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Abstract. We investigate two models for dynamics of the insulin and glucose con-
centration for diabetic human patients. The first model is a minimal one with two com-
partments and the second one is obtained by introducing a reaction term. The blood
glucose control problem has been seen as an optimal control problem in order to obtain
a scheme of insulin treatment. We present corresponding numerical experiments and we
compare the two models.

Mathematics Subject Classification 2000: 49N25, 65K10, 92C50.

Key words: insulin-glucose system, diabetes of type I, optimal control problem.

1. Introduction

We consider models for insulin treatment for patients with diabetes. The
main problem is to keep the blood glucose level close to a convenient value
and to avoid large variations of it. In the case of diabetes, the pancreas is
not able to provide insulin enough for the metabolism of glucose. Blood
glucose concentration increases when glucose is administrated while insulin
accelerates the removal of glucose from the plasma. Therefore the blood
sugar decays to a normal value of 0.8 — 1.2 g/l. We consider diabetic
human patients who are not able to produce insulin enough. The insulin is
supplied by injections. The glucose concentration can be easily measured.
A detailed model for the dynamics of the insulin-glucose system is presented
in [7]. An overview on mathematical models for the insulin-glucose system
is presented in [12] and [13]. We also cite the monograph [11].

We study two models for dynamics of the insulin and glucose concen-
tration. The first model, a simplified one with two compartments was in-
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troduced in [5] and studied in [10] and also in [6, Chapter 6.2]. A reaction
term is added to obtain the second model. For details about reaction terms
we send to [1] and [2]. We consider two distinct optimal control prob-
lems(corresponding to the models above) to obtain a schedule of insulin
treatment providing a good control of glycemia over some time interval.
The control considered is of impulsive type. We obtain first order necessary
optimality conditions which are used for optimization algorithms. Numer-
ical tests are done. The numerical tests show that the first model works
well only for initial cocentrations of insulin and glucose between appropriate
medical limits. For initial cocentrations of insulin and glucose outside the
usual medical limits it is possible to obtain negative or not allowed values
for the concentration of insulin injected and for the concentration of glucose
and therefore the model fails. The second model works well even in this
situation.

For applied numerical methods (finite differences) see, for instance, [8].

2. A model for insulin-glucose dynamics

Let us denote by I(t) the concentration of insulin injected, and by G(t)
the concentration of glucose at the moment ¢ € [0, L], where L > 0 is the
length of the time interval considered to study the evolution of insulin and
glucose.

We denote by Iy the initial concentration of insulin and by Gy the initial
concentration of glucose. We consider that |d|, where d < 0, is the decay rate
of insulin, a is the growth rate of glucose (a # d), and b is a negative constant
that can be measured. A corresponding simplified model for dynamics of
insulin-glucose system is the following one:

I'(t) =dI(t), te(0,L
(1) G'(t) =0bI(t)+aG(t), te(0,L)
1(0) = Iy, G(0) = Gy.
For a normal organism a minimal model with two compartments was
introduces in [5] and studied in [10]; see also [6, Chapter 6.2].

System (1) can be integrated mathematically. The solution of (1) is
given by the following formulae:

I(t) = Ipe®, t€0,L]
G(t) = Goe™ + 210 (edt —eat) |t €0, L].

a

(2)
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The blood glucose control problem has been considered as an optimal
control problem in [9] and [14].

We consider now an optimal control problem with impulsive control to
obtain a scheme of insulin treatment to control the blood sugar over some
time interval. We denote by A the desired level of glucose. We assume
that the initial concentration of insulin is I(0) = 0 and the patient gets
m injections of insulin at the following discrete moments of time: 0 =
t1 <ty <...<ty, = L, with corresponding quantities of insulin ¢; = c(¢;),
Jj=12,...m. Wedenote by h = t;;1—t;,7 = 1,2,...,m, which means time
equidistant injections. The dynamics of insulin-glucose system is described
by

() = dI(t) + 3 6y,
j=1
(3) G'(t) = bI(t) + aG(t), te(0,L)

I(0) =0, G(0) = Gy,

where d;; is the Dirac mass at t;. The solution of (3) in the sense of the
theory of distributions is

I(t) = 5 ¢ H(t —t)e™1),
(4) ! m
G(t) = Goeat + d%ba Z C]H(t — tj) [Bd(t_tj) - ea(t_tj)] , te [07 L]
j=1

where H is the Heaviside function, i.e., H : R — R is defined as

1, ift>0
Ht)y={" "'=
0, ift<0.

Therefore, the function ¢ — H(t — t;) from formulae (4) is defined for
t € [0, L] by
1, ifte [tj,L]

H(t —t;) = {0, if t € [0,t;).

The optimal control problem related to (3) is:

L
(5) Minimize ¥(c) = ;/0 [G(t) — A dt,
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subject to ¢ = (c1,¢2,...,cm) € R™, where (I, G) is the solution of (3). The
vector ¢ is the control, an impulsive one - a control that acts only at some
discrete moments of time.

Since the functional ¥ is quadratic with respect to every c;, it means
that there exists at least an optimal control ¢ = (¢1,¢a,...,¢y) € R™. The
optimal control satisfies:

ov
6 —(c)=0, j=1,2,...
( ) acj (C) ) j b ) ) m’
a linear algebraic system with the unknowns ¢;, j = 1,2,...,m. We cal-

culate the partial derivatives and using the formulae (6) we obtain the
following algebraic linear system

(7) ZQijCi:ijj:172a"'7ma

=1
where

b L
(®) 4= g [ HE- ) HE - (e 0,

d —a o
L
(9) Bj = / ej(t)(A — Goeat)dt,
t

withid,j = 1,2,...,mand e;(t) = e~t) —eat=4) ¢t € [0,L],5 =1,2,...,m.
If i > j, then t; > t; and from (8) we get

b L
(10) % =7 5 ei(t)e;(t)dt.

We must calculate the transpose of the matrix @ = [g;;]. Also we need
to calculate B = (B;). We can thus solve system (7) and obtain the optimal
control ¢ € R™. The algorithm is

begin-algorithm{ALG1}

for 7=1tom

for 72=1 to j
compute g;; = - ftf e;(t)e;(t)dt
end-for
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for i=74+1 tom
compute ¢;; = 7> ftf ei(t)e;(t)dt

end-for
end-for
for j=1tom

compute Bj = ftf e;(t)(A — Goe™)dt
end-for
solve the system Q’c= B to get the optimal control c < R™.
end-algorithm{ALG1}.

3. A second model for insulin-glucose dynamics

We investigate another model for the dynamics of insulin-glucose system,
namely:

I'(t) = di(t), te(0,L)
(11) G'(t) = bI(H)G(t) + aG(t), te€ (0,L)
1(0) = Iy, G(0) = Go,

where a,b,d, I(t), G(t), Iy, Go have the same meanings as in the model (1).
Let us remark that the term bI(¢) from the second equation in (1) is replaced
by the reaction term bI(t)G(t). For details about reaction terms we send
to [1] and [2].

This system can be solved mathematically. We consider the problem of
insulin dynamics

(12) I'(ty=dIt), te(0,L)
1(0) = Io,

which has a unique solution
(13) I(t) = Ipe™, t€[0,L].

We use the form of I(t) previously determined and we obtain the fol-
lowing model for the glucose dynamics

(14) {G'(t) = bIpeG(t) + aG(t), te€ (0,L)

G(0) = Go,
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which gives the formula for the glucose concentration
(15) G(t) = Goelea (<" 1) ¢ e [0, ).
We now consider the optimal control problem

L
(16) Minimize W(c) = % /0 G(t) — AP dt,

subject to ¢ = (c1,¢2,...,¢n) € R™, where (I,G) is the solution of the
model:

I'(t) = dI(t) + 3 cj,,
j=1

G'(t) = bI(H)G(t) + aG(t), t€ (0,L)
1(0) = 0, G(0) = Go.

(17)

We investigate the optimal control problem under the control constraints
¢;>0,7=12,...,m.
The solution of system (17) in the sense of the distributions is

I(t) = ¢;H(t — tj)e®tt),
18 = m
(18) 5 Y ey H(t—t) [ 1]

G(t) = Goee 7= , telo,I].

The control ¢ is also an impulsive one. The optimal control (that exists
because the functional ¥ is quadratic) satisfies

(19) VU(c) =0,
ie.,

oW
2 ““()=0, j=1,2,...,m.
(20) acj(c) 0, j=1,2,....,m

We calculate the partial derivatives and we obtain

L
(21) gi(c)z/o Gt — A ‘3’%’%, i—1.2....m
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where
G (t) _ wh A d(t—t) L é CjH(t—tj)[ed(tftj)_l]
ae; = Goe gH(t—t]){e i —1]6 J ,
(22) tel0,L].

Therefore, 8800(;) = G(t)%H(t —tj) [ed(t_tj) —1], teo,L].

We introduce restrictions of the form 0 < ¢; <€, j = 1,2,...,m, with
¢ the maximum amount of insulin injected and we use a projected gradient
method to solve the optimal control problem (16).

The conceptual algorithm (Uzawa’s algorithm with Armijo method for
the steplength p) is:

begin-algorithm{ALG2}

S0: set k=0
choose ¢ ¢ K =1[0,¢™
set p(o) =1
choose [ € (1/2;4/5)
S1: p= p(k)
S11: if U (P (c(k) - pV‘ll(c(k)))) < W(cP)
then plhth) =)
else p=0p
go to S11
end-if
S12: k1) = pr (C(k) - p("’+1)V\I’(c(k>))
S2: if Hc(k"'l) — C(k)H < ¢ (the stopping criterion,

where ¢ is a given value)
then STOP (c¢**1) is the approximating control)
else k=k+1
go to 81
end-if
end-algorithm{ALG2}
For details about Uzawa’s algorithm and Armijo’s rule see [4, Chapter
2.5] and [3].

The projection operator Px : R™ — K is defined as

Pr(w) = (Pog (w))) :

j=1m
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0, w; < 0
where w = (w;);_15 and Pog(w;) = qw;, 0<w; <e
c, w; > C.

4. Numerical tests

For both models already described we have indicated algorithms to solve
the optimal control problems. For the first model, one has to solve a linear
algebraic system whose solution is the optimal control ¢ € R™(ALG1). This
algorithm has no control constrains. For the second model, to solve the
optimal control problem we have used a projected gradient method because
of control constrains, namely Uzawa’s algorithm with Armijo’s rule for the
steplength p. Both algorithms were implemented in Matlab.

For the identification of the values of coefficients a,b, and d, see [6,
Chapter 6.2]. For all numerical examples we have considered a = 0.1,
b= —0.05, and d = —0.5.

Example 1. We take the final time L = 12 (hours), the initial concen-
tration of glucose Gy = 2.2, the desired level of glucose A = 0.9, and the
number of insulin injections m = 3.

Using the algorithm ALG1, we get the optimal control ¢ = [22.9582
—3.0273 5.0941]. Note that the second injection of insulin should be made
with a negative amount, which is a nonsense from a medical point of view.
The graphics of insulin shots and glucose dynamics are shown in Figure 1
and Figure 2, respectively.

Using ALG2 we remove the inconvenience of ALG1 and we obtain that
the optimal doses of insulin are ¢ = [16.7446 0 4.0774]. In Figure 3 we
can see the evolution of blood glucose concentration for this numerical ex-
periment, with algorithm ALG2.

It is clear now that the second model (Eqn. (11)) works better than the
first one (Eqn. (1)). The negative insulin amount obtained by ALG1 shows
that the first model is not adapted for this example.

We intend to establish a treatment plan for a day. We have two possi-
bilities: either we use ALG2 once for 12 hours and with the resulting final
glucose concentration as initial concentration of glucose we apply again
ALG2 for 12 hours, either we use ALG2 once for 24 hours (see Examples 2
to 4).
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Example 2. We choose L = 12 (hours), Go = 2, A = 1, and the
number of insulin injections m = 2. Using ALG2, we get the optimal
control ¢ = [13.5386 4.1833]. The final glucose concentration during 12
hours is G fina = 1.1562.

Example 3. We take L = 12 (hours), Go = 1.1562, which is the final
glucose in the previous experiment, A = 1, and the number of insulin injec-
tions m = 2. With ALG2, we get the optimal control ¢ = [6.5897 5.8748|.
We observe the stabilization of the amount of insulin injected.

Example 4. We now consider L = 24 (hours), Go = 2, A = 1, and the
number of insulin injections m = 4. Using ALG2 we obtain the following
optimal control ¢ = [13.5305 4.44368 5.53 6.7421].

The algorithm ALG1 works pretty well for the numerical data from
Examples 2, 3 and 4.

Example 5. We consider the final time L = 18 (hours), the initial
concentration of glucose Gg = 2, the desired level of glucose A = 0.9, and
the number of insulin injections m = 3.

With ALG1 we obtain the optimal control ¢ = [18.9490 2.3965 5.9164],
and calculating the minimum, the mean and the final glucose concentration
during 18 hours, we obtain Gunin = 0.7905, Grean = 0.9482, Grina =
1.0102.

Using the second algorithm, ALG2, we get the optimal control

¢ = [15.0738 3.5944 6.4703]. The minimum, the mean and the fi-
nal glucose concentration during 18 hours are Gpin = 0.8037, Guean =
0.92292, G fina = 1.0127. We observe that, the mean glucose is kept closer
to the target value of glucose. In Figure 4 we can see the dynamics of the
glucose concentration for this numerical experiment.

Let us also notice that in both examples the first insulin shot has a ”big”
value due to the initial glucose level G(0) = G which is ”far” from normal
limits (the patient has hyperglicemia).

Example 6. We take the final time L = 18 (hours), the initial concen-
tration of glucose Gy = 1.0127, which is the final glucose in the previous
experiment, the desired level of glucose A = 0.9, and the number of insulin
injections m = 3.

Using the second algorithm, ALG2 we get the optimal control ¢ =
[6.1801 6.1135 5.9065]. The minimum, the mean, the maximum and the
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final glucose concentration during 18 hours are G, = 0.8324, Gmean =
0.8966, Gmax = 1.0257, G fina = 1.0239. We observe that the mean glucose
is kept closer to the target value of glucose and the bandwidth in which
is varying the concentration of glucose is small. Taking into account the
values of vector ¢ we notice the stabilization of insulin injections amount.

Examples 5 and 6 may be a treatment schedule for 36 hours for a patient
with diabetes and initial hyperglicemia.

Example 7. We now consider the final time L = 36 (hours), the initial
concentration of glucose Gy = 2, the desired level of glucose A = 0.9, and
the number of insulin injections m = 6.

Using ALG2 we get the optimal control ¢ = [15.02866 3.7024 6.3348
6.0150 5.9098 6.0874]. The mean glucose concentration during 36 hours
are Goean = 0.91. The variation of glucose concentration for this numerical
experiment is illustrated in the Figure 5.

We can compare the treatment resulting from Examples 5 and 6 to the
one resulting from Example 7.

We intend to configure a scheme of treatment for 2 days. We have two
possibilities: either we use the algorithm ALG2 once for 24 hours and with
the resulting final glucose concentration as initial concentration of glucose,
we apply it again for 24 hours, either we use ALG2 once for 48 hours.

Example 8. We choose L = 24 (hours), Go = 2, A = 0.9, and the
number of insulin injections m = 4. Using ALG2, we get the optimal con-
trol ¢ = [15.0000 3.7692 6.2708 6.0280]. The final glucose concentration
during 24 hours is G fjpq = 1.0181.

We take next L = 24 (hours), Gp = 1.0181, A = 0.9, and the number
of insulin injections m = 4. With ALG2, we get the optimal control ¢ =
[6.2599 6.0775 5.90 6.0885] . We observe the stabilization of the amount
of insulin injected.

Example 9. We now consider L = 48 (hours), Go = 2, A = 0.9, and the
number of insulin injections m = 8. We obtain the follwing optimal con-
trol, using ALG2 ¢ = [15.0284 3.6938 6.3697 5.9499 5.9766 6.0696
5.9014 6.0892]. In Figure 6 we can see the insulin shots for this numerical
experiment.

The algorithm ALG1 works pretty well for the numerical data from
Examples 8 and 9.
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Here is another possibility to set up a treatment scheme for 2 days, with
a smaller number of insulin injections (see Examples 10 to 12).

Example 10. We choose L = 24 (hours), Gp = 2, A = 0.9, and the
number of insulin injections m = 2. Using ALG2, we get the optimal control
¢ =[16.9849 11.6044]. The final glucose concentration during 24 hours is
G final = 1.2676.

Example 11. We consider L = 24 (hours), Gy = 1.2676, which is
the final glucose in the previous experiment, A = 0.9, and the number of
insulin injections m = 2. With ALG2, we obtain ¢ = [12.0279 12.0287] .
We observe the stabilization of the amount of insulin injected.

Example 12. We now consider L = 48 (hours), Gp = 2, A = 0.9, and
the number of insulin injections m = 4. We obtain the following optimal
control, using ALG2 ¢ = [16.9969 11.6730 11.7632 12.2919].

We can compare the treatment resulting from Examples 10 and 11 to
the one resulting from Example 12.

The algorithm ALG1 works pretty well for the numerical data from
Examples 10, 11 and 12.

The computing time for the program corresponding to ALG2 is of course
much longer than the one for the program corresponding to ALG1 (an
optimization problem vs. an algebraic linear system). As noticed the model
given by Eqn. (11) is more sensitive than the one corresponding to Eqn.
(1) for some experiments.

Insulin Shots

1 2 3 4 0 2 4 6 8 10 12

t t

Figure 1. The insulin doses for Figure 2. The glucose dynamics
12 hours (ALG1) for Example 1(ALG1)
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Figure 3. The glucose dynamics Figure 4. The glucose dynamics

for Example 1 (ALG2)

Figure 5. The glucose dynamics
for Example 7 (ALG2)

for Example 5 (ALG2)

Insulin Shots

Figure 6. The insulin doses for
48 hours (ALG2)
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