the compact embedding for Sobolev
spaces on bounded domains (i.e. D(A) is compactly embedded in H x H).

The fact that —.A4 has compact resolvent and generates an analytic semi-
group implies that its spectrum o(.A) is discrete, with no finite accumulation

points and is contained in an angular domain V, 9 := {z € C: arg(z — a) €

(—0,6)} with some o € R, 6 € (0, g).

ii) Approximate controllability in time 7" for problem (14) is equivalent
to the unique continuation property for the dual equation, i.e.

(16) —&'(t) + A*€(t) =0 and B*¢(t) =0,t € (0,T) = £(t) =0, t € (0,T)

C

tion (16) may be rewritten as :

Let & = <C> with ¢, C written as colon vectors. Then, the dual equa-

—( — AC+ (VO)B — (Vg + (VB)'C
+(VHT¢+ V=0 in Q,

an ~Cy = AC + (V¢)B — (VCO)y — (VB)'¢
—(VHTC +Vp=0 in Q,
V.(=0,V-C=0 in Q,
(=0,C-n=0,r0t C=0 on X.

Here, terms like VC or (VB)?, which is the transpose of VB, are Jacobian
matrices and belong to Max2(R), while terms of the type (VC) B are simply
the matrix products and belong to Mayx1(R). Observe also that (VC)B =
(B-V)C.
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In order to make explicit the unique continuation property we need to

%
compute B* = <Bl). It is easy to see that

B3
. 1
Bic = (*”‘m/%"‘“C)

2] 0
where ¢ = (=72, a—fl)T and

Y
w

B;C = _1[) |wa

where 9 is the stream function of C, C' = (—g—;f;, %)T with 1) = 0 on the
boundary 0f2.

It is now easy to see that the unique continuation property that has to
be proved reads:

(18) p=cstt), Y=0inwx (0,7) = (=0,C=0in Q
reduces to the unique continuation property:
(19) (=0,C=0inwx (0,7)=(¢=0,C=01in Q.

In order to prove the unique continuation property (19), we apply the
divergence operator to (17) and obtain a system of parabolic-elliptic equa-
tions in ¢, w, C, p and the conclusion is a consequence of the following result
proved in [10], Theorem 2.1:

Consider systems of the type
(20)

y; o M |~ .
L;vy; E E ; J 1) —=— E ; , T =0,1<1<
ot + L;y; + - — ’szl(x )axl + 2 §zk(m )yk STSPp

m n m
Oy, .
Liyi+;;%kl(l‘,ﬂaxl+;Cik(x7t)yk=0, p<i<m

where L; are linear second order homogeneous uniformly elliptic operators
with C! coefficients, vir € LiS.(Q), sir, € L°(0,T5 LY (Q)).
The unique continuation result of [10] says that if y; = 0 on wx (0,7"),i =

1,m, then y; =0 on Q x (0,7),i =1, m.

iii) The spectral decomposition we are doing now consists in separating
the spectrum of A in a stable part and an unstable one. Let § > 0 be



30 CATALIN-GEORGE LEFTER 10

such that o( A)N{\ Re A = 0} = ¢. Let 01 = o( A) N {\| Re A < §},
oy =0( A)N{A Re XA > ¢}. It is clear that oy is a finite set and o9 C Vo
or some #" € (0, %). Correspondingly, the complexified space (H x H)® is
decomposed as a direct sum of two closed subspaces H; @ Ha, subspaces
which are invariant for A (we denoted also by .4 the complexified operator)
and o( A|H;) = 04,4 = 1,2. Of course H; is finite dimensional and let
N = dim H;. Denote by Py the projection onto H; given by the direct
sum H; @ Hy and by Qn = I — Py. Then, with z; = Pyz and 23 = Qnz,
equation (14) projects into two equations:

(21) 2+ Az = PyBw
(22) 2h+ Azy = QnBuw.
The operator — Ay = —Qn A generates on Hy a stable analytic semigroup

that satisfies:
(23) le™t A2:0] < Ce™|2Y).

Equation (21) is a finite dimensional linear equation in the space H;. More-
over, equation (21) is exactly controllable in any time 7". Indeed, we proved
that equation (14) is approximately controllable in any time 7', so the set
{2%(T) : w € L*(0,T;(L*(w)))?} is dense in H x H. So the projection of
this set, through Py, on Hy, which is finite dimensional, is the whole space
that is {z%(T) : w € L*(0,T; (L*(w))?)} = Hy. Moreover, if we choose as
U C (L*(w))? an N dimensional subspace such that Im PyB = PyB(U)
the pair ( Ay, PyB) remains exactly controllable in any time 7' and thus
is completely stabilizable (see [14]), i.e. for any d; > 0 there exits a linear
operator K; : Hy — U and a constant C' = C(d1) such that

(24) ||e—t( -Al—PNBKl)H < 06_61t.

The feedback K, that we use to stabilize the linear system (14), is defined
as

K = Re K, K =K, o0Py.
We denote by 2% 25 2K the corresponding solutions of (14),(21) respec-
tively (22). The only estimate to put in evidence is on the corresponding
solution of (22) because we have by the complete stabilization of (21) that

(25) |17 ()] < Ce |20,
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Variations of constants formula gives

t
() = et 4220 —|—/ e =94 QN BK) 2 (s)ds.
0

Passing to the norm and using the estimates (23) and (25) we obtain
K ()] < Ce®28) + /0 t Ce 20=)e= 05|20 ds,
from where, for a §; > ¢ and a constant C' = C(6, 1),
25°(0)] < Ce™|zo).
This, together with (25), give (15) and we conclude the proof of the

theorem. 0

4. Local stabilization of the MHD system. Proof of Theorem 1.
For the stabilization of the nonlinear system we need the following funda-
mental lemma and its corollary. This is probably a well known result but
since we could not find a classical reference for it, we mention here the
author’s paper [8] (see also [7]) where a proof of this result is given.

Lemma 1. Let H be a Hilbert space with norm |- | and scalar product
(,-) and let —A be the generator of an analytic semigroup of negative type
satisfying an estimate of the type (15) and such that D(A) = D(A*). The
following facts hold:

1. The quadratic functional

h(z) = / AbetA2at
0

is finite for all z € H and defines an equivalent norm in H.

2. Given a > 0 the quadratic form

o0 ~
h(z) = / | A2 e tA L 24t
0
defines an equivalent norm in D(A%) that is

h(z) ~ |A%2]%.
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Moreover,
h(z) = (Rz,2)

where R is an unbounded self-adjoint operator in H with continuous em-
bedding D(A%*) C D(R). For z € D(A) we have

(26) (Rz, Az) = %\Aa+%zl2.

We are now in a position to stabilize the nonlinear system (11). We

choose o = % and construct the self-adjoint operator R using the Lemma

1. We introduce the feedback K and system (11) may be rewritten as
/ A> —

(27) 2+ Az = g(2)

2(0) = 2o
where the nonlinearity g is

g (y) _ (P((B'V)B— (y-V)y)>.
B P((B-V)y—(y-V)B)

The idea, the same as in [1] or [5], is to multiply equation (27), scalarly in

H, with Ry and integrate.
We obtain

(28) %(Rz, 2) 4 (Az, Rz) = (g(2), Rz).

Standard estimates using the inequality (6) for the trilinear term b (with
my = mg = 1,m3 = 0) show that, for z,( € D(A%) = V1 x V5, one has

<1
(29) (9(2), O < Cllzll1llzll21¢] < ClA>[|AZ[|C].
Since D(A%*) ¢ D(R) continuously, there exists a constant C' such that for
¢ € D(A*)
(30) [RC| < ClA% .

Using (29) with ¢ = Rz, we obtain from (28), (30) and (26) that

(31) %(Rz, 2) + |Az2 < C(Rz, 2)2 | Az|?
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1
With p = Yoz} it is easy to see that the set V, = {2 : (R20,20) < p} is

invariant under the flow generated by (27). Moreover, for zy € V, one has

d 1 -
- — <
dt(RZ’z) + 2\.42\ <0

and thus, since ¢(Rz, z) < ||z||> < C|.Az|?, with some constant § > 0,

%(Rz, z) +0(Rz,z) <0.

Integrating the last inequality one finds that
|(Rz,2)| < |(Rzo, 20)|e .

The proof is complete since the norm in D(A%) is equivalent with the norm
induced from V; x V5. O
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