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Abstract. This paper gives sufficient conditions for the asymptotic stability and
uniform boundedness of some non-autonomous nonlinear third order delay differential
equations. By constructing Lyapunov functionals, we obtained results in a very simple
form.
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1. Introduction and statement of results. In this paper, we con-
sider the third order non-autonomous nonlinear differential equations with
delays:

(1.1) z +a(t)z +b(t)g(z) + c(t)h(z(t —7)) =0
and
(1.2) z 4a(t)i + b(t)g(z) + c(t)h(z(t — 1)) = p(t)

where 7 is a positive constant, a(t), b(t), c(t), g(&), h(x) are real valued func-
tions continuous in their respective arguments; g(0) = h(0) = 0. The dots
indicate differential with respect to ¢ and all solutions are assumed real.
Equations of the forms (1.1) and (1.2) in which a(t),b(t) and c(t) are
constants have been studied by several authors namely, SADEK [3] and ZHU
[7], to mention a few. They obtained criteria which ensure the stability,
uniform boundedness and uniform ultimate boundedness of solutions.
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Recently, in [4], SADEK establishes conditions under which all solutions
of the non-autonomous equation

T +a(t)Z + b(t)x + c(t)h(z(t — 7)) =0

tend to the zero solution as ¢ — oo. This result is now extended to equation
(1.1) by considering the semi-invariant set of a related non-autonomous sys-
tem. Using the same technique, boundedness conditions are then obtained
for (1.2). The main objective of this paper is to prove the following:

Theorem 1. Suppose that a(t),b(t),c(t) € C'(I),h € C'(IR) and g €
C(IR) and that these functions satisfy the following conditions:

(i) h(0) = 0,2 > 55 >0 = #0,
(11) W(z) <c
(i) g(0) =0,22 >p>0 y#0,
(iv) 0 <y <c(t) <b(t),-L<V(t)<d(t)<0 tel,
(v) 0 <a<a(t) <L, tel. Then every solution x = x(t) of (1.1) is
uniform-bounded and satisfies x(t) — 0,&(t) — 0,%(t) — 0 as t — oo

provided there exists o satisfying % >a > % such that

(vi) %a’(t) <dg<hb—ac tel andr < min[%, %]

Remark. If (1.1) is the constant coefficient delay differential equation
T +aZ + bt + cx(t — r) = 0, then conditions (i) - (vi) reduce to the Routh-
Hurwitz conditions a > 0,¢ > 0 and ab > ¢. To show this we set a(t) =
a,b(t)=c(t) =1, g(&) =bi and h(z(t — 1)) = cx(t —r).

Theorem 2. If all the conditions of Theorem 1 are satisfied then all
solutions of the perturbed equation (1.2) are bounded provided

t
/ Ip(s)|ds < oo,
0

for allt > 0.
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Now, we will give the stability criteria for the general non-autonomous
delay differential system. We consider:

(1.3) T=f(t,xe),ze =2t +60) —r<60<0,t>0,
where f: I x Cyg — IR™ is a continuous mapping,

f(t,0) =0,Ch :={¢ € (C[=r, 0], R") : [l¢]| < H}
and for Hy < H, there exists L(H;) > 0, with

[f(¢)l < L(Hy) when [[¢]] < Hy.

Definition 1 ([3]). An element ¢ € C is in the w-limit set of ¢, say,
Q(¢), if z(t,0,¢) is defined on [0,00) and there is a sequence {t,},t, — o0,
as n — oo, with ||z, (¢) — Y| — 0 as n — oo where

zt, (¢) = 2(tn +60,0,¢) for —r <6 <0.

Definition 2 ([3,7]). A set @ C Cy is an invariant set if for any
¢ € Q,the solution of (1.3), x(t,0,¢), is defined on [0,00) and x:(¢p) € Q
fort € [0,00).

Lemma 1 ([3,7]). If ¢ € Cy is such that the solution z(¢) of (1.3)
with xo(¢) = ¢ is defined on [0,00) and |z(¢)|| < H1 < H fort € [0,00),
then Q(¢) is a non-empty, compact, invariant set and

dist(x4(9),Q2d)) — 0 as t — oo.

Lemma 2 ([2,5]). Let V(t,¢)) : I x Cg — IR be a continuous functional
satisfying a local Lipschitz condition. V (t,0) = 0, and such that:

(1) Wi(|o(0)]) < V(t,¢) < Wa(l[¢l]) where Wi(r), Wa(r) are wedges

(1) Viugy(t,¢) <0, for ¢ < Cp.

Then the zero solution of (1.3) is uniformly stable. If we define Z =
{¢ € Cy : Vi1.3)(t, ¢) = 0}, then the zero solution of (1.3) is asymptotically
stable, provided that the largest invariant set in Z is @ = {0}.
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2. Proof of Theorem 1. We write the Eq. (1.1) as the following
equivalent system:

T =y
ey Y 77 ;
£ = —a(t)z =09 — eOh(w) +e(t) [ Wla(s))us)ds
Define its Lyapunov functional as:
V(e ye ) = 2e(t)H () + 2ab(t)G(y) + 2ac(t)h(z)y
22) +a(t)y? + az? + 2yz + 2\ /0 t v (0)dods
—r Jit+s

where H(z) = [ h(s)ds, G(y) = [, g(s)ds and X is a positive constant
which will be determined later. This Lyapunov functional derives from
Lyapunov functions used by OMEIKE [2] and SWICK [4] when they studied
certain autonomous and non-uatonomous differential systems, respectively.

From (iv) it follows that b(¢) and c¢(t) are non-decreasing functions on
[0,00). Thus, since they are continuous on this interval and bounded below
by 61 > 0, they are bounded on [0, c0) and the limit of each exists as t — oo.
Since L in (iv) and (v) is an arbitrary selected bound, we can also assume
that:

0< 3y <c(t) <b(t) <L,
(2.3) Jim ¢(t) = co, lim b(t) = bo,
01 <o <bg < L.

Due to (2.1), we rewrite V' as

(2.4)
Vo= ¢t) [H(:U) + ai)EgG(y) + ah(m)y] + % [a(t)yQ +yz + aZZ]

0 t 0 t
+ A/ / y*(0)dfds = Vi + 1V2 + /\/ / y2(0)dfds.
—rJtts 2 —r Jt+s

First, consider
Vo = a(t)y®+yz+ az?

= a(t) <y + (4aa(t) —1)22.

z 2 1
2a(t)> T Jal)
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By (v), aa(t) > aa > 1 since o > 1. Clearly, 4aa(t) — 1 is positive. Thus,
there is a d3 > 0 such that

1 1
(2.5) Vy > 5533/2 + 55322.

b(t
Vi =c(t) [H(x) —I—aCEt;G(y) —|—0<h(90)y] > 01 [ (x) + by + ah(z)y }
since % > 1,¢(t) > 61 > 0 and g(y) > b > 0 implies that G(y) > %byQ.
The quantity in the brackets above can be written thus,

(2.6)
% [2H (z) + aby® + 2ah(z)y] = % { (by + h(x))* + 2H (z) — %hQ(x)}

= 550w n@)+ 1= 2 has
> /0 ' [1 — % h(s)ds > 64 /0 " h(s)ds = 64 H (x)

where 64 =1 —-9¢>1— (b/g)c 0. Thus, since ( ) > 50 > 0, we have
000104 o
— z-
2
Combining (2.4), (2.5) and (2.7), we have

00010 1) 1)
V(t, e, s, 2) > 021 4332+ 3 y? + -3 2—1—)\/ / 0)dfds
-r +s

2.7) Vi >

Hence we can easily check that V (¢, z, y, 2;) satisfies condition (i) of Lemma
2.
From (2.2) and (2.1), we obtain

SV (1w 2) = ¢ (0 () + o (G() + o (Dh(x)y

3 (07 — B(0)g(w)y — aclH )y — M) — [oalt) — 1)2
(2.8) t
welthy [ H()(s)ds

—i—ac(t)z/t h/(a:(s))y(s)ds—A/t y?(s)ds.

'
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Since h/(z) < ¢ and using 2uv < u? 4 v2, we have

t t
ozc(t)z/t R (z(s))y(s)ds < ;ac(t)crz2+;cc(t)/t y?(s)ds

T

1 1 !
< —Lacrz? + Lc/ y?(s)ds
2 2 t—r

and

t

ety [ (a(s)y(s)ds < celt) /

t t

y2(s)ds < Le / y2(s)ds.

Thus,
SVt 2) < COH(@) + b (0G() +ad (@)
(2.9) L0y — )9y — act)l (@)y? — Ary?)

2
~52(aalt) ~ 1~ Lard? + BLC - )\] /tt ¥ (s)ds.

—r
If y = 0, then b(t)g(y)y — ac(t)h’(x)y* — Mry? = 0. If y # 0, we can rewrite
the term as

B(t)g(w)y — acl (@) — Ary?] = [b(t)“yy) — ac(t)l(z) - Ar] %

> [bb(t) — acc(t) — Mr]y?

= c(t) [iggb — ac] y? — Ary?

> 0 [b —ac— 5;1Ar] 2.

Thus,
SO — B0y — actH ()~ My
.10 < |30 -a0-ac-5an)|
< {0y —81(b— ac) + Ar}y?
< {65 — Mr}y?
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where 05 = 01[b — ac] — d2 > 0 by (vi).
According to (v), aa(t) > aa > 1, thus
(2.11) [2(aa(t) — 1) — Larc]z® > (66 — Lare)2?,

where dg = aa — 1 > 0.
Substituting (2.10) and (2.11) into (2.9) and also choose A = 3Lc, we
have that

e ynm) < COH@) + ol (H)G(y) + ad (B)h(x)y
(212) %

—(05 — chr)y2 — (66 — Larc)2>.
Next, we show that
d(t)H(x) + b/ (t)G(y) + acd' (t)h(z)y <0
for all x,y and ¢t > 0.
From (iv), —L <V (t) < (t) <0 for t > 0. If ¢(t) = 0 then
d(t)H(x) + ot (1)G(y) + ac'(H)h(z)y = ab/ ()G (y) < 0
since ¥'(t) < 0 and G(y) > 0. For those t's such that ¢/(t) < 0, we have
() H(z) + ab'(t)G(y) + ac (t)h(z)y

b'(t)
(1)
¢ (O)[H (z) + aG(y) + ah(z)y]
< d(){04H (x)}

0

=d(t) |H(x)+« G(y) + ah(x)y

IN

IN

for all x,y, z and ¢, since, in (2.6) it was shown that
H(z) + aG(y) + ah(z)y > 64H(x) > 0.

Thus,

d 3
av(t, Ty, Y, 2t) < —(05 — §LC7“)ZJQ — (06 — LO‘CT)ZQ-
Therefore, if
<mi 205 6
r<min [ —, —
3Lc¢ Lac|’



56 MATHEW OMEIKE 8

we have

V(6w 2) < =B(y* + %), for some §> 0.

By %V(t,xt,yt,zt) = 0 and system (2.1), we can easily obtain: z = y =
z = 0. Thus, the conditions of Lemma 2 are satisfied. Therefore the proof
of Theorem 1 is now complete. [l

3. Proof of Theorem 2. The proof of Theorem 2 will depend upon the
same scalar valued function V' (¢, z, ys, 2¢) as used in the proof of Theorem
1. It was shown in the proof of Theorem 1 that there is a positive constant
67 such that &7||X||? < V (¢, ¢, ys,2t), where X = (x,y,2) and thus that
V(t, ¢, ye, 2) — o0 as x2 + 3% + 22 — oo.

The proof that all solutions of (1.2) are bounded is based on the method
in ([1], [6]). If it can be shown that there exists a constant K > 0 such that
V < K for all t,z,y and 2 their since V (t, x4, ys, ;) — o0 as 22 +y? + 22 —
00, thus there exists a D > 0 such that if x = x(¢) is a solution of (1.2)
then |z(t)] < D, |&(t)] < D, |Z(t)] < D for all t > 0. Equation (1.2) is
equivalent to the system

T =y
Yy = z
(3.1) z = —at)z —bt)g(y) — c(t)h(z)

+c(t)/t B (z(s)y(s)ds + p(t)

-1
Along any solution (z(t),y(t), z(t)) we have
‘7(3.1)(?5,%,1/1&, z) = ‘7(2.1)(75’3%,%, z) + (y + az)p(t).
Since "/(2.1) <0 for all ¢, z,y, 2z, thus
Vi) < (y +az)p(t) < (lyl + alz))lpt)] < ds(lyl + [2)p(0)]
where ds = max{1,a}. Noting that |z| < 1 + 2% we get

Vs

IN

3s(2+y* + 22)[p(t)]
< 283p(t)| + o[ X [12[p(t)]
< 208|p(t)| + (08/07)V (L, e, yt, 2¢) [p(L)]

recalling that 87| X |2 < V (¢, 24, yr, 21).-

A
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Let n = max (258, g—f) , then

Via1) < nlp®)| +nVp(t)|

or
Vis.) = nVIp()] < nlp(t)].

Multiplying each side of this inequality by the integrating factor

exp (—17 fg ]p(8)|ds>, we get

V<3.1>exp( / ip(s |d8>—77V\p exp< / ip(s \ds),

V(g.l)exp< /Ip Id8>—77Vp eXp< /\p !dS)
<nlp(t) exp( /p !d8>

we get

Integrating each side of this inequality from 0 to ¢, we get, where 0 =

(x(0),4(0), 2(0)),

Ve (=0 [ pslds) = V(o) <1 —exp (= [ n(olas)
veves (o[ In6lds) +ew (v [ olds) -1

Since [} |p(s)|ds < A for all ¢, this implies

or

V(t, e, ye, 2¢) < V(O)enA + [e”A —1] for ¢t >0.

Now, since the right-hand side is a constant, and since V' (t, x4, ¥4, 2¢) —

00 as x? + y? + 22 — o0, it follows that there exists a D > 0 such that
lz(t)| < D, ly(t)| < D,|z(t)| < D for t > 0.

From the system (3.1) this implies that
lz(t)| < D,|&(t)| < D,|&(t)| < D for t > 0.
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