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1. Introduction

In [4], GouLD introduced an integral for real functions with respect to
finite additive measures taking values in a Banach space and studied several
properties of this kind of integral .

Using a Gould type procedure, PRECUPANU AND CROITORU introduced
in [9] a multivalued integral for real bounded functions with respect to finite
additive multimeasures of finite variation and in [10] a Gould set-valued
integral in the general case in which the function may be not bounded and
the multimeasure may be not of finite variation.

In [1], [2] GAVRILUT, using the construction from [9] and [10] , defined
and studied a Gould type integral for real bounded functions with respect
to multisubmeasures of finite variation in which the multisubmeasure takes
its values in Py¢(X) the family of all nonempty, bounded and closed subsets
of X, where X is a Banach space.

Different from [1] and [2], we present in this paper a Gould type integral
with respect to a multisubmeasure taking values in Pj.(R4),the class of



14 FLOAREA-NICOLETA SOFIAN-BOCA 2

all nonempty, compact and convex sets of R, using in definition of multi-
submeasures instead of inclusion an order relation considered by GUO AND
ZHANG in [5]. Section 2 presents notations and some basic concepts. In sec-
tion 3 we introduce a Gould type integral for non-negative functions with
respect to multisubmeasures of finite variation taking values in Pr.(Ry),
and we present some basic properties of this kind of integral. In section
4 we disscus the general case of integral for real functions with respect to
multisubmeasures of finite variation taking values in Pg.(Ry).

2. Preliminaries

Let S be a nonempty set, A an algebra of subsets of S and X = [0,00) =
R..

We denote by: Py(X), the family of all nonempty subsets of X, Pr(X),
the family of all nonempty compact subsets of X, P¢(X), the family of all
nonempty, closed subsets of X, Py(X), the family of all nonempty, bounded
subsets of X, Pp¢(X), the family of all nonempty, bounded and closed sub-
sets of X and by Pk.(X), the family of nonempty, compact convex subsets
of X.

For every A, B € Py(X) we denote by e(A, B) = sup,¢ 4 infyep |z — y|
and by h : Po(X) x Po(X) — R4 the Hausdorff pseudometric defined by
h(A, B) = max{e(A, B),e(B, A)}.

We observe that h becomes a metric on Pyy(X) ([6], ch.I.1). We also
denote by |A| = h(A,{0}), for every A € Py(X).

By the definition of the Hausdorff metric, we have immediately the
following:

Lemma 2.1. For every A, B € Py.(Ry), with A = a,b], B = [c,d] we
have h(A, B) = max{|a — ¢|,|b —d|}.

In [5], GUO AND ZHANG introduced the following order relation on
,Pkc(R+):

Definition 2.2. Let A, B € Py(X).
1) By A < B it means that

(i) for each xg € A, there exists yo € B such that xo < yo,
(ii) for each yg € B there exists g € A such that zy < yp.

2) By A 5 B it means that
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(i) for each xg € A, there exists yg € B such that xg < yo,
(ii”) for each yo € B there exists g € A such that xg < yp.

It is easy to prove the following:

Proposition 2.3. If A,B € Py.(Ry) where A = [a,b] and B = [c,d],
a,b,c,d € Ry, we have that A < B if and only if a < ¢ and b < d.

Remark 2.4. It is easy to see that if A is singleton, A € P.(Ry), the
relation < becomes the usual order relation on R .

Definition 2.5. For a net (A;),.;, where I is a filtering set, we define
limsup;c; A; = {x € Ry : o = limy @, , 25, € A;, } and liminf;c; A; = {z €
R+ cx=lim; x;,x; € Az}

We say that A is the Kuratowski limit (briefly K-limit) of {A;} if
limsup,c; A; = liminf;c; A; = A and we denote it by A; Ny

This kind of convergence is called Kuratowski convergence (briefly K-
convergence) ([6], §1.4; [8], ch.3)

Lemma 2.6. If A; = [a;,b;] C Pre(Ry4), i € I then A; BoA= [a, b] if
and only if a; — a,b; — b.

Definition 2.7 ([7]). If [a,b],[c,d] € Pr.(R4+) and k£ € R4 then we
define [a,b] + [¢,d] = [a + ¢,b + d], k[a,b] = [ka, kb], [a,b][c,d] = [ac, bd],
[a,b] A [e,d] = [a Ae,bAd] and [a,b] V [c,d] = [aV ¢, bV d].

Remark 2.8. 1) From [8], ch.3, [6], §1.4 we have that K-convergence of
anet (A;);c; C Pre(R) is equivalent to its convergence in Hausdorff metric.
It is easy to prove that the same is true for Pg.(Ry).

2) For all A, B € Py.(Ry) we have:

i) ASAVBand BS AV B;
i) ANB< Aand ANB < B.

Lemma 2.9. With the previous notations we have the following state-
ments:
(i) if AS B and k> 0, then kA S kB, for every A, B € Pr.(R4);
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(1) if AS Band A’ < B, then A+ A’ < B+ B/, for every A, B, A', B' €
(R-&-);
(1it) if A = [ai,bi] S Bi = [ci,di], @ € I, are nets in Pr(Ry) with
a; — a,bj — b,¢; — ¢,d; — d, then A =[a,b] < B = [¢,d];

(iv) if A< B and A < B then A < B+ B, for every A,B,B" €
( -‘r);
(v) form < n,m,n € Ry we have mA <nA,VA € Pr.(Ry;);
(
(

Pkc

7

Pkc

vi) if A, B € Pyo(Ry), ANB =0, then AUB < A+ B;
vii) if A< B+ C and k > 0 then kA < kB + kC, A, B,C € Pro(R4).

Proof. To prove (i), let us take A = [a,b], B = [¢,d], A, B € Pr.(Ry)
with A < B and k > 0. Since ka < kb and kc < kd using proposition 2.3
we obtain that kA < kB.

To prove (ii), we consider A = [a,b], B = [c,d], A’ = [d,V/], B =
[,d] € Pre(Ry) with A < B and A’ < B'. Since a < ¢,b < d, d’ < ¢,
WV <d,wehavea+ad <c+c and b+ ¥ <d-+d. From definition 2.7 we
obtain that A+ A" = [a+d',b+ V], B+ B' = [c+,d+ d'| and again from
proposition 2.3 we have that A+ A’ < B+ B'.

To prove iii) let us take the nets A;, B; € Pr.(R4) with A; = [ay, by,
B; = [¢i,d;], i € I, such that A; < B;; then a; < ¢; and b; < d;. Since
a; — a, by — b,c; — ¢, d; — d, using lemma 2.6 and proposition 2.3.
we obtain that [a,b] < [c,d], so (iii) is true.

To prove (iv), it is sufficient to see that for A = [a,b], B = [c,d],
B =|[d,d] with A< Band A S B wehavea<c¢,a<d,b<db<d
Then 2a < ¢+ ¢ and 2b < d + d’ and we obtain that a < %(c—kc’) <c+c
and b < 3 (d+d') < d+ d’, hence (iv).

(vi) Let be A = [a,b], B = [c,d] with a,b,c,d € Ry such that AN B =
f0(a <byec<d,a#b#c+#d). Let be 2 € [a,b] U [c,d] arbitrarily chosen.
Then xg € [a,b] or zg € [c,d]. If z¢ € [a,b] we have a < zp < b which implies
at+c<zgt+c<b+candhencea<a+c<xyg+c<b+c<b+d. Then
we have two cases:

(1) eithera<a+c<zpg<zp+c<b+c<b+dor

2)a<azg<a+c<zg+c<b+c<b+d.

Hence in two cases there exists yo € [a + ¢,b + d] such that z¢ < yo.
Analogously, for xg € [¢,d], we obtain the existence of an element yg such
that xo < yo and thus we have the first condition from definition 2.1.

Similarly, we can prove the second condition from definition 2.1.
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The statements (v), (vii) are evident from definition 2.2 and the pro-
perties of the usual order relation on R . (]

Remark 2.10. The order relation “<” can be extended to Pk.(R) and
the statements (i), (ii), (iii), (iv), (vi) and (vii) from previous lemma are
also valid for this case.

Definition 2.11. The set function m : A — R, is called:
1) a submeasure in Drewnowski sense ([1]) if the following statements

hold:
(i) m(0) = 0;
(ii) m(AU B) < m(A)+ m(B) for every A, B € A with AN B = (;
(iii) m(A) < m(B) for every A, B € A with A C B.
2) a strict submeasure if hold (i), and
(i) m(AU B) < m(A) + m(B) for every A, B € A with AN B = {),
(iii") m(A) < m(B) for every A, B € A with A C B.

We also consider the following set functions associated to the submea-
sure m: A — Ry :

Definition 2.12. 1) m(A) = sup{>_ ;" m(A4;); (4;)) C A, A,NA; =0,
i # 7, Ui, Ai = A}, for every A € A, called the total variation of m and

2) m(A) = inf{m(B); A C B,B € A}, for every A C S, called the
semivariation of m.

Remark 2.13. We observe that for every A € A we have that m(A) <
m(A) and if m is a submeasure, 7 is a finite additive set function.

Definition 2.14. A multifunction p : A — Pi.(R4) is said to be:
1) a multisubmeasure if the following conditions are satisfied:

(i) p(@) = {0}
(i) u(AUB) < p(A) + u(B) for every A, B € A with AN B = ()
(iii) p(A) < p(B) for every A, B € A with A C B.

~
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2) a strict multisubmeasure if hold (i), and
(i) w(AUB) 5 p(A) + u(B) for every A, B € A with AN B = {);
(iii") p(A) 5 u(B) for every A, B € A with A C B.

Now, we point out some examples of multisubmeasures:

Example 2.15. 1) Let be S = {a,b}, A = {0,{a},{b},{a,b}} and
p: A —> Pre(Ry) defined by :UJ(@) = [0,0], u({a}) = [1, %],u({b}) = [%7 2]7
1({a,b}) = [3,2]. Then p is a multisubmeasure.

2) Let m : A — Ry be a strict submeasure and let be p : A —
Pre(Ry) defined by p(A) = [0,m(A)]. Then p is a strict multisubmeasure,
called the strict multisubmeasure induced by the submeasure m.

Indeed, it is evident that u(0) = {0}.

We easily see that pu(A) 5 u(B) for A,B € A with A C B. Indeed if
w(A) =[0,m(A)], u(B) = [0,m(B)] and z¢ € [0, m(A)] then 0 < zy < m(A)
and since A C B and m is a strict submeasure we have 0 < zp < m(A) <
m(B) so there exists yo € [0, m(B)] such that xo < yo.

To prove the second condition from definition 2.2-2 let be any yo €
[0, m(B)]. Since A C B we have m(A)<m(B) and we consider the following
cases:

a) if yo = m(B) # 0 then 0 < m(B) = yo and from m(A)<m(B) there
exists xo € [0, m(A)] such that z¢ < yo;

b) if 0 < yo < m(B), from m(A) < m(B) we have two situations:

b1)0 < m(A) < yo < m(B) and then there exists 0 < zy < m(A)
such that zp < yo, or b2)0 < yo < m(A) < m(B) and then there exists
0 < zg < m(A) such that zy < yo.

Thus we obtain that [0,m(A)] < [0,m(B)] which assures (iii’) from
definition 2.14.

To prove (ii’) from the definition 2.14, let us take A, B € A with ANB =
(). Then we have m(A) < m(AU B), m(B) < m(AU B), m(AU B) <
m(A) +m(B). We see that u(AU B) 3 u(A) + p(B).

Because z¢ € [0,m(A U B)], then 0 < 29 < m(A U B) which implies
0 < z9p < m(AU B) < m(A) + m(B) which assures that there exists
yo € [0,m(A) + m(B)] such that zy < yo and if yg € [0,m(A) + m(B)] =
[0,m(A)] + [0, m(B)] = pu(A) + pu(B) we have that for each z¢ € u(AU B)
there exists yo € u(A) + u(B) such that zp < yo. Analogously we obtain
(ii’) from definition 2.2; hence (AU B) g w(A) + w(B).
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Definition 2.16. Let be u : A — Pi.(R;) a multimeasure and A :
A —R, a finite additive measure. We say that u is absolutely continuous
with respect to A, denoted by u < A, if A\(A) =0, A € A, implies p(A4) =
{0}.

Let p: A — Pre(Ry) be a multisubmeasure. We associate to u the
following real set functions:

Definition 2.17. a) f(A) = sup{>_;, |(E;)|}, where the supremum
is taken over all finite partitions {El}z:ﬁ of A e A with E; € A, 7 €
{1,...n}, VA € A, called the total variation of y;

b) (A) = inf{n(B),A C B,B € A}, for each A C S, where [ is the
variation of u, called the semivariation of .

We note that p(.) is a finite additive measure on A and pu(.) is a
subadditive set function.

Definition 2.18. If u : A — Pr.(Ry) is a multisubmeasure we say
that:

1)  is of finite variation if f(.S) < oo;

2) p is of finite semivariation if (S) < oo.

In the following we shall also use the following notions:

Definition 2.19. 1) A partition of S is a finite family P = {E;},_1; C
A, E;NE; =0 (i # j) such that (J | E; = S.

2) Let be P = {E;},_15; and P’ = {B;}, 17 two partitions of S. P’ is
finer than P, denoted P < P’ iffor any j € {1,...,m} thereisi € {1,...n}
such that B; C E;,.

3) The common refinement of two partitions P = {E;},_1; and P’ =
{Bj},;—1m is the partition P A P’ = {E; N B;}.

We denote by P the family of all partitions of S.

Remark 2.20. The relation < is an order relation on P.

Definition 2.21. The function f : S — R is said to be u-totally
measurable over S if for every € >0 there exists a partition P = {E;}
of S such that

i=0,n

i) u(Eo) <&

ii) SUP; se g, lf(t) = f(s)| <e,Vi=1,n.
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Definition 2.22. A multifunction pu: A — Py(R) is called weakly null-
additive if for any A,B€ A with u(A) = u(B) = {0} we have u(AUB) = {0}.

3. Another multivalued Gould type integral

In this section, we introduce a new type of Gould multivalued integral
for bounded functions with respect to multisubmeasures taking values in
Pre(Ry) endowed with the order relation from definition 2.2 and we studie
some properties of this integral.

In what follows, let be p : A — Pi.(R4) a multisubmeasure of finite
variation and f : S — R, a bounded function. For every partition P =
{Ai};_15 of S we associate the sum

(1) op(fpiti) = op(f) =op =) fti)p(A),
i=1

for any choice of ¢; € A;. We see that {op}pe(p <) is a net.

Definition 3.1. 1) We say that f is Gould u-integrable on S (briefly
p-integrable) if the net {op}pe(p <) is K-convergent in Py (R4) to I that

is op(f) 25 1.

If this limit exists we denote it by fS fdp or [ fdu and we call it the
Gould p— integral of f on S with respect to p (briefly the p-integral).

2) We say that f is p-integrable on T € A if the restriction f/7 of f to T
is p-integrable on (T, Ar, pr), where Ap = {ANT, A € Aand ur = pu/ 4,

Remark 3.2. Since from remark 2.8, the K-convergence and the Haus-
dorff convergence are equivalent, we observe that |, g Jfdu is, at the same
time, the Hausdorff limit of the net {op(f)} that is for every € > 0 there
exists P, € P such that for every P > P, we have h(op(f), [y fdp) < e.

In what follows, we point out some properties of the integral considered
in the previous definition:

Proposition 3.3. Let be u : A — Pr.(R4) a multisubmeasure of
finite variation. If f = 0 then f is p-integrable on S and [ fdu = {0}.

Proof. It is easy to see that for every P = {4;},_17; we have op =
> iz f(si)u(Ai) = {0} € Pre(Ry) hence (K)-limp op(f) = {0} = [g fdp.O
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Proposition 3.4. Let be pi: A — Pro(Ry) a multisubmeasure of finite
variation and f: S — R4 a p-integrable function on S.

i) If a € Ry then af is p-integrable on S and [¢(af)dp = o [¢ fdu;
i) If a € Ry then f is ap-integrable on S and [g fd(ap) = o [g fdp.

Proof. i) Since f is p-integrable on S then there exists the K-limit
of the net {op(f)}pe(p,<) that is (K)-limpop(f) = [¢ fdu. Let be P =
{Ai} i1 € Pand op(f) = D71, f(si)p(A;), for any choice of s; €A;. Then
for a € Ry we have op(af) = > 0 (af)(si)u(Ai) = a3 f(si)u(Ai) =
aop(f) and passing to the K-limit we obtain that [¢(af)du = o [¢ fdp.

Analogously, it is easy to see that ii) is true. U

Theorem 3.5. Let be pp: A — Pr(Ry) a multisubmeasure of finite
variation and f,g : S — Rypu-integrable functions on S such that f < g

on S. Then [ fdu < [qgdp.

Proof. Let P = {Ck}k;:fp be a partition of S arbitrarily fixed. Since
f is p-integrable there exists the K-limit of the net {op(f)}pe(p <) that
is (K)-limp op(f) = [q fdu. Since ap(f) = 3} _; f(te)u(Cr) € Pre(Ry),
where ¢, € C, we can write it as [ap, Sp] and, on the other hand, since
Js fdp € Pre(Ry) we can write it as [, 3].

Analogously, since g is p-integrable there exists the K-limit of the net
{or(9)} pe(p,<) that is (K)-limpop(g) = [ggdp.

Since op(g9) = > h—1 9(tk)1(Ck) € Pre(Ry),where t), € Cf, we can write
it as [o/p, Bp] and, on the other hand, since [¢gdu € Pr.(Ry) we can write
it as [o, B'].

Since f < g on S we have that f(tx) < g(tx), tx € Ck, and since
f(tx) > 0, g(ty) > 0 for any k € {1,...,p} we obtain that op(f) =

b fE)(Cr) S oplg) = 2%y 9(tk) n(Cr)-

Then [ap, Bp] S [, Bp) and passing to the K-limit and using lemma
2.9, iii) we obtain that [, 8] < [/, 8']; hence [g fdu < [ gdp. O

Theorem 3.6. Let be 1 : A — Pre(Ry), p2 : A — Pre(Ry) two
multisubmeasures of finite variation and f : S — Ry a function simulta-
neously pu1-integrable and ps-integrable on S. If p1(A) < pe(A), for every

Ac A, then [y fdur S [g fdps.
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Proof. Since f is pj-integrable there exists the K-limit of the net
{op(f, 1)} pe(p <), that is (K)-limp op(f, 1) = [¢ fdp1. For an arbitrary
P = {Ai};_1; € P we have op(f, 1) = 201 f(si)m(Ai) € Pre(Ry),
where s; € A;, and we can write it as [ap, Sp|. From po-integrability of f
there exists the K-limit of the net {op(f, 112)} pe(p, <) and for the same arbi-
trary partition P = {A;},_;; € P we have op(f, u2) = > 1L, f(si)ua(4;) €
Pre(R4), for any s; € A;. We can write it as [p, Bp)-

Since, from the hypothesis, u1(A4) < ua(A), for every A € A, we have
that p1(A;) < pa(A4;), Vi € {1,...,n}. From lemma 2.9, i) and since f > 0
on S we obtain that [ap, fp] < [&p, Bp) for any s; € A;. Using lemma 2.9,
iii) and passing to the K-limit we obtain that [ fdu1 S [ fdpo. O

Proposition 3.7. Let f,g : S — Ry be two p-integrable functions.
Then:

D) JgfduV [gg9dp S [o(fV g)dp;

i) [¢(fFANg)du S [g fdu N [ggdu, where fV g =max{f, g} and f Ag=
min{f, g}.

Proof. Because f is-integrable on S then we have (K)-limpop(f) =

Js fdp, where op(f) = 370 f(ti)n(Ai) € Pre(Ry) for P = {Ai}; 17 € P
and for any choice of t; € A;. We observe that op(f) can be written as
[a{;,ﬂlé]. Since g is p-integrable on S we have (K)-limpop(g) = [ggdp,
where op(g) = >0 g(ti)p(Ai) € Pee(Ry) for every P = {A;};,_15, € P
and for any choice of t; € A; . op(g) can be written as [A%, 0%)]. 7

Then from definition 2.7 we have op(f) V op(g9) = Y iy f(ti)pu(A;) V

ST gt Ai) = [, BLIVING, 85] = [ah V X, B V 6%]. Since p(4;) €
Prc(Ry) we have that p(A;) = [a;, bi] € Pre(Ry) and hence we obtain that

op(f) = Ti ftu(A) = T, ftlan bl = SLilf e ft)h] =
o, 5] with o = S0y f(ti)ai , B = S0y f(t:)bi and

n

= g(t)u(A Zg lai bi] =) [g(ti)ai, g(t:)bi] = (X, 03],
i—1

=1

where A% = S g(t:)ai, 65 = S| g(t:)b;. Since

n

b VAL = (3 fta) v (Y glti)ai) Z (f V)t
] =1 i=1
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and 5V 81 = (3002, f(t:)bi) V(S0 9(t:)bi) < 31, (f V 9)(ti)bs we obtain
that [ap VA%, 85V 5] < [0 (F V9) (ti)ai, S0 (£ V 9) (t:)bi] and op(f) v
op(9) S D2ica (f V 9)(ti)ai, 2271 (f V g)(ti)bi] = op(f V g). Hence passing
to the K-limit we obtain [g fduV [qgdp S [¢(f V g)du. Analogously we
can prove ii). O

Proposition 3.8. Let be f : S — Ry a bounded function and p :
A — Pre(Ry) a multisubmeasure of finite variation such that f is p-
integrable on S. Then for each T € A f is p-integrable on T.

Proof. Since the function f is p-integrable on S, then from remark 3.2
for every € > 0 there exists P- € P such that for every P, € P with P, > P.
we have
<<

(2) h(op(f / fdu) < 5

Let be T € Aand P = {A;NT},_ T then PI is a partition of 7.
For every Pl = {Ej};—tm € Pr and Pl = {Crtr—1g € Pr with
Pl > Pl and P > PI we have o}, (f) = > ey f(t)p(E)) written as

lap,, Bp,) and o, (f) = Y21_; f(ex)u(Cr), written as [af,, 8], for any
choice of t; € Ej, j € {1,...m}, and ¢, € C, k € {1,...q}.

Let us consider the partition P’ = Pl U {4; N T} € P and P’ =

i=1,n

Py U{A;NT},_1;; € P. Since P' > P., P" > P, for any choice of
a; € A; — T, we have by virtue of (2) that
m q
h(ahy, B, [0k, BE,1) = h(O>_ F(t)n(Ey), > fex)i(Cr))
j=1 k=1
m n q
=h(Y_ ft)n(E) + D Fla)p(Ai = T), Y fler)n(Cr)
j=1 i=1 k=1

3 (A = T) = hopP).ow (1) < Wop (), [ s
=1

( /S fduop(f) < 5+ 5 =<

But

b= 617;2‘} = h([agl’ﬂljgl]v [agg?ﬁgg]) <e

aITpl - aITDQ‘ < max{}a]Tgl - oz}ng ,
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and ‘B%;l - B%;Q} S ma.X{‘Oégl - agg} ? ‘/Bgl - /ng‘} - h([agl,ﬁgl],[OK;Z,B%;])
<e.

Then for every PlT ,PQT € Pr with PlT > P€,P2T > P. we have that
’oz;l - a}%‘ < e and |B£1 — BEZ‘ < ¢&; hence (ak) and (B%) are Cauchy nets
in [0,00) and then exists & € Ry and § € Ry such that ag — « and
ﬂg — (. By virtue of lemma 2.6 and using lemma 2.9, iii) we have that

ob = ok, Bl XK, [a, 8], hence f is p-integrable on T'. O

Theorem 3.9. Let be p: A — Prc(Ry) a multisubmeasure of finite
variation, f : S — Ry bounded on S and B,C € A with B C C. If f is
w-integrable on C' then fB fdu < fC fdu.

Proof. Let us observe that since f is p -integrable on C| using propo-
sition 3.8 for (C, Ac, uc) and B C C we have that f is p -integrable on B.
Let be Iy, Iy € Pre(Ry), with Iy = [, fdp = [a,b], Iy = [,. fdp = [¢,d].

Since f is p-integrable on C, the net {Ug} pPepy is K-convergent to
Jc fdp, where P={ Ay}, _1,€Pc is arbitrary and oS (f)=> 0, f(tr)u(Ag).
We see that 0§ can be written as [a$, 5$].

We observe that P’ = {A;N B}, _17, is a partition of B. Let be oB(f) =
Sy f(tk) (AN B) which can be written as [aB,, 85,]. From AxNB C Ay,
for every k € {1,...n} we have that u(Ar N B) < pu(Ak), k € {1,...n) and
since f(tx) > 0, from lemma 2.9, i) we obtain [a5,, 5] < [a%, B%].

Since [o$, BS] i Jo fdu, (o8, B8] X, [ fdp from lemma 2.9, iii)
we have that [ fdu S [ fdu. O

Proposition 3.10. Let p: A — Pr(Ry) be the multisubmeasure of
finite variation induced by a strict submeasure m : A — R (see ezample
2.15,(2)) and let f : S — Ry be a p-totally measurable, p-integrable func-
tion. Then f is Gould integrable in the sense of [4] with respect to m and
Js fdu S 10, [¢ fdm], where T is the variation of m.

Proof. First, we observe that from lemma 2.1 we have
n n
(A) = sup{ > _ [u(A)|, Ai € A, Ai = A}
i=1 i=1

= sup{_ h({0}, [0, m(A)]), Ai € A, |J Ai = 4}
i=1

=1
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—sup{Z\m )|, Ai € A, UA A} =m(A).

=1

Since m is a strict submeasure we have that m(A) = m(A), for
every A € A ([3]), hence Ti(A) = m(A) = m(A), VA € A. From p-totally
measurability of f we have that for every € > 0 there exists a partition
P = {A;},_g5 of S such that i(Ag) < € and sup, ;e q, |f(t) — f(s)] < e,
Vi = 1,n. Then m(Ag) < e because (A) = m(A), VA€ A and since
Supy gea, |f(t) — f(s)] < €,Vi = 1,nwe obtain that f is T-totally measur-
able. From [3], theorem 2.16 we have that f is Gould integrable with respect
to m and moreover [ fdm € Ry.

Then for every € > 0 there exists P. € P such that for every P, =
{Aj},_15 € P with P, > P. we have

(3) | ) f(t))m(Ay) — [ fdm| <e.
2 <

Since f is p-integrable on S, the net {op(f, 1)} pep is K-convergent to
Js fdw, thatis (K)—limp op(f) = [g fdu, where op(f) = 325 _; f(cx)(Crk)
€ Pre(R4) for every P = {C’k}szs € P and for any choice of ¢, € Cy,.

Since p(A) = [0,m(A)] and m(A) < m(A), VA € A then from propo-
sition 2.3 and lemma 2.9, i) we obtain that op(f) = > 7 f(cr)pu(Cr) =
S Fe)0,mC] = [0, Flenm(Ch)] S 10,55 Ferm(Crl
Hence, using lemma 2.6, we have that [ fdu < [0, [ fdm]. O

From proposition 3.8, if f : S — R, is p-integrable on S then for every
A€ A f is p-integrable on A and consequently the set function

(4) I(A) = / fdu, YAe A
A
is well defined.

Proposition 3.11. Let be p : A — Pr.(Ry) a multisubmeasure of
finite variation and f : S — Ry p-integrable on S. Then the multifunction
I: A— Pr.(Ry) given by (4) is a multisubmeasure.

Proof. From theorem 3.9 we obtain that (A ) I(B) for every A, B €
A with A € B. We now prove that [(AU B) < I(A) + I(B) for every
A,B € A with An B = 0.
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From proposition 3.8 we obtain that f is u-integrable on AUB and from
definition 3.1 we have that there exist [, p fdu = (K) —limpop(f,u),
where op(f, ) = Y2 f(ts)u(Fs) € Pre(Ry), for every P = {Fs},_1; €
Paup and for any choice of t5 € Fj.

Since Fy = F;N(AUB) = (FsNA)U(FsNB), Vs € {1,2,...,r} we have
{FsNA},_1; € Paand {FsNB},_1; € Pp. Because i is a multisubmeasure
we have M(Fs) S (FsNA)+ pu(Fs N B) and since f(ts) > 0 we obtain that
ST F(tn(Fe) S STy f(t)u(Fs 0V A) + S f(t)u(Fs (1 B). Hence,
using lemma 2.9, iii) and passing to the K-limit we obtain that I(AUB) <

I(A) 4+ I(B). Evidently I(0) = {0} and hence I(.) is a multisubmeasure. [J

Proposition 3.12. The multifunction I : A — Pr.(R4) given by (4)
1 a weakly null-additive multisubmeasure.

Proof. Let be A, B € A such that I(A) = I(B) = {0}. From previous
proposition we have that I(AU B) < I(A) + I(B) and I(AU B) < {0}.
From I(AUB)€ Pr.(R+) and definition 2.2 we have I(AUB)={0} hence I(.)
is a weakly null-additive multisubmeasure.

In the following we associate to the multisubmeasure p : A — Pp.(Ry)
the two real set functions

(5) p(A) =infu(A), VA€ Aand pg(A) = supu(A),

for every A € A.

According to [5], proposition 2.1, uq, ug are submeasures in Drewnowski
sense such that for every Ae A we have p1(A) € u(A), ua(A) € pu(A) that
is p1, po are selectors of .

Theorem 3.13. Let p1: A — Pr.(Ry) be a multisubmeasure of finite
variation and let f : S — Ry be a p-integrable function on S. Then

Js fdu = [[g fdur, [g fdus] where [ fduy, [¢ fdpo are the Gould integral
([3]) with respect to the real submeasures py, pa.

Proof. Let us observe that pu(A) = [pu1(A), ua(A4)], for every A € A.
Firstly we shall prove that f is Gould integrable with respect to u1 and ue
in the sense of [3], definition 2.3.
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Since f is p-integrable on S then for every € > 0 there exists P. =
{Ai};_15 € P such that for every P = {B;} € P with P > P. we have

j=1m

() Wor(rn). [ faw < 5.

where

i=1 i=1
(7) =1 f0)ma(By), Y f(b)pa(B))]
7j=1 7j=1

= [O'P(f, Ml)a JP(f7 ,UQ)]?
in which O'p(f, Mi) = Z;nzl f(bj)ui(Bj), 1= 1, 2.

Because f is y1 integrable the net {op(f, 1)} pe(p <) is convergent; hence
{op(f, 1)} pe(p,<) is a Cauchy net that is for every e > 0 there exists P. =
{A;},_17 such that for every P’ = {Cy},_17 € P, P = {Ds} eP
with P’ > P. and P” > P. we have that

s=1,r

(8) hop (), om () < 5.
Using lemma 2.1 and (8) we obtain
©)  lop(fm) = op(fm)| < hlop(fom)om (f) <

which assures that (op(f, 1)) is a Cauchy net in [0, 00), hence convergent.

Analogously, we obtain that (op(f, 12)) is a Cauchy net in [0, 00), hence
convergent.

From [3], definition 2.3, we have that f is Gould integrable with respect
to the submeasures p1 and pp. Since [ fdp € Pre(Ry) we can write it as
Js fdp = [a,b]. We shall prove that [a,b] = [ [ fdu1, [g fdus].

Using (7) we have that

h(op(f, u),/sfdu) = h(op(f, 1), la,b]) = h(lop(f, p), op(f, p2)l; la, b]).

Now,applying lemma 2.1 we have |op(f, u1) —a| < h(op(f, ), [a,b]) < §.
Analogously we obtain |op(f, u2) —b| < 5.
Hence the net (op(f,u1)) is convergent with limit ¢ and the net
op(f,p2)) is convergent with limit b. Consequently, a = [¢ fdui,

(
b= [gfdpz and [g fdu = [[g fdps, [g fdus]- O
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4. A multivalued Gould integral for real functions

In what follows we assume that f : S — R is a real, bounded function
and p: A — Pi.(R4) is a multisubmeasure of finite variation.
We denote by f* = sup{f,0} and f~ = —inf{f,0} and then f =
=7

We observe that, for the case of Pk.(R), we can extend the operations
with compact intervals from definition 2.7.

Definition 4.1. If [a,b], [c,d] € Prc(R4) and k < 0 then we can define
kla,b] = [kb, ka] € Pyc(R) and [a,b]—[c,d] = [a,b]+[—d, —c] = [a—d,b—c] €
Pkc(R)'

Definition 4.2. 1) We say that the bounded function f : S — R
is generalized Gould integrable (briefly g-u -integrable) with respect to the
multisubmeasure ;1 whenever fT and f~ are u- integrable in sense of defi-
nition 3.1 and we define the integral of f with respect to p on S as

(10) /S fp = /S frdu - /S J~dp € Pre(R).

2) We say that f is p-integrable on T' € A if the restriction of f to T is
p-integrable on (T, Ar,ur).

Remark 4.3. Let us observe that if f >0 we have f~ =0 and f = f*
and from proposition 3.3 we have [ fdu = [¢ fTdp € Pr.(Ry).

For the general case of integral, we have the following properties:

Proposition 4.4. Let f : S — R be a g-u-integrable function on S
and o € R. Then af is g-p-integrable on S and fS(af)du = afs fdpu.

Proof. From proposition 3.4, if f > 0 and a > 0 we have [¢(af)dp =
o [g fdp.

Now, if f:.5 — R we observe that

1) for a > 0 we have (af)™ = sup{af,0} = af™ and (af)” =
—inf{af,0} = af~ and

2) for a < 0 we have that (af)™ = sup{af,0} = —asup{—f,0} =
—af” and (af)” = —af™T.
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Since f is g- p-integrable whenever f1 and f~ are u- integrable, we
have from proposition 3.4 that af™ and o f ~ are p-integrable on S.

Using definitions 2.7 and 4.2 we obtain for @ > 0 that [((af)dp =
Jslaf)ytdu — [g(af) dp = [gaftdu — [qaf~du = o fg fdu and for
a <0 wehave [o(af)dp = [q(af)tdu— [(af) dp = (—a) [¢ fdp —
() [¢ frdp=a [ fdp. O

Analogously, it is easy to prove the following:

Proposition 4.5. Let f : S — R be a g-pu-integrable function on S
and o € Ry. Then f is ap-integrable on S and [ fd(ap) = a [y fdp.

Proposition 4.6. Let be pi: A — Pr.(Ry) a multisubmeasure of finite
variation and f : S — R g- u -integrable on S. Then for every A € A, f
18 g- pu-integrable on A.

Proof. Since f is p-integrable on S whenever f* and f~ are pu-
integrable on S then from proposition 3.8 we have that, for every A € A,
fT and f~ are u-integrable on A. Hence f is g-u-integrable on A € A. 0O

If f is g-p-integrable on S, using proposition 4.7 we can define the set
function given by

(11) I(A) = /A fdu, VA€ A

Proposition 4.7. Let be pu : A — Pre(Ry) a multisubmeasure of finite
variation, f : S — R a g-p-integrable function on S. Then the set function
I(-) defined by (11) is absolutely continuous with respect to fi, where T is
the variation of .

Proof. Let be A € A such that 7i(A) = 0, then from the definition of
7(A) we have (A) = sup{d ;_; |(Ex)| , ExNEpy = 0,k # k',E € A,
ke {1,...s},Ui_; Ex = A} = 0 which implies Y ;_, |u(E)| = 0, for
every {Ex};_15 € Pa. Hence [u(Eg)| = h(u(Ey),{0}) = 0 which im-
plies that u(Ey) = {0} for every k € {1,...,s}. Since f is g-u-integrable
on A whenever f* and f~ are p- integrable on A then from definition
3.1 there exists the K-limit of the net {op(f*, 1)} pe(p, <), that is (K) —
limpop(f*,p) = [, fTdp and respectively, there exists the K-limit of the

net {op(f~, 1)} pe(pa,<), that is (K) —limpop(f~,u) = [, f~du. Hence,
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for every P = {Ey};_15 € Pa we have op(f*,u) = >3 [T (te)(Er) =
{0} and op(f~ 1) = S5, - (tk)(Ex) = {0). Then Jy f*dju = {0} and
J4 f~dp = {0} and from (11) we obtain that I(A) = {0}, so I < 7. O
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