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Abstract. The object of the present paper is to introduce a type of non-flat Rie-
mannian manifold called weakly concircular symmetric manifold and study its geometric
properties as well as its decomposibility. Among others it is shown that every weakly
concircular symmetric manifold of vanishing scalar curvature is a weakly symmetric man-
ifold. Also it is proved that in a decomposable weakly concircular symmetric manifold
both the decompositions are concircularly recurrent. The existence of such a manifold is
ensured by several interesting examples.
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1. Introduction. The notions of weakly symmetric and weakly
projective symmetric manifolds were introduced by TAMASSY and BINH [5]
and later BINH [1] studied decomposable weakly symmetric manifolds. A
non-flat Riemannian manifold (M", g)(n > 2) is called a weakly symmetric
manifold if its curvature tensor R of type (0,4) satisfies the condition

(1.1) (VxR)(Y,Z,UV)=AX)R(Y,Z,UV)+ BY)R(X,Z,U,V)
+C(Z)R(Y,X,U,V) + D(U)R(Y, Z,X,V) + E(V)R(Y, Z,U, X)

for all vector fields X,Y, Z, U,V € x(M"), where A, B,C, D and E are 1-
forms (not simultaneously zero) and V denotes the operator of covariant
differentiation with respect to the Riemannian metric g. The 1-forms are
called the associated 1-forms of the manifold and an n-dimensional manifold
of this kind is denoted by (W.S),. Moreover, it is to be noted that in a
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(WS)p, B =C and D = E [2] and hence the defining condition (1.1)

reduces to

(1.2) (VxR)(Y,Z,U,V)=AX)R(Y,Z,UV)+ B(Y)R(X,Z,U,YV)
+B(Z)R(YY,X,U,V)+DU)R(Y,Z,X,V)+ D(V)R(Y, Z, U, X),

where A, B, D are 1-forms (not simultaneously zero). The present paper
deals with a type of non-flat Riemannian manifold (M", g)(n > 2) whose
concircular curvature tensor C' of type (0,4) is not identically zero and
satisfies the condition

(1.3) (VxO)Y,Z,UV)=AX)C(Y,Z,UV)+B(Y)C(X,ZUYV)

+C(2)C(Y, X,U,V) + DU)C(Y, Z, X, V) + E(V)C(Y, Z,U, X)

for all vector fields X,Y,Z, U,V € x(M"), where A, B,C,D and E are 1-
forms (not simultaneously zero). Such a manifold will be called a weakly
concircular symmetric manifold and denoted by (WCS),.

Section 2 is concerned with preliminaries. It is shown that in a (WCS),,
the associated 1-forms B = C' and D = E and hence the defining condition
(1.3) of a (WCS),, reduces to the following form:

(1.4) (VxO)NY,Z,U,V)=AX)C(Y,Z,UV)+BY)C(X,Z,U,V)
+B(Z)C(Y,X,U,V)+ D(U)C(Y,Z,X,V)+DV)C(Y, Z,U, X),

where A, B and D are 1-forms (not simultaneously zero).

In section 3, some basic results of (WC'S),, are investigated. It is proved
that every (WCS), of vanishing scalar curvature is a (WS),. It is proved
that in a (WC’S)n, if the Ricci tensor is of Codazzi type, then [ is an
eigenvalue of the Ricci tensor S corresponding to the eigenvector L defined
by g(X, L) = a(X). Also it is shown that in a (WCS),, . is an eigenvalue of
the Ricci tensor S corresponding to the eigenvector ps defined by g(X, p2) =
T(X)=B(X)+ D(X) for all X.

Section 4 is devoted to the study of decomposable (W C'S),, which is gen-
erally called the product (WC’S )n and it is shown that in such a manifold
one of the decomposition is Ricci symmetric with constant scalar curva-
ture and the other is concircularly flat. It is proved that if a Riemannian
manifold (M™, g) is a decomposable (WC'S),, with non-vanishing scalar cur-
vature such that M = M? x MJ7?(2 < p < n — 2), then both M; and M
are concircularly recurrent. The last section deals with several non-trivial
examples of (WCS), and also of decomposable (WC'S),,.
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2. Preliminaries. In this section, some formulas are derived, which
will be useful to the study of (WCS),,. It is known [6] that in a Riemannian
manifold the concircular curvature tensor C of type (0,4) is given by
(2.1)
C(Y,2,UV)=R(Y,Z,UV) -

r

m[‘g(z7 U)g(Y, V) - Q(K U)g(Z7 V)]v

where 7 is the scalar curvature of the manifold. Let {e; : i = 1,2,...,n}
be an orthonormal basis of the tangent space at any point of the manifold.
Then the Ricci tensor S of type (0,2) and the scalar curvature r are given
by the following:

S(X,)Y) = ZR(ei,X, Y,e;) and r = ZS(ei,ei) = Zg(Qei,ei),
i=1

=1 =1

where @ is the Ricci-operator i.e., g(QX,Y) = S(X,Y).
Now from (2.1), we have the following:

(2.2) ZC’(Y,Z,ei,ei) :O:Zé(ei,ei,U,V)
=1 =1

and

(2.3) N Clei 2,U,e5) = S(2,U) - %g(Z, U).
=1

Also from (2.1) it follows that

i)y C(X,Y,z,U)=-C(Y,X,2ZU),

( ) —C(X,Y, U, Z)a

(XYZU) C(Z,U,X,Y),
(X,Y,Z,U)+C(Y,Z,X,U)+C(Z,X,Y,U) =0.

Proposition 2.1. The defining condition of a (WCS), can always be
expressed in the form of (1.4).

Proof. Interchanging U and V in (1.3) we get

(2.5) (VxO)NY, Z,V,U) = AX)C(Y,2Z,V,U)+ B(Y)C(X, Z,V,U)
+C(2)C(Y, X, V,U)+D(V)C(Y, Z,X,U) + E(U)C(Y, Z,V, X).
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Now, adding (1.3) and (2.5), we obtain by virtue of (2.4)(ii) that

(2.6)

FVUC(Y, Z,X,V) —~(V)C(Y, Z,U,X) = 0,

where v(X) = D(X) — E(X) for all X.

If we choose a particular vector field p such that v(p) # 0, then putting
U=V = pin (2.6) we get C(Y,Z,X,p) = 0. Again setting V = p
in (2.6) we obtain C(Y,Z,U,X) = 0 for all vector fields Y, Z, U, X which
contradicts to our assumption that the concircular curvature tensor is not
identically zero. Hence we must have «(X) = 0 for all X and consequently
D(X) = E(X), for all X.

Also in view of (2.4)(i), in a similar manner it can be shown that B = C.
Hence the defining condition of a (WCS), can be written as (1.4). This
proves the proposition.

We now consider a (WC'S),, whose Ricci tensor is of Codazzi type. Then
we have( [3], [4])

(VxS)(Y,2) = (VyS)(X,Z) foral X,Y,Z,

which yields

(2.7)

dr(X) =0 forall X.

Now from (2.1) it follows by virtue of Bianchi identity that

(2.8)

(VxO)Y, Z,U,V) + (VyC)(Z, X,U,V) + (VzO)(X,Y,U, V)

= e (2 V)g(Y.V) = (V. U)gl(Z. V)
—|—d’l“(Y){g(X, U)g(Z, V) - g(Z, U)Q(Xv V)}
+dr(Z){g(Y,U)g(X,V) — g(X,U)g(Y,V)}].

By virtue of (2.7), (2.8) yields

(2.9) (VxCO)Y,Z,U,V)+ (VyC)(Z,X,U, V) + (VzC)(X,Y,U, V) =0.

The above results will be needed in the later sections.
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3. Some basic results of (WCS),,. This section deals with some

basic results of (WCS),. If the scalar curvature vanishes then from (2.1)
we have C(Y,Z,U,V) = R(Y,Z,U,V) and hence (VxC)(Y,Z, U V) =
(VxR)(Y,Z,U, V). This leads to the following:

Theorem 3.1. Every (WCS),, of vanishing scalar curvature is a (W.S)s,.
In view of (1.4), the relation (2.9) reduces to the following:

(3.1) a(X)C(Y, Z,U,V) +a(Y)C(Z, X, U,V) + a(Z)C(X,Y,U,V) = 0,
where a(X) = A(X) — 2B(X) for all X.

Setting Y =V =¢; in (3.1) and taking summation over i,1 < i < n, we
get

a(X)[S(Z,U) — %g(Z, U)] + a(C(Z, X)U)
(3.2) —a(2)[S(X,U) — %g(X, U)] = 0.

Again putting Z = U = ¢; in (3.2) and taking summation over i,1 < i < n,
we get

”
(3.3) o(@X) = La(x),
that is, (X, L) = ~g(X, L). This leads to the following:

Theorem 3.2. If the Ricci tensor of a (WCS),, is of Codazzi type then
~ is an eigenvalue of the Ricci tensor S corresponding to the eigenvector L

defined by g(X,L) = a(X) for all X.
Next by virtue of (1.4), the relation (2.8) takes the form

a(X)C(Y, Z,U,V) + a(Y)C(Z,X,U,V) + (Z2)C(X,Y,U,V)

B4 = = A O (Z V)Y V) — (V- V)g(Z. V)
—I—dT(Y){g(X, U)Q(Zv V) - g(Z, U)g(X, V)}

+dr(Z){g(Y,U)g(X, V) — g(X,U)g(Y,V)}].
Setting Y = V = ¢; in (3.4) and taking summation over i,1 < i < n, we get
(35)  a(X)IS(Z.U) = ~g(Z,0)] = a(2)[S(X,U) = ~g(X,U)]

n—2

+a(C(Z,X)U) = =D

[dr(X)g(2,U) — dr(Z)g(X,U)].
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Putting Z = U = ¢; in (3.5) and taking summation over 7,1 < i < n, we
obtain

(36) ar(X) = " a(@X) ~ “a(X)].

If the manifold is of constant scalar curvature then (3.6) reduces to (3.3)
and hence we can state the following:

Theorem 3.3. If a (WCS), is of constant scalar curvature, then -
is an eigenvalue of the Ricci tensor S corresponding to the eigenvector L
defined by g(X,L) = a(X) for all X.
Again using (2.1) the equation (1.4) becomes
dr(X)
nin —1)
,
=AX)RY,Z,UV)—- ——

n(n —1)

n(n—1)

(VXR)(Yv Z, Uv V) - [g(Z, U)g()/a V) _g()/a U)Q(Za V)]

{g(Zv U)g(Yv V) - g(Y7 U)g(Z, V)}]

+B(Y)[R(X, 2,U,V) - {9(2,U)g9(X,V) —g(X,U)g(Z,V)}]

(3.1 +B(Z)[R(Y,X,U,V) — {9(X,U)g(Y, V) —g(Y,U)g(X,V)}]

+DU)[R(Y, Z, X, V) — {9(2, X)g(Y,V) = g(Y, X)g(Z,V)}]

nin —1)

+D(V)[R(Y,Z,U, X) — m

{9(Z,U)g(Y, X) — g(Y,U)g(Z, X)}].

Setting Y =V = ¢; in (3.7) and taking summation over i,1 < i < n, we
have

(VxS8)(2,U) -

drle)g(Z, U) = A(X)[S(Z,U) — %g(Z U]

n(n —1)
(38)  +B(2)S(X,U) = —g(X,U)] + DU)[S(Z,X) - ~g(Z,X)]
n(n—1)

+B(R(X, 2)U) — {B(X)g(Z,U) - B(2)9(X,U)}

+D(R(X,U)Z) - {D(X)g(2,U) - D(U)g(Z, X)}.

Also putting Z = U = ¢; in (3.8) and taking summation over i,1 < i < n,
we obtain

(3.9) T(QX) = ~T(X),
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which can be written as
r

where g(X, p2) = T(X) = B(X) + D(X) for all X.
This leads to the following:

Theorem 3.4. In a (WCS),, — 48 an eigenvalue of the Ricci tensor S
corresponding to the eigenvector ps defined by g(X, p2) = T(X) for all X.

4. Decomposable (WCS),,. A Riemannian manifold (M", g) is said
to be decomposable [7] if it can be expressed as MY x My P for 2 < p < n—2,
that is, in some coordinate neighbourhood of the Riemannian manifold
(M™,g), the metric can be expressed as

(4.1) ds® = gijdmid:cj = Gapdz®dzb+ Eag dzda?,

2

*
where g, are functions of z!,22,---  2P(p < n) denoted by Z and Jap are

functions of #P+1, 2P+2 ... 2" denoted by Z; a,b,c, - run from 1 to p and
a, 3,7, run from p + 1 to n. The two parts of (4.1) are the metrics of
MY?(p > 2) and My P(n—p > 2) which are called the decomposition of the
manifold M" = MY x My P(2<p<n-2).

Let (M"™,g) be a Riemannian manifold such that M? x My " for 2 <
p < n — 2. Here throughout this section each object denoted by a ‘bar’ is
assumed to be from M; and each object denoted by a ‘star’ is assumed to
be from Ms.

Let X, Y, Z, U, V € x(M;) and X, v
the following relations:

%, ﬁ, X;E X(M3), then we have

(V;{R)(Y,Z,[j,‘?)ZOZ(V)ZR)(Y,E,U,‘;)Z(V}*{R)(YCE,U’"}),
R(X7)77Z7[7): _(X7}772717)7R(527}j727&) :E (i)}j;%yﬁ)y
S(X,Y)=8(X,V);5(X,Y) =S (X,Y),
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where r, 7, and 7 are the scalar curvature of M » My, M; respectively. Let us
consider a Riemannian manifold (M™,g) which is decomposable (WCS),,.
Then M™ = MV x My ", (2<p<n-2).

Now from (2.1), we have

(4.2) C(v,2,0,V)=0=C(Y,2,U,V),

(4.4) C(Y,2,0,V)=0=C(Y,Z,0,V)
and
~ % _ ok _ r * ok _
. A — Z
(4.5) c(y,z,u,V) n(n_l)g(Y,U)g( V)

(4.7) AX)C(Y,2,0,V) =0.
Similarly we have

(4.8) B(Y)C(X,Z,U,V) =0,

* o~

(4.9) D(U)C(Y,Z,X,V)=0.

Now putting X :)?, Y =y in (4.6) we get

(4.10) r[D(U)g(Z,V) - D(V)g(Z,U)] = 0.
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Similarly putting X :)2, U :(} in (4.6) we obtain
(4.11) r[B(Y)g(Z,V) - B(Z)g(Y,V)] = 0.

Also putting Y :3;7 Z :2 U :(7 in (4.6) we have

* * *

(4.12) r[B(2)9(Y.U) - B(Y)9(2,0)] = 0.

In the similar way, from (4.6), we have the following:

*

(4.13) r[DW)g(Z, V) = D(V)g(Z,U)] = 0.
Also from (1.4), we get
(VO 2.0.V) = AX)C. 2.0.V) + BOC(X. 2.U.V)

(4.14)+B(2)C(Y, X, U, V) + D(U)C(Y, Z, X, V) + DV)C(Y, Z,U, X).

From (4.14), it follows that

(4.15) AX)CY, Z,U,V) =0,
(4.16) B(Y)C(X,Z,U,V) =0,
(4.17) DU)C(Y, 7, X, V) = 0.

From (4.7) — (4.9) we have two cases, namely,
(I) A=B =D =0 on M,
(IT) M, is concircularly flat.
At first we consider the case (I). Then from (4.14) we have

that is,
(4.18)



176 A.A. SHAIKH and SHYAMAL KUMAR HUI 10

* *
Setting Z:U:e*a in (4.18) and taking summation over a, p+1 < a < n,
we obtain

n-p-1 = .

(4.19) (V) V) = F(X)g(Y, V),

since r = 7+ r and df()?) = 0. Hence from (4.19) we have

(V)Y V) =0,

provided that My is of constant scalar curvature. This implies that Ms is
Ricci symmetric manifold if it is of constant scalar curvature.

Secondly, we discuss the case of (II). Since M; is concircularly flat.
Therefore, it is a manifold of constant curvature. Hence we can state the
following:

Theorem 4.1. Let (M",g) be a Riemannian manifold such that M =
MP x My ™ (2<p<n-—2). If M is a (WCS), then the following holds:

(I) In the case of A = B = D = 0 on Ma, the manifold My is Ricci
symmetric, provided that My is of constant scalar curvature.

(II) When M; is concircularly flat, it is a manifold of constant curva-
ture.

Similarly we have from (4.15) — (4.17) that

Theorem 4.2. Let (M™,g) be a Riemannian manifold such that M =
MP x My™P (2<p<n—2). If M is a (WCS), then the following holds:

(I) In the case of A= B = D = 0 on M, the manifold M; is Ricci
symmetric, provided that My is of constant scalar curvature.

(II) When My is concircularly flat, it is a manifold of constant curva-
ture.

Next we consider the contraction with respect to Z and V in (4.10) and
obtain

(4.20) rD(U) = 0, since p > 2.
If r is non-vanishing then (4.20) yields

(4.21) D(U) =0 for all U € x(My).
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Similarly from (4.11) we have
(4.22) B(Y)=0forall Y € x(M),

provided r is non-vanishing. Thus if 7 # 0 then from (4.21) and (4.22) we
have B =0 and D = 0 on M; and hence from (4.6) we get

(4.23) (VO Y,Z,U,V)=AX)C(Y,Z,U,V).

* *
Again if we consider the contraction with respect to Y and U in (4.12) then
obtain

*

(4.24) rB(Z) =0, since n —p > 2.

If r is non-zero then from (4.24) we have

(4.25) B(Z) =0 for all Z€ x(Ms).

Similarly if 7 # 0 from (4.13) we get

(4.26) D(U) = 0 for all e x(M,)

and hence from (4.14) we get

~ * ok * *

Thus from (4.23) and (4.27) we can state the following:

Theorem 4.3. Let (M",g) be a Riemannian manifold such that M =
MPx My P (2<p<n-—2). If M is a (WCS),, with non-vanishing scalar
curvature, then both the decompositions are concircularly recurrent.

5. Some examples of (WCS),,
Example 5.1. Let M* be an open subset of R* endowed with the metric

5.1 ds® = gijda'de? = f(da")? + 2dx'da® + (dx®)? + (dz?)?,
J
(4,5 =1,2,3,4),
where f = ag+ayz? et {50~ () LR 1y g,

a1 are non-constant functions of 2! only and —1 < 2% < 1. Then the only



178 A.A. SHAIKH and SHYAMAL KUMAR HUI 12

non-vanishing components of the Christoffel symbols, the curvature tensor,
scalar curvature, concircular curvature tensor and its covariant derivatives
are given by

1 1
F%l = if.hr%:a = if.S = _le)’lv

!

e

1
Rizs1 = S fas = 2+ 49 # 0,
1
~ 61‘
r=0,Clz31 = 5 f33 20 + 2% # 0,
1
(5.2) Crasin = 2 fas1 = = #0
: L = 5lan = 5T 70
1
(5.3) C = 1f ___“ #0
: 1313 = 5fam =~ Ay

and the components that can be obtained from these by the symmetry
properties, where ‘.” denotes the partial differentiation with respect to the
coordinates, ‘,” denotes the covariant differentiation with respect to the
metric tensor g and r is the scalar curvature of the manifold whose value is
zero here. Therefore, our M* with the considered metric is a Riemannian
manifold of vanishing scalar curvature.

We shall now show that this M* is a (WCS),, that is, it satisfies (1.4).
In terms of local coordinate system, let us consider the 1-forms A, B, D as
follows:

1
A(&Z):Az = gfor i:1,

= —m fOI' 1= 3,
= 0 otherwise ,

(5.4) B(d) = B, — éfor i=1,

= m for 7= 3,
= 0 otherwise ,

1
D(&Z):Dz =S §for izl,
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— ﬁfor 2:37
xT

= 0 otherwise ,
where 0; = %.
In terms of local coordinate system, the defining condition (1.4) of a
(WCS),, can be written as
(5.5) Cijkip = ApCijrt + BiCpjrs + BiCiprt + DxCijpt + DiCijip,s

which reduces with these 1-forms to the following equations:

(5.6) Ciss1,; = AiCiss1 + B1Ciss1 + B3Cuis1 + D3Cizin + D1Chsss,
(5.7) Chss2,; = AiCissa + B1Cissa + B3Cuisa + D3Cizin + D2Chsai,
(5.8) Chssa,; = AiCissa + B1Cissa + B3Cuisa + D3Cizia + DaChsss,
(5.9) Cs112,i = AiCs112 + B3Citi2 + B1Csi12 + D1Cs1i2 + D2C3114,
(5.10)  Cai144 = A;Cs114 + B3Ciina + B1Cina + D1C3154 + DaCayyy,

where i = 1,2, 3, 4, since for the cases other than (5.5) and the components
of each term of (5.5) either vanishes identically or the relation (5.5) holds
trivially using the skew-symmetry property of C.
Now, from (5.4) and (5.2), it follows that, for ¢ = 1, right hand side
~ 1 ~
of (5.6) = (A1 + By + D1)Ciss1 = m = Ci331,1 = left hand side of
(5.6). Proceeding similarly it can be easily shown that the relation (5.6)
holds for ¢ = 2,3,4. By the similar argument it can be easily shown that
the relation (5.7) — (5.10) hold. Thus, the manifold under consideration is
weakly concircular symmetric manifold. Hence we can state the following:

Theorem 5.1. Let (M* g) be a Riemannian manifold endowed with
the metric given in (5.1). Then (M*,g) is a weakly concircular symmet-
ric manifold with vanishing scalar curvature which is neither concircularly
symmetric nor concircularly recurrent.

Note. It can be easily shown that the above Riemannian manifold
(M*, g) endowed with the metric given in (5.1) is a weakly symmetric man-
ifold with vanishing scalar curvature which is neither symmetric nor recur-
rent. This result verifies the Theorem 3.1.

Let (Mf, g1) be a Riemannian manifold in Example 5.1, where ¢ is the
metric given in (5.1). Let (R"%, go) be an (n — 4) dimensional Euclidean
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manifold with the flat metric gg. Then (M",g) is a product manifold of
(M3, g1) and (R"%, go). Thus we can state the following:

Theorem 5.2. Let (M™,g)(n > 4) be a Riemannian manifold endowed
with the metric given by

ds? = gjjdr'de? = f(dx')? + 2datda® + Z(dxk)Q, (i,j =1,2,--+ ,n),

k=3
where f = ap+aya® + e {2 _ @y @ ...+%+...},

ap, a1 are non-constant functions of ' only and —1 < 23 < 1. Then
(M"™, g)(n > 4) is a decomposable weakly concircular symmetric manifold
(M3, g1) x (R"4, go) with vanishing scalar curvature which is neither con-
circularly symmetric nor concircularly recurrent.

Example 5.2. Let M be an open subset of R” endowed with the metric
L n
(5.11)  ds* = 2%e” (da')? + (d2?)? + (do®)? + 2% (d2t)? + Z(dxk)z,
k=5

3 is non-zero finite and 2 # 0. Then the only non-vanishing com-

ponents of the Christoffel symbols, the curvature tensor, scalar curvature,
concircular curvature tensor and its covariant derivatives are given by

where z

1 1 1 1 4 1
Iy = ivri)l = —iex T3 = @,FM T oA
R 1 20 1 20
=———e€ r=—-————=
1331 41’3 ) 2(563)2 ’
1 1
~ et ~ ~ (n — 2)(n + 1)€x
C =—>-=C C = —
1221 2n(n — 1)a? 1ppl, L1331 in(n—1)z
B x46x1 B . B B
- 1 - - -
Ca332 = = Coppz = Cpps = Cpqgp;

2n(n — 1)(x3)?
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1
eiL‘

12 o= ——— =
(5.12) Cr221,3 n(n = 1) (@52 Cipp1,35

(n—2)(n+ 1)
2n(n —1)(z3)2 ’

(5.13) Ci3313 =

~ rle!
5.14 C =
(5.14) 1441,3 nln — 1) (@)’
~ 1 - - -
(5.15) C%&sZ—ﬁUV_D@%3=C%m326@mszchw&
~ x4 ~ ~
(5.16) 02442,3 = —m = 03443,3 = C4pp4,37

for5<p<n,5<qg<n,p#q,

and the components that can be obtained from these by the symmetry
properties, where ‘,” denotes the covariant differentiation with respect to
the metric tensor g. From the above relations, it follows that the manifold
(M"™,g) under consideration is a Riemannian manifold of non-vanishing
scalar curvature which is not concircularly flat.

We shall now show that this (M?",g) is a (WCS),, that is, it satis-
fies (1.4).

In terms of local coordinate system, we consider the components of the
1-forms A, B, D as follows:

2 .
A(@,) == Al == *E for 1= 3,
= 0 otherwise ,

; = O0for i=1,2,--- n,

<

(5.17) B(d) =B
1)(81)21)Z = 0 for i:1,2,---,n,

where 0; = B%i‘

In terms of local coordinate system, the defining condition (1.4) of a (WC'S),,
can be written as (5.5), which reduces with these 1-forms to the following
equations:

(5.18)  Ciza1s = AiCioa1 + B1Ciga1 + BaClizi + D2Ciain + D1Chagi

(5.19)  Cisz1; = AiCi3s1 + B1Cizs1 + B3Chizi + D3Cizin + D1Chai
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(5.20)  Chaari = AiCraar + B1Cuamr + BsCriar + DaCrain + D1Clhasi
(5.21)  Chssai = AiCassa + BaClisso + B3Caisa + D3Cosio + DaCoss;
(5.22)  Couzi = AiCousz + BaCiaaz + BaCoisz + DiCosiz + D2Cousi
(5.23)  Csaa3i = AiCsua3 + B3Ciaas + B1Csias + DiChais + D3Claa,
(5.24)  Cuippri = AiCippt + B1Cippt + BpCuipt + DpCipit + D1Clppi
(5.25)  Coppai = AiCoppz + BaClippa + ByChipz + DypCopia + DaClppi
(5.26)  Cappsi = AiCspps + B3Cipps + BpCips + DpCapiz + D3Clppi,
(5.27)  Cuppai = AiCupps + BiCippa + BpClips + DpClypia + DaClppi,
(5-28) C~'pqqp,i = Aiépqqp + Bpéiqqp + Bqépiqp +D qépqip + Dpépqqh
(5.29)  Cuzesi = AiCi223 + B1Ciaas + BaChios + DaChais + D3Chai,
(5.30)  Chio2ai = AiCua24 + B1Cigza + BaCliza + D2Clois + D4Chasi,
(5.31)  Cuazpi = AiCiz2p + B1Cliagp + B2Cliop + D2Ch2ip + DpChoai,
(5.32)  Consi = AiCan1s + BaCinrs + BiCains + D1Coris + D3Corys,
(5.33)  Car14 = AiCor1a + B2Cinra + B1Coiia + D1Coria + DaCoryy,
(5.34)  Car1pi = AiCorp + B2Cintp + B1Coitp + D1Corip + DpConyi,

(5.35)

Chss2i = AiCissa + B1Cissa + B3Chizz + D3Chziz + D2Cl1ss;,
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(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)

Ch334; = AiC1334 + B1Ciszq + B3Chiza + D3Ch3i4 + DaClisi,
Chsapi = AiChzsp + B1Cizsp + B3Cuisp + D3C1sip + DpCissi,
Cs114,i = AiCs11a + B3Cin1a + B1Csi14 + D1C5154 + DaCns,
éBllp,i = Aié?)llp + B3éi11p + Blé3i1p + Dlé?)lip + D,Ca114,
Claszi = AiCrase + B1Cisgs + B4Clhisa + DiClain + DaClaui,
Chasz; = AiCrasz + B1Cisaz + BsChisz + DyChaiz + D3Claai,
Chaapi = AiCrasp + B1Ciaap + BaChisp + DsChaip + DpChasi,
Cai1pi = AiCai1p + BaCinrp + B1Cuinp + D1Curip + DpCuarni,
Co334: = AiCa33s + BaCiszy + B3Caizg + D3Cosiq + DiyCassi,
Coaspi = AiCassp + BaCiszp + B3Coizp + D3Cosip + DypCosai,
Cs204 = AiC3224 + B3Cioay + BaChing + DaCiaig + DiyCaa;,
Cs22pi = AiC320p + B3Ciaap + BaCizp + DaClaip + DpCioai,
Coaa3,i = AiCossz + BoCiaaz + BaCoiaz + DiCouiz + D3C%u4i,
Couspi = AiCouap + BaCisap + BiCoiap + DiaCosip + DpCouui,
Ciazpi = AiCu2op + BaCizop + BaCluinp + D2Cuip + DpClu2oi,

C3a4pi = AiC344p + B3Cisay + BsCsiap + DiyCasip + DpChuui,
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(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)

(5.62)

(5.63)

(5.64)

(5.65)

(5.66)

(5.67)

Cuzspi = AiCazsp + BiCiszp + B3Cuizp + D3Cuzip + DpCusai,
Cipp2.i = AiCippa + B1Cippa + BpChipa + DypCipiz + DaClppi,
Chppsi = AiC1pps + B1Cipps + BpChips + DpCipis + D3Clppi,
Cppai = AiCrppa + B1Cippa + Bpéum + Dpélpill + DyChppi,
C~'lmaq,i = Aiélppq + By éippq + Bpélipq + Dpélpiq + Dqélppi»
Cpi1gi = AiCpi1g + ByCitng + B1Cpirg + D1Cp1ig + DyCorri,
Coppsi = AiCopps + BaCipps + BpCaira + DpCoapis + D3Coppi,
Coppai = AiCopps + BaCipps + BpCaips + DypCopia + DsCoppi,
é2ppq,i = Aié2ppq + B2éim)q + Bpé?ipq + Dpé2piq + Dqé?ppi»
Cpoaqi = AiChaog + BpCiazg + BaChing + DaCloiq + DyChaai,
Cappai = AiCappa + B3Cippa + BpCsipa + DpCpia + DaClppi,
é3ppq,i = Aié?)ppq + B3éippq + Bpé?n’pq + DpéSpiq + Dqé3ppi7
Cpazgi = AiCpazg + ByCiszg + B3Chizg + D3Cpsig + DyChasi,
C~'4ppq,i = Aié4ppq + B4éippq + Bpalipq + Dpé4piq + qulppi»
Cpasgi = AiCpaag + BpCisag + BaCpisg + DsChsiq + DyChpasi,

éqppl,i = Aiéqppl + Bqéippl + Bpéqipl + Dpéqpil + Dléqppi?
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(5-68) qup27i = Aiéqmﬁ + Bqéipp? + Bpéqizﬁ + Dpéqp& + D2éqppiv
(5-69) ~qpp3,i = Aiéqppi% + Bqéipp?» + Bpéqip?: + Dpéqpi?: + DSqu;niv
(5-70) éqpp47i = Aiéqpp4 + Bqéipp4 + Bpéqizﬂl + Dpéqpi4 +D 4éqppiv

(5-71) éqppm,i = Aiéqppm + Bqéippm + Bpéqipm + Dpéqpim + Dméqppi?

for 5<p<n,b<qg<n,d5<m<n,p#*q#*m,wherei=1,2,---.n,
since for the cases other than (5.18)—(5.71), the components of each term
of (5.5) either vanishes identically or the relation (5.5) holds trivially using
the skew-symmetry property of C. Now, from (5.12) and (5.117), it follows,

x

for i = 3, that right hand side of (5.18) = A3Ch991 = —m = 0122173
= left hand side of (5.18).

Fori=1,2,4,--- ,n, the relation (5.17) implies that both sides of equa-
tion (5.18) are equal. By the similar argument, it can be easily shown that
the equation (5.19) — (5.71) hold. Hence the manifold under consideration
is a (WCS),. Thus we can state the following:

Theorem 5.3. Let (M",g) be a Riemannian manifold equipped with
the metric given in (5.11). Then (M™,g) is a weakly concircular symmetric
manifold with non-vanishing scalar curvature which is neither concircularly
flat nor concircularly symmetric.

Let (M, g3) be a Riemannian manifold, where g3 is the metric given by
ds® = 2%e” (dx')? + (dz?)? + (do*)? + 2*(dz?)?,

where 23 is non-zero finite and z* # 0. Let (R" % g2) be an (n — 4)
dimensional Euclidean manifold with the flat metric go. Then (M",g) in
Example 5.2. is a product manifold of (Mj,g3) and (R"%,g2). Thus we
can state the following:

Theorem 5.4. Let (M™,g)(n > 4) be a Riemannian manifold en-
dowed with the metric given in (5.11). Then (M", g)(n > 4) is a decom-
posable weakly concircular symmetric manifold (Mg, g3) x (R4, g2) with
non-vanishing scalar curvature which is neither concircularly flat nor con-
circularly symmetric.
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