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Abstract. Given that the concept of A-quasi-tangent set introduced by CARJA, NE-
cuLA and VRABIE and using a tangency condition expressed with a set of integrals, we
establish several necessary and sufficient conditions for viability referring to nonlinear
evolution inclusions on locally closed graphs.
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1. Introduction

Let X be a real Banach space and let A : D(A) C X ~» X be an m-
dissipative operator, which means that —A is m-accretive, generating the
nonlinear semigroup of contractions {S(t) : D(A) — D(A); t > 0}. Let
K : I~ D(A) and F : X ~ X be two multi-functions with nonempty
values, where I C R is a nonempty and open from the right interval and
XK := graph(K).

Our aim here is to prove some new necessary and sufficient conditions
in order that X be viable with respect to A+ F. This paper is an extension
of the results established by NECULA-POPESCU-VRABIE [9].

To be more precise, let us consider the Cauchy Problem

(1.1) {U'(t) € Au(t) + F(t,u(t))

u(r) = &.
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Definition 1.1. Let A : D(A) € X ~» X be m-dissipative and let
fe LY, T;X). A C%solution of the equation

(1.2) u'(t) € Au(t) + f(t)

is a function w in C([7,T]; X) satisfying: for each 7 < ¢ < T and € > 0
there exist

(i) T=to<ti < - <c<t, <T,tp—tr_1<e fork=12....,n

(iii) wo,...,v, € X satisfying:
vk_vk_ll € Avy + fi for k=1,2,...,n and such that

te—tr—

lu(t) — vyl < € for t € [th_1,tx), k=1,2,....n

Definition 1.2. A function u : [7,T] — X is a C%-solution of (1.1) if
u(r) =&, u(t) € K(t) for each t € [7,T], and there exists an a.e. selection
f e LY, T;X) of t = F(t,u(t)), i.e., f(t) € F(t,u(t)) a.e. fort € [r,T],
such that u is a C%-solution on [7,T] of the equation (1.2).

The next two classical results will prove useful in that follows.

Theorem 1.1. Let X be a Banach space and let A: D(A) C X ~ X be
m-dissipative. Then, for each & € D(A) and f € L*(7,T; X), there eists a
unique CO-solution w : [7,T] — D(A), of (1.2), which satisfies u(t) = &.

See LAKSHMIKANTHAM-LEELA [5], Theorem 3.6.1, p. 116.
In that follows, we denote the C?-solution u of (1.2), depending on 7, &

and f, by u = u(-,7,&, f).

Theorem 1.2. Let X be a Banach space, let A: D(A) C X ~ X be
m-dissipative, let £&,m € D(A), f,g € L'(7,T;X) and let u = u(-,7,&, f)
and v =u(-,7,1n,9). We have

8 )~ < i) 76+ [ 156) - 9]
for each T < s <t <T. Moreover, we have the following evolution property

u(t7a7§7f) :u(t7b’u(b7a7£7 f)7f)
forr<a<b<t<T.
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See VRABIE [12], Section 1.7.

Definition 1.3. We say that the graph, X, of K : I ~ D(A), is C°-
viable with respect to A+ F, where F : X ~» X if for each (7,§) € K, there
exists T > 7, such that [r,7] C I and (1.1) has at least one C°- solution
w: [r,T] = X. I T € (1,supI) can be taken arbitrary, we say that X is
globally CY-viable with respect to A + F.

The first two sections of the paper are concerned with some prerequisites
and basic concepts and results needed in the sequel. In Section 3 we prove
the main necessary condition of viability, in Section 4 we give a relationship
between two tangency conditions, Section 5 contains the statement of the
two sufficient conditions for viability and the statement and proof of a
technical approximation lemma. In the last Section 6 we give the proofs of
Theorems 5.1 and 5.2.

2. Preliminaries

If (Y,d) is a metric space, y € Y and r > 0, D(y,r) denotes the closed
ball with center y and radius r > 0, i.e. D(y,r) ={z €Y; d(y,x) <r},
while S(y,r) denotes the open ball with center y and radius r > 0, i.e.
Sy,r) ={z €Y; dly,z) < r}. f BCY and C C Y, we denote by
dist(y,C) := inf{d(y, 2); z € C} and by dist(B,C) := inf{d(x,y); = €
B, y € C}. Also B(Y') denotes the family of all bounded subsets of Y.

Let X be a real Banach space, I C R a nonempty and open to the
right interval, K : I ~» X a multi-function with nonempty values and
let K := graph(K). Here and thereafter, X is conceived as a metric space,
whose metric, d, is defined by d((7,£), (0, p)) = max{|T—0|, || — p|| }, for all
(1,€), (0, 1) € K. Also, A denotes the Lebesgue measure on R. Furthermore,
whenever we will use the term strongly-weakly we will mean that the domain
of the multi-function in question is equipped with the strong topology, while
the range is equipped with the weak topology. Otherwise, both domain and
range are endowed with the strong, i.e. norm, topology.

Definition 2.1. The multi-function F' : X ~» X is called (strongly-
weakly) almost u.s.c. if for each € > 0 there exists an open set O, C I such
that A\(O.) < e and Fjj(no.)xx]nx s (strongly-weakly) u.s.c.

Definition 2.2. The multi-function F' : K ~» X is called locally inte-
grally-bounded if for each (7,&) € K there exist p > 0, § > 0, £, € LY(I;R)
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and a negligible set Ny C I satisfying: for each (¢t,u) € (([r — 9,7+ ]\ N1)
xS(&,p)) NK, we have |F(t,u)]| < ¢1(t).

Remark 2.1. (i) If X is separable we can choose N in Definition 2.2 the
same for all (7,£) € K and, in this case, for each (7,&) € ((I \ N1) x X)NX,
F(7,€) is bounded.

(ii) Moreover, if, in addition, F' is closed valued and almost u.s.c., then,
for each continuous function u : I — X with (¢, u(t)) € K for each ¢ € I, the
multi-function ¢ — F'(¢,u(t)) has at least one locally integrable selection on
I. The same conclusion holds true if F' is closed valued, strongly-weakly
almost u.s.c. and has separable range. The latter assertion follows from
Pettis’ Measurability Theorem 1.1.3, p. 3, in VRABIE [13].

The next special class of graphs was considered for the first time by
NEecuLA [6].

Definition 2.3. Let K : I ~» X be a multi-function with graph, X. By
a simple solution issuing from (7,&) € K we mean a pair of functions (g, v) €
LY(7,T; X) x C([r,T]; X) such that for all t € [, T] we have (¢,v(t)) € X
and v(t) = u(t, 7,&, g).

Definition 2.4. The graph, X, of K is said to be C°-viable by itself if
for each (7,€) € X, there exist T > 7, p > 0 and /3 € LY(I;R), so that
for each (7,&) € ([1,T) x S(§,p)) N XK, there exist a simple solution (g, v)

issuing from (7, €), defined on [7,T] and such that
7(s)|| < £2(s) ae. for s € [7,T].

Remark 2.2. One may easily see that the graph, K, of K : I ~» X is
CO- viable by itself if and only if, for each (7,¢&) € X, there exist T > 7,
p > 0 and ly € LY(I;R), so that ([r,T) x S(& p)) N XK is CO- viable with
respect to A + G, where the multi-function G : ([7,T) x X) N K ~ X is
defined by G(t,§) := {v € X; |jv|| < la(t)}, for each (¢, &) € ([r,T)x X )NK.

Remark 2.3. (i) Clearly, If K : I ~» X is constant and S(t)K C K
for each ¢t > 0, then K is C°- viable by itself. Indeed, in this case, fo = 0
satisfies the requirements in Definition 2.4.

(ii) If K is C°- viable with respect to A + F, where F : K ~» X is
some locally integrally-bounded multi-function then, for each (7,¢) € X,
the function G, defined as in Remark 2.2, with p > 0 given by Definition 2.2,
and fo = {1, where ¢ is given by Definition 2.2, satisfies the conditions in
Remark 2.1. So, K is viable by itself.
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Let (1,£) € X and let E € B(X).

Definition 2.5. We say that E is A-quasi-tangent to K at (7,&) if
1
(2.1) lir}riionfﬁdist (u(t+h,7,6,FE), K(t+h)) =0

where

Fg={f € Li,.(R; X); f(s) € E ae. for s € R}
and u(r + h, 7,6, Fp) = {u(r + h,7.&, f); [ € TE}

Throughout, we denote by QU’S{%(T, &) the set of all A-quasi-tangent sets
to X at (7,€). If K is constant, E is A-quasi-tangent to X at (7,¢) if and
only if it is A-quasi-tangent to K at £ in the sense of CARJA, NECULA,
VRABIE [2], [3], [4]. The set QT8%(r,&) is used in NECULA, POPESCU,
VRABIE [7] (for A = 0), [8] and [9] to establish necessary and sufficient
conditions for viability. Next we introduce a new tangency condition which
shall be used in the sequel, similar to the one used in PopPEscu [10] and
[11].

Let X be C- viable by itself, let ' : X ~ X be integrally bounded and
let (1,€) € K. Let £ € L*(I,R) be such that ¢(s) > max{/f;(s),f2(s)} a.e.
for s € I, where {7 is the function in Definition 2.2 and ¢5 is the function
in Definition 2.4.

Let us denote by Cr¢ ¢ the set of all continuous functions v : [T, 7 +
h] — X for which there exits g € L'(7,7 + h; X) such that (g,v) is a
simple solution issuing from (7,¢) and ||g(s)|| < 4(s) a.e. for s € [r,7 + h].
Obviously €, ¢ is nonempty for h small enough.

Next, let us define by &, ¢ 5, the set of all functions f € L!(7, 7+ h; X)
for which there exits v € C, ¢ ¢, such that f(s) € F(s,v(s)) forall s € [7,7+
h]. If F satisfies the conditions in Remark 2.1 then €, ¢ is nonempty for
h small enough.

We consider the tangency condition

1
(2.2) hlﬁionf Edist (Wt +h, 7,8 Ereen), K(T+h)) =0.

At this point, let us observe that (2.2) makes sense whenever Ercth
is nonempty. As we already pointed out, in order for the above set to be
nonempty it is sufficient that K be C°- viable by itself and F : K ~» X
be integrally bounded, closed valued and almost u.s.c. Here and thereafter,
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when we say that (2.2) takes place, we understand that X is C°- viable by
itself, F' is integrally bounded and €, ¢ ¢, # () for h small enough (sufficiently
for a certain h). The fact that (2.2) can take place even in the absence of
continuity or measurability conditions for F' is illustrated by the first very
simple necessary condition for viability in the next section.

3. Necessary conditions for viability

Definition 3.1. An m-dissipative operator A : D(A) ~» X is of compact
type if for each sequence (fn,un)n in LY (7,T; X) x C([7,T]; X) with u, a
CY-solution of the problem u/,(t) € Au,(t)+ fuo(t) on [7,T] forn =1,2,...,
lim,, f, = f weakly in L!(7,T; X) and lim,, u,, = u strongly in C([7,T]; X),
it follows that u is a C%solution of the problem u'(t) € Au(t) + f(t) on
[7,T].

The hypotheses we will use in the sequel are listed below.

(A1) A: D(A) € X ~ X is m-dissipative and {S(t) : D(A) — D(A);
t > 0} is the nonlinear semigroup of contractions generated by A

(A2) A: D(A) € X ~ X is m-dissipative and {S(t) : D(A) — D(A);
t > 0} is compact, i.e., S(t) is compact for each t > 0;

(A3 D(A) C X ~ X is m-dissipative and of compact type;
(Hy) the graph X is C%-viable by itself;

(
(Hs

F

F" has nonempty and closed values and is locally integrally bounded;
F: X~ X is almost u.s.c.;
(Hy) F:X ~ X is strongly-weakly almost u.s.c.;

) A
)
)
)
)
)

(Hs) there exists a set N C I, with A(IN) = 0, and such that for each

t
(1,6) € (I\ N) x X)NK, we have F(1,£) € QTS8{(r, €);

(Hg) there exists a set N C I, with A(IN) = 0, and such that for each
(1,6) € (I\N) x X)NXK, we have (2.2);

(H7) for each (7,€) € X, we have (2.2).
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Theorem 3.1. If X is C°- viable with respect to A+ F, where F is a
locally integrally bounded multi-function, then (Hy) and (Hy) hold true.

Proof. First let us observe that even if F' is not closed valued and
almost u.s.c. the sets C. ¢, and €, ¢4y are nonempty for h small enough.
Indeed, let p and ¢ from the Definition 2.2 and w : [7,T] — S(&, p) be any
solution of (1.1) with T < 7 + 6. Then there exists f € L!(,T; X) with
f(t) € F(t,u(t)) a.e. for t € [7,T] and u(t) = u(t,7,&, f) for all t € [1,T].
Hence, for each h € (0,7 — 7] we have u € Cr¢ ¢, f € Er 0 and

dist (u(r + b, 7, &, Er o), K (7 + ) < dist (u(r + h, 7, €, f), u(r +h)) = 0

and this completes the proof.
Let us remark that we have proved that for h sufficiently small

{w(r+h, 7,6, Ereon)} NK(T+h) #0.

O

So, under more general hypotheses on F', (Hg) is necessary in order for

X be CY- viable with respect to A + F. In that follows, we shall see that,

under some additional natural assumptions on F', the converse statement is
also true.

4. The relationship between (H;) and (Hg)

Definition 4.1. We say that the multi-function F' : K ~~ X is almost e—
d l.s.c. if for each v > 0, there exists an open set O, C I, with A(0,) <,
and such that the mapping (¢,£) — F(t,£) is €6 Ls.c. on ((/\0,) x X)NK.

Theorem 4.1. Let X be separable and let X and F satisfy (Hy) and
(Hj).

(i) If F is almost €0 l.s.c., then (Hs) implies (Hg).
(13) If F is almost u.s.c., then (Hg) implies (Hs).

Proof. From (H2) and the fact that X is separable, it follows that there
exist a finite or at most countable set I', (75,&;)icr C K, (pi)ier C (0,00),
(6:)ier C (0,00), (£;)ier C LY(I;R) and a negligible set N1 C I such that
X C UieF(Ti — 0,1 + (51) X S(fz,pz) and, for all ¢ € I', and all (t, u) €
(((Tl —0;,Ti + (51) \ Nl) X S(&,pl)) N X, we have ||F(t,u)|| < fl(t)
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We begin with the proof of (i). Since F' is e l.s.c., it follows that, for
each n € N, n > 1 there exists I, C I, with A(I \ I,,) < 1, and such that
the mapping (¢,&) — F(t,€) is e-d Ls.c. on (I, x X)NX.

Let A,, C I, the set of all density points of I,, which are also Lebesgue
points for ¢; for all i € I'. Let A = (Up>145,) N (I\ (N1 UN)), where N is
the negligible set in (Hs). Obviously, \(I \ A) = 0.

Let (1,€) € (A x X) NK. We will show that

N
hri?fonf EdISt (w(T+h, 7,6 Ere0n), K(T+h)) =0.

Let i9g € I" and ny € N such that 7 € A, N (1, — iy, Tiy + 0iy) and
§ € S(&i» pip)- From (Hs), it follows that there exists hy, | 0, fn € Fr(re)
and p, € X, with ||p,|| — 0, and such that

(4.1) w(T + by 7, &, f) + hnpn € K(7 + hy),

foralln e N, n > 1.

Let € > 0 be arbitrary but fixed. Since X is viable by itself, there exists
0 > 0and v € Cr¢ys. Diminishing ¢ if necessary, we may assume that
T+ 6 < Ty + i, and v(t) € S(&y, pig), for all t € [7,7 + 6], and F(7,§) C
F(t,v(t))+D(0,¢) for all t € [r,7+]NA,,. At this point, let us observe that,
for each n € N, n > 1, the multi-function t — F(¢,v(t)) N (fn(t) + D(0,¢))
is measurable, nonempty and closed valued from |7, 74 6] N Ay, to X. Since
X is separable, from Kuratowski and Ryll-Nardzewski Theorem 3.1.1, p.
86, in VRABIE [12], it follows that the multi-function above has at least
one measurable selection. Let us denote by gy, : [7,7 4+ §] N Ay, — X such
a selection. Next, let us extend g, to a measurable selection of F(-,v(-))
on [r,7 + 4], extension denoted, for simplicity, again by g¢,. So, for each
n €N, n>1, and t € [r,7 + 0], we have g,(t) € F(t,v(t)). Also, for each
neN,n>1 and t € [1,7 + ] N Ap,y, we have || fn(t) — gn(t)] < e. From
(4.1), Theorem 1.2 and the fact that g, € ;¢ 5, we deduce that for each
hy, € (0,9)

1
h—dist (W(T + by 7,6, Ex g 0hn ) K (T + hy))

n

1
S hi”u('r + h’n) T, €7gn) - U(T + hna T, 67 fn)” + Hpn”
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T+hn
< hl / 1(gn(s) — Fu(s)) ds + [Pl
1

< [ fn(s) — gn(s)ll ds
n J[1,7+hp]NAn
1
+ o 1fn(s) = gn(s)ll ds + [[pnll
n J[1,7+hn]\An
1
<otk (Ufn()ll + g (o)) ds + [l
n J[1,74+hn]\An
1
< €+h7 (in(T)‘i‘gio(S)) ds + Han
n J[r,7+hn]\Ang
1 2
<ege+ hf ’ezo (8) — &-0 (T)’dS + hf gio (T)dS-FHan
n ST, 7+hn |\ Ang n J[1,7+hn]\An

A7, 7 + hal \ Any)
hn,
Passing to limsup in the inequality above and taking into account that
T is a density point and a Lebesgue point, we get

1 TJrhn
set h/ | 05 () — L5, (7) | ds + 265, (7) + [lpnll-

lim sup idist (W(T 4+ s 7€ Ergony, ), K(T + hy)) < e
n—oo n
Hence (Hg) holds true and this completes the proof of the first part of
Theorem 4.1.

Now let us prove (ii). Since F is almost u.s.c., it follows that for each
n € N, n > 1 there exists I,, C I, with \(I\ I,,) < %, such that the mapping
(t,&) — F(t,€) is w.s.c. on (I, x X)NX.

Let A, C I, be the set of all density points of I, which are Lebesgue
points too for ¢;, for all i € I'. Let A = (Up>145,) N (L \ (N1 UN)), where
N is the negligible set in (Hg). Obviously, A( \ 4) = 0.

Let (1,¢) € K. We will show that

R
hI}rlﬁ)nf ﬁdlSt (w(T+h, 7,8, Fp(re), K(T+h)) = 0.

Let igp € T" and ng € N be such that 7 € A,, N (75, — iy, Ty + i) and
£ € S(&y, piy)- From (Hs), it follows that there exists hy, | 0, vy, € Cre o,
fn € Ereun, and p, € X, with ||p,|| — 0, and such that, for all n € N,
n>1and all t € [7,7 + hy], we have f,(t) € F(t,v,(t)) and

(4.2) (T 4 b, 7, &, fr) + hnpn € K(T 4 hy).
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Let € > 0 be arbitrary but fixed and let § > 0 be such that
F(s,u) C F(1,8) + D(0,¢), for all (s,u) € ([r,7+ ] N Ay, x S(&9))NXK.

Since for allm € N, n > 1 and all ¢ € [r, T + hy,], we have

T+hn
Jon®) ~ €l < IS =T~ + [ t1o) ds

and diminishing d, if necessary, we may suppose that 7 + 6 < 7, + d;, and

v (t) € S(&qy, pig) NS(E,9) for all n > 1 with h, < § and all ¢ € [7, 7 + hy],

we conclude that, for all n > 1 with h,, < 6,

fn(t) € F(t,vn(t)) C F(7,€) + D(0,¢) for all t € [7,7 + hy] N Ap,.

Using the same arguments as in the first part of the proof, we deduce
that there exists a measurable selection g, : [7, 7 + hy| N Ay, — F(7,&) of
the multi-function ¢ — F(7,&) N (fn(t) + D(0,€)) on [7, 7+ hy] N Ap,. Next,
let us extend g, to R by using a fixed element in F'(7,§), extension denoted,
for simplicity, again by g,.

From (4.2), Theorem 1.2 and the fact that g, € Fp(;¢), we deduce that,
for each h,, € (0,9),

1
h—dist (u(T + hop, 7, &, gF(T,.E))’ K(r+ hn))
T+hn

< ,j 1(gn(s) = Fa(s))1l ds + [Ipn]]

From now on the proof is identical to the one of the first part of the

theorem. 0

5. Sufficient conditions for viability

Definition 5.1. We say that the graph X is:

(i) locally closed from the left if for each (7,&) € K there exist T' > 7 and
p > 0 such that, for each (7,,&,) € ([7,T] x D(§, p)) N XK, with (7,,)n,
nondecreasing, lim, 7, = 7 and lim,, &, = &, we have (7,¢) € K ;

(ii) closed from the left if for each (7,,&,) € X, with (7,), nondecreasing,
lim, 7, = 7 and lim, &, = £, we have (7,¢) € K;
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(iii) locally compact from the left if, it is locally closed from the left and,
for each (7,€) € X there exist T > 7 and p > 0 such that, for
each (7,,&,) € ([7,T] x D(&, p)) N K, with (7,,), nondecreasing, and
lim,, 7, = 7, there exists a convergent subsequence (&, )i of (§n)n ;

(iv) compact from the leftif, it is closed from the left and, for each (7,,,&,) €
X with (7,,), nondecreasing, lim, 7, = 7, and (§,), bounded, there
exists a convergent subsequence (&, )i of (&)n.

Remark 5.1. Let (&,,)r be the subsequence of (¢,), whose existence
is ensured by (ii) in Definition 5.1 and let £ = limy, &,,. Then (7,¢) € X.

Theorem 5.1. Let X be locally closed from the left and let F : K ~~ X
be nonempty, convexr and weakly compact valued. If (A1), (A2), (As) (Hy),
(Hs2) and (Hy4) are satisfied then a necessary and sufficient condition in
order that X be C°- viable with respect to A+ F is (Hg).

Theorem 5.2. Let K be locally compact from the left and let F' : K ~~ X
be nonempty, convexr and weakly compact valued. If (A1), (As) (Hy), (H2)
and (Hy) are satisfied then a necessary and sufficient condition in order
that K be C°- viable with respect to A+ F is (Hg).

From Theorems 5.1, 5.2 and Brezis-Browder Ordering Principle, i.e.
Theorem 2.1.1, p. 30 in CARJA, NECULA, VRABIE [4], we easily deduce the
two global viability results stated below.

Theorem 5.3. Let K be closed from the left and let F' : X ~~ X be
nonempty, convex and weakly compact valued. If (A1), (A2), (As) (Hy),
(H2) and (Hy4) are satisfied then a necessary and sufficient condition in
order that X be globally C°- viable with respect to A+ F is (Hg).

Theorem 5.4. Let K be compact from the left and let F' : KX ~~ X be
nonempty, convex and weakly compact valued. If (A1), (As) (Hi1), (Hz2) and
(Hy) are satisfied then a necessary and sufficient condition in order that X
be globally C°- viable with respect to A+ F is (Hg).

The next lemma, essentially inspired from CARJA, MONTEIRO-MAR-
QUES [1], is the main step through the proof of both Theorems 5.1 and
5.2.
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Lemma 5.1. Let I be a nonempty and bounded interval and K : I ~~ X
a multi-function with locally closed from the left graph, X, let (1,£) € K and
let F: X ~ X be a nonempty valued multi-function. Suppose (A1), (Hy),
(H2) and (Hg) are satisfied. Let Z C I be a negligible set including the
negligible set in (Hg) and { € L'(I,R) be the function from the construction
of Er g,

Let p >0 and T > 7 be such that:

1) ([1,T] x D(&,p)) NXK is closed from the left;

3

(1)
(2) [|[F(t,u)|| < L(t) a.e. forte [r,T] and for allu € K(t) N D(&,p);
(3) T and p satisfy Definition 2.4 ;

)

(4

Then, for each € € (0,1) and each open set O C I, with Z C O, there exist
a family Pp = {[tm, sm);m € L'}, of disjoint intervals, with T' finite or at
most countable, and three functions f,v € L*(7,T; X), and u € C([7,T]; X)
such that:

SUPte[TT]HS(t—T)f fH—i—fl Yds+T — 1 < p.

(1) Ultm, sm) = [1,T) and Sy — tm, < &, for allm € T';

(1) if tm € O, then [tm,sm) C O;

)
)
(7i1) u(ty,) € D&, p) N K(ty), for allm e T, w(T) € D(&, p) N K(T);

(iv) v € C[tm, $m); X); (t,v(t)) € ([1,T) x S(& p)) NK for all t € [1,T)
and ||[v(t) —u(ty)|| < e for allt € [tm, Sm);

(v) f(t) € F(t,v(t)) a.e. fort € [tm,Sm) if tm ¢ O and ||f(t)|| < U(t) a.e
forte[r,T];

(vi) w(r) =& and ||u(t) — u(t, tm, w(tm), )| < (t —tm)e for all t € [ty,, T
and allm e I';

(vii) [Ju(t) —u(tm)| < e forallt € [tm,sm) and m € I.

Proof. Let ¢ be arbitrary but fixed in (0,1) and let O C R be an open
subset with Z C O. First, we will show that there exist § = d(¢,0) €
(1,T) and Ps, f,v,u such that (i)~(vii) hold true with § instead of 7. We
distinguish between the following different cases.
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Case 1. If 7 € O, we take I' = {1}, t1 = 7, s1 = § with 6 € (r,T)
small enough in order to [1,6) C O, 7 — 0 < ¢ and there exists a simple
solution (f,v) issuing from (7,§), defined on [r,d] with || f(¢)|| < ¢(t) a.e.
for t € [1,6]. Further, let us diminish ¢ such that ||v(¢) —£|| < min{e, p} for
all t € [1,0] and let us define Ps = {[r,0)} and u(t) = v(¢) for all t € [, J].

Case 2. If 7 ¢ O then 7 ¢ Z which implies that there exist h, | 0, v, €
Crethns fn € Ergpn, such that f,(t) € F(t,v,(t)) a.e. for t € [17,7 + hy]
and py, € X, with ||p,|| — 0, such that u(7+hp, 7,&, fn) +Dnhn € K(T+hy,)
forallm € N, n > 1. Let ng € N and § = 7 + hy,, be such that ¢ € (7,7,
hny < €, ||Pnoll < € and

T+hn
sup ||S(t—T1)¢—=¢|| -l—/ 05(5) ds + hyp, < min{e, p}.
tE[T,T+hnO] T
We define Ps = {[1,0)}, f(t) = fn,(t), v(t) = vyy(t) and u(t) =
u(t, 7,&, fny) + (t — T)pn, for t € [1,0]. We may easily see that (i)~(vii)
are satisfied.
Let

U = {(Ps, f,v,u); 6 € (r,T], (i)~(vii) hold true with ¢ instead of T'}.

As we already have shown, U # (). On U we define a partial order by
(?517 f17 U1, U1> = (?527 f27 V2, u2>7 if

51 < 6Za {‘]351 - 33627
f1 (t) = fg(t),vl(t) = 1)2(75) a.e. fort e [T, 51]
ui(t) = ua(t), for all ¢ € [r,01].

We will prove that each nondecreasing sequence in U is bounded from
above. Let (‘ng, [ vj,u;)j>1 be a nondecreasing sequence in U and let 6 =
sup;>1 6. If there exists jo € N such that §;, = J, then (T% s Fio» Vjos Wjg) s
an upper bound for the sequence. So, let us assume that J; < J, forall j > 1.
Obviously, 6 € (7,7]. We define Ps = U;j>1Ps,, f(t) = f;(t), v(t) = v;(t)
and u(t) = u;(t) for all j and all ¢ € [r,4;). Clearly, f,v € L'(r,6; X) and
ue C([r,0); X).

In order to extend u to 0, it suffices to show that there exists limss u(t).
To this aim, let us observe that, in view of (vi), we have

[u(t) = u(s)l] < [lu(t) = ult, 65, u(d;), fl
+ llult, 05, u(85), F) = uls, 55, u(d7), I + lluls; 65, u(d5), f) = u(s)]]
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t —0;)e + [ult, 05, u(d;), f) —uls, 85, u(d;), f)Il + (s — d;)e

<

for each j > 1 and each t,s € [§;,0). Since lim; 0; = 6 and u(-, 0;,u(d;), f) is
continuous at ¢t = ¢ we conclude that ¢ — u(t) satisfies the Cauchy necessary
and sufficient condition for the existence of the limit at ¢ = §, so, we can
extend w by continuity, to the whole interval [, J].

Since u(9) = limyps u(t) = im0 u(d;) = lim; 00 u;j(;), and u;(d;) €
D(&,p)NK(65) and ([7,T] x D(§, p)) N K is closed from the left, we deduce
that u(d) € D(§, p)NK(6). The rest of conditions in lemma being obviously
satisfied, it follows that (Ps, f,v,u) is an upper bound for the sequence.
Thus, the partially ordered set (U, <) and the function N : (U, X) — R,
defined by N(Ps, f,v,u) = 9§, for each (Ps, f,v,u) € U, satisfy the hy-
potheses of the Brezis-Browder Ordering Principle, i.e. Theorem 2.1.1,
p. 30 in CARJA, NECULA, VRABIE [4]. Accordingly, there exists an N-
maximal element in U. This means that there exists (Ps«, f*,v*,u*) € U
such that, whenever (Ps-, f*,v*,u*) 2 (P, f,0,7), we necessarily have
N(Pss, f*,v*,u*) = N(Pg, f,v,). We will show that §* = T. To this aim,
let us assume by contradiction that 6* < T. We distinguish between two
cases.

Case 1. If §* € O, we take § € (0%, T) such that [§*,0] C O and 6—6* <
and there exists a simple solution (g, v) issuing from (6*,u*(6*)) defined on
[6%,0] with |lg(t)| < £(t) a.e. for t € [6*,5]. We may diminish § such that
|lv(t) — u*(6%)]] < v for all t € [§*,d] where v = min{e, p — ||u*(5*) — £]|}..
Let us define

< JfE(@), for t € [7,67] () — v*(t), for t € [r,0%)
o) = {g(t), a.e fort € (6*,8] )= {v(t), for t € [6*, 6]

o Jur(t), for t € [1,0%] P . =
i) = {v(t), forte @,y 4 Tr=Pe U0

It follows that ([Pg,?, v,u) € U, (Ps«, f*, 0", u*) = (ng,?, v,1), but §* < §
which contradicts the maximality of (Pgs«, f*, v*, u*).
Case 2. If 6* ¢ O then 0* ¢ Z which implies that there exist h, | 0,

'Un e ea*’u*(é*)’f*7hn, fn E 85*’“4*(5*)75*7}141 SuCh that f’I’L(S) 6 F(S,Un(s)) a.e.
for s € [0*,0* + hy] and p, € X, with ||p,|| — 0, such that

W(E* + Py 6,0 (8%), fn) + P € K(5% + h),
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for all n € N, n > 1. Since, by (4) in Lemma 5.1, u*(6*) € S(§, p), we may
choose ng € N and 0 = §* + hy,, such that 6 € (7,7), hpn, < €, ||Pnoll < €
and

0*+hn,
sup |IS(t — 6" )u™ (%) — u*(6%)|| +/ 0E”‘(s) ds + hp, < v,
te[0*,0% +hng] *

where v = min{e, p — [[u*(6*) — €[}
Let us define P5 = Ps« U {[6*,0)} and

)

it fno (1), for t € (6*,6] Uno (t), for t € (6%, 9]
at) = {u*(t), for t € [, 6%]

0 {f*(t), for t € [r,6*] () = {v*(t), for t € [r, "]

u(t, 6, u*(6%), fng) + (t — 6*)pny, for t € (6*,6).

One may easily see that (i)-(v) and (vii) are satisfied. To prove (vi) we
consider only the case t,, < §* < t, the other cases are obvious. Using the
evolution property and the inequality from Theorem 1.2, we have

[@(t) = u(t, tm, u* (tm), £

< lult, 8%, w(8%), F) = ult, tm, ™ (tm), Pl + (t = 6%)e

= [Ju(t, 8", u*(87), F) = u(t, 6", (0" tm, w* (tm), ), )| + (t — 6%)e
< Nl (87) = u(@, ts w* (tm), I + (¢ = 07)e

< (0" —tm)e+ (t—80)e=(t —tm)e

which proves (vi).

So, (?g,f,ﬁ,ﬂ) e U, (Ps«, f* 0" u*) < (TPE,?,E,H), but §* < § which
contradicts the maximality of (Ps«, f*,v*,u*). Hence 6* =T, and Ps«, f*,
v* and u* satisfy all the conditions (i)~(vii). The proof is complete. O

Definition 5.2. Let ¢ > 0, Z and O be as in Lemma 5.1. An el-
ement (Pr, f,v,u) satisfying (i)~(vii) in Lemma 5.1, is called an (g,0)-
approzximate solution of (1.1).

6. Proof of Theorems 5.1 and 5.2

Proof. Since the necessity follows from Theorem 3.1, we will confine
ourselves only to the proof of the sufficiency.
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Let Z C R be a negligible set including the negligible sets appearing in
(Hg). Let €, € (0,1), with &, | 0, let (Op)n>1 € R be a sequence of open
sets, and let ¢ the function in Lemma 5.1. We notice that we may assume
with no loss of generality that the sequence (Oy,),>1 is so chosen to satisfy :

(a) Z C 0O, for each n € N, n > 1;

(b) Opt1 € Oy and N([1,T]NO,) <&, for each n € N, n > 1;

(c) Fi(n\o.)xD(¢g,p)nx 18 strongly-weakly u.s.c., for each n € N, n > 1;

Let p > 0 and T" > 7 be as in Lemma 5.1 and let n € N, n > 1
be arbitrary but fixed. Let ((P%, fn,vn,un))n be a sequence of (e, Oy)-
approximate solutions of (1.1), sequence whose existence is ensured, again
by Lemma 5.1. If P} = {[t},sy); m € 'y} with T',, finite or at most
countable, we denote by a,, : [1,T) — [r,T) the step function, defined by
an(t) = t7, for each t € [t},s!). Clearly lim, a,(t) = ¢ uniformly for
tel[r,T).

From (iv) and (vii), we deduce that limy, [|un(an(t)) — un(t)|| = 0 and
limy, ||un(an(t)) — vy (t)]] = 0 uniformly for ¢ € [7,T). So we have

(6.1) lim ||vp, () — un(t)|| =0
uniformly for ¢t € [7,7T). In view of (vi) in Lemma 5.1, we have
(6.2) lHm (up (t) — u(t, 7,&, fn)) =0

uniformly for ¢ € [, T.

We will show that, on a subsequence at least, (uy), is uniformly con-
vergent on [7,T] to some function u. To do this, it suffices to show that the
sequence (u(-, T,&, fn))n is uniformly convergent to some function u. Since
| fn(t)]] < £(t) for each n € N and a.e. for t € [7,T'], and the semigroup
generated by A is compact, by virtue of Baras’ Theorem 2.3.3, p. 47, in
VRABIE [12], we conclude that (uy)y has at least one uniformly convergent
subsequence to some function .

From 6.1, we get lim,, v,(¢t) = u(t), uniformly for ¢ € [r,T), and hence,
for each k > 1, the set

Cr ={(t,v,(t));n>k, te[r,T)}

is compact. Since F' is strongly-weakly u.s.c. and has weakly compact
values, by Lemma 2.6.1, p. 47, in CARJA, NECULA, VRABIE [4], it follows
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that, for each k£ > 1, the set

o= (U U Fl)

n>kte[r,T1\O

is weakly compact. Using once again the fact that ||f,,(¢)] < £(t) for each
n € N and a.e. for t € [7,T], where ¢ € L'(r,T;R), recalling that By, is
weakly compact and lim; A(Ox) = 0, by Diestel’s Theorem 1.3.8, p. 10, in
CARJA, NECULA, VRABIE [4], it follows that, on a subsequence at least,
lim, f, = f weakly in L'(7,T;X). As lim,v,(t) = u(t) uniformly for
t € [r,T), and, by Lemma 5.1, for each £k > 1, each n > k, we have
fn(s) € F(s,vn(s)) a.e. for s € [7,T]\ Ok, from Theorem 3.1.2, p. 88, in
VRABIE [12], we conclude that f(s) € F(s,u(s)) for each k > 1 and a.e. for
s € [r,T]\ Og. Since limy A(Of) = 0, we get

(6.3) f(s) € F(s,u(s)) a.e. for s € [1,T].

Finally, taking into account that A is of compact type — see Defini-
tion 3.1-and using 6.2, we get u(t) = u(t, 7,§, f), for each t € [1,T]. Since
v, (t) € K(t) and limy, v, (t) = u(t) for all t € [7,T) and K is locally closed
from the left, it follows that u(t) € K(t) for each t € [r,T]. By (6.3), we
conclude that u is a C- solution of (1.1), and this completes the proof.

The proof of Theorem 5.2 is exactly the same with the sole exception
of the argument used in obtaining a uniformly convergent subsequence of
(un)n. More precisely, since K is locally compact from the left, we can
choose p > 0 in Lemma 5.1 such that ([7,7] x D(&, p)) N K is compact
from the left. It follows that the set {v,(t);n > 1} is relatively compact
for all t € [7,T). From (6.1) and (6.2) we get (u(t,7,&, fn))n is relatively
compact for all t € [7,T) and using the Theorem 2.3.1, p. 61, in VRABIE
[12], we obtain that (u(-,7,&, fn))n has, at least, one subsequence uniformly
convergent. From now on, the proof follows the same steps as the one of
Theorem 5.1. O
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