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1. Introduction

The concept of S-open sets and [-continuity was introduced and stud-
ied by ABD EL-MONSEF ET AL. [1]. Further PorpA and NoIRI [20] intro-
duced weak [-continuity and subsequently NOIRI and POPA [14] introduced
the concept of almost S-continuity. Most recently, BAKER [4] introduced
the concept of contra almost-S-continuous functions which is stronger than
weak [-continuous functions. In this paper we continue our study on almost
strongly-6--continuous functions introduced by TAHILIANI [26] and which
is stronger than almost [S-continuous functions. It is also seen that con-
tra almost B-continuous functions are independent of almost §-continuous
functions.

2. Preliminaries

Throughout the present paper, X and Y denote topological spaces. Let
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A be a subset of X. We denote the interior and closure of A by Int(A)
and CIl(A) respectively. A subset A of a space X is said to be regular open
if A = Int(Cl(A)) and it’s complement is said to be regular closed if A =
Cl(Int(A)). A subset A of a space X is called semi-open [10] (resp. [-open
[1]) if A C Cl(Int(A)) (resp. A C Cl(Int(Cl(A)))). The family of all j-
open sets containing x will be denoted by SO(X,z). The complement of
[-open set is B-closed [1]. The intersection of all S-closed sets containing A
is called S-closure of A and is denoted by SCI(A). A point z of X is called
a semipre-f-cluster point [16] or S-6-cluster point of A if SCL(U) N A # ()
for every [-open set U of X containing x. The set of all 5-6-cluster point
of A is said to be semipre-6-closure [16] or -0-closure of A and is denoted
by BClg(A). A subset A is said to be [-0-closed if A = SCly(A). The
complement of a (§-6-closed set is said to be -0-open. A point x is in the
p-6-interior of A denoted by [ Intg(A), if there exists S-open set U such
that SCI(U) C A. A subset A of a space X is said to be S-clopen [16] if it
is B-open and [-closed.

Definition 2.1. A function f : X — Y is called B-continuous [1] (resp.
almost (-continuous [14], weakly B-continuous [20]) if for each x € X and

each open set V of Y containing f(x), there exists a S-open set U such that
f(U) € V(resp. f(U) € Int(CL(V)), f(U) € CLV)).

Definition 2.2. A function f : X — Y is said to be strongly 6-3-
continuous [17] (resp. almost strongly 0-3-continuous [26]) if for each z € X
and each open set V' of Y containing f(x), there exists U € fO(X, x) such
that f(SCL(U)) C V (resp. F(BCI(U)) C B CL(V)).

Definition 2.3. A function f: X — Y is said to be contra almost -
continuous [4] if the inverse image of each regular open set in Y is -closed
in X.

Every contra almost S-continuous function is weakly [-continuous ([4],
Theorem 3.3). Based on the above definitions, we have the following dia-
gram (see next page). We note that none of the reverse implications of that
diagram are true, as can be seen in following examples.

Example 2.1. Every weakly S-continuous function may not be con-
tra almost [-continuous ([4], Example 3.2). Also almost strongly-6-3-
continuous function may not be strongly-6-3-continuous ([26], Example
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2.5). Moreover weak (3 -continuity does not imply almost /3-continuity ([20],
page 84).

contra almost

[-continuity

almost weak
B-continuity B-continuity
almost strongly strongly
0-B-continuity 0-B-continuity

Example 2.2. Let X = {a,b,c} and let 7 = {0, X, {b,c},{a,c},{c}}
and o = {0, X, {a}, {b}, {a,b}} be the topologies on X. Let f : (X,7) —
(X, o) be the identity function. Then f is contra almost S-continuous but
not almost B-continuous, not even almost strongly-6-3-continuous.

Remark 2.1. Contra almost S-continuity and almost S-continuity are
independent concepts as can be seen from Example 2.2 and the following
example:

Example 2.3. Let X = {a,b,c} and let 7 = {0, X, {a}, {b},{a,b},{b,c}}
and ¢ = {0, X,{a},{b},{a,b}}. Let f : (X,7) — (X,0) be the iden-
tity function. Then f is almost S-continuous but not contra almost [-
continuous.

3. Almost-strongly-0-3-continuous functions
Lemma 3.1. CI(A) is S-clopen for every B-open subset A of X.

Proof. It is obvious from the fact that SCI(A) is B-closed and SCI(A)
is B-open if A is S-open. ([8], Lemma 4.1).

The family of regular open sets of a space (X, 7) forms a base for a
smaller topology 75 on X, called semi-regularization of 7. U

Theorem 3.1. The following are equivalent for a function f: X — Y :
(1) f is almost strongly 6-3-continuous,
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(2) for each x € X and each open set V. of Y containing f(x), there
exists a [-clopen set U containing x such that f(U) C Int(C1(V)),

(3) f7HV) C B Inte(f~L (Int(CL(V))) for every open set V of Y,

(4) f: X = Ys is strongly-0-5-continuous, where Y denotes the semi-
reqularization of Y.

Proof. (1)=(2). It is obvious by (][26], Theorem 2.1.2) and Lemma 3.1.

(2)=-(3). Suppose that V is an open set in Y and that x € f~1(V).
Then f(x) € V. By (2), there exists a S-clopen set U such that f(U) C
Int(C1(V')). Therefore, we have z € U = SCL(U) C f~! (Int(C1(V))) and
hence z € 8 Intg(f~' (Int(CL(V)))). It follows that f~1(V) C B Inty(f~*
(Int(CL(V))))-

(3)=-(4). Let x € X and let V be any open set of Y containing f(x).
There exists a regular open set G of Y such that f(xz) € G C V. By (3), we
have z € f~1(G) C B Inte(f~1(G)) and hence there exists U € 30(X) such
that x € U C BCIU) C f~YG). Therefore, we obtain f(SCL(U)) C V.
This shows that f: X — Y is strongly-6-3-continuous.

(4)=(1). Let V be any regular open set of Y. Forany z € f~1(V), f(x) €
V and V is open in Y;. There exists U, € fO(X) such that f(CL(U,)) CV
and hence SC1(U,) C f~1(V). Therefore,we have f~1(V) C BlInty(f~1(V))
and f~1(V) is B-0-open in X. It follows from ([26], Corollary 2.1.2) that f
is almost strongly 6-5-continuous.

D

Definition 3.1. A space X is said to be

(i) weakly-Ty [24] if each point of X is expressed by the intersection of
regular closed sets of X,

(ii) 7Ty [9] if for any pair of distinct points in X, there exists a regular
open set containing one point but not the other,

(iii) B-T5 [11] if for each pair of distinct points x and y in X, there exists
disjoint B-open sets U and V containing x and y respectively.

Remark 3.1. From Definition 3.1, we have the following diagram:
Hausdorff —— weakly-T5 —— rTy — B-T5

Theorem 3.2. If f : X — Y 1is an almost strongly 6-5-continuous
injection and Y is 1y, then X is B-T5.

Proof. Let x and y be distinct points of X. By the injectivity of
f, it follows that f(z) # f(y) and there exists either a regular open set V
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containing f(x) not containing f(y) or a regular open set W containing f(y)
not containing f(z). If the first case holds, then there exists U € SO(X)
such that f(SCL(U)) C V. Therefore, we obtain f(y) ¢ f(SCL(U)) and
hence X \ SCL(U) is p-clopen in X containing y by Lemma 3.1. If the
second case holds, then we obtain the similar result. Therefore X is 8-T5
([18], Theorem 3.1). O

Corollary 3.1. If f: X — Y is almost strongly 0-8-continuous injec-
tion and Y is weakly-Ts, then X is 3-T5.

Corollary 3.2 ([26], Theorem 4.7). If f : X — Y s almost strongly
0-5-continuous injection and Y is Hausdorff, then X is B-T5.

Recall that a space X is submaximal if every dense set is open and it is
said to be extremally disconnected if the closure of every open set is open.

Lemma 3.2 ([8]). If X is submazimal and extremally disconnected,
then every (B-open set in X is open.

Remark 3.2. In the view of above Lemma, we can conclude that If
X is submaximal and extremally disconnected, then every [S-clopen set is
clopen.

Let (X, 7) be a topological space. The quasi-topology on X is the topol-
ogy having base as clopen subsets of (X, 7). The open (resp. closed) subsets
of the quasi-topology are said to be quasi-open (resp. quasi-closed).

Theorem 3.3. If f,g : X — Y are almost strongly 0-5-continuous
functions, X is submazimal and extremally disconnected and Y is Haus-
dorff, then E = {x|f(x) = g(x)} is quasi-closed in X.

Proof. If x € X \ E then it follows that f(z) # g¢(z). Since Y is
Hausdroff, there exists open sets V' and W containing f(z) and g(x), re-
spectively such that Int(Cl(V'))N Int(Cl(W)) = ). Since f and g are almost
strongly 6#-B-continuous, there exists U € fO(X,z) and G € BO(X,x)
such that f(BCL(U)) C Int(Cl(V)) and g(BCHG)) C Int(CL(W)). Let
D = pCLU) N BCLG). Then by Remark 3.2, D is clopen in X as X is sub-
maximal and extremally disconnected. Since f(D)Ng(D)=0,DNE =
and X \ E is quasi-open. Therefore E' is quasi-closed. O

Definition 3.2. A function f: X — Y is said to be
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(i) 0-continuous [13] if for each x € X and each regular open set V of Y’
containing f(z), there exists a regular open set U of X containing x such
that f(U) CV,

(ii) B-clopen if the image of each [-clopen subset U of X, f(U) is -
clopen in Y.

Theorem 3.4. If f : X — Y 1is an almost strongly 0-5-continuous
function and g : Y — Z is d-continuous, then go f : X — Z is almost
strongly - B-continuous.

Proof. Let z € X and W be a regular open set in Z containing (go f)(z).
Since g is d-continuous, there exists a regular open set V' of Y containing
f(z) such that g(V) C W. Since f is almost strongly 6#-3-continuous,
there exists a S-open set U such that f(SCl(U)) C V. This shows that
(go f)(BCLU)) C W. Therefore, go f is almost strongly 6-3-continuous.[]

Theorem 3.5. Let f : X — Y and g : Y — Z be functions. If
gof : X — Z is an almost strongly 0-B-continuous function and f is a
B-clopen surjection, then g is almost strongly 0-5-continuous.

Proof. Suppose that y € Y and f(z) = y. Let V be an open set of
Z containing g(f(x)). Since g o f is almost strongly 6-5-continuous, there
exists S-open set U such that g(f(BCLU))) = (go f)(BCYU)) C BCLV) =
Int(CL(V)). Since f is B-clopen and BCL(U) is S-clopen, f(SCLU)) is
B-clopen in Y containing y. By Theorem 3.1, ¢ is almost strongly 6-3-
continuous. g

Theorem 3.6. If a function f; : X — Y; is almost strongly 0-6-
continuous for each i € I, then the product function f : [[X: — [[Yi,
defined by f(z) = (fi(x;)) for each x = (z;) € [[X; is almost strongly
0-3-continuous.

Proof. Let z € [[ X; and W be any open set of [[Y; containing f(z).
Then there exists a open set V; of Y; such that f(x) = (fi(z;)) € [, Vij ¥
IL 2ijYi © W. Since f; is almost strongly 6-B-continuous function, by
Theorem 3.1, there exists S-clopen set U;; such that f;;(Us;) C SCI(V;j ) for
j=12,...,n Put U =1][}_, Uy x [1;4;, Xi- Then it follows from ([3],
Lemma 2.2) that U is S-open in [[ X;. By a similar argument, we obtain
that U is S-clopen in [[ X; containing x. Moreover by Lemma 3.1, we have
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fU) < H?:1 fi;(Uiz) x Hi;éij Y C H?:l B CL(Vij) x Hi;éij Y; € BCIW).
It follows from Theorem 3.1 that f is almost strongly 6-5-continuous. [

Theorem 3.7. If a function f : X — []Y; is almost strongly 0-3-
continuous and p; : [[Y; — Y; is the natural projection, then pjof : X —Y;
18 almost strongly 0-5-continuous.

Proof. This is an immediate consequence of Theorem 3.4 since every
open function is d-continuous ([13], Theorem 4.11). O

4. Some properties of contra almost 3-continuous functions

Theorem 4.1. Let (X, 7) and (Y, o) be topological spaces. The following
statements are equivalent:

(1) f is contra almost B3-continuous,

(2) f~H(V) is B-open in X for every reqular closed set V in'Y,

(3) for each x € X and each regular closed set V in'Y containing f(x),
there exists a B-open set U in X containing x such that f(U) CV,

(4) for each x € X and each regular open set V in' Y non contain-
ing f(x), there exists a B-closed set K in X non containing x such that
V) C K,

(5) f~! (Int(CU(Q))) is B-closed in X for every open subset G of Y,

(6) f~1 (Cl(Int(F))) is B-open in X for every closed subset F of Y.

Proof. (1)<(2), (2)=(3) Obvious.

(3)=(2) Let V be any regular closed set in Y and z € f~*(V). From
(3), there exists a 3-open set U, in X containing x such that U C f~1(V).
We have f~1(V) = J{U, : x € f~1(V)}. Thus f~1(V) is B-open.

(3)<(4) Let V be any regular open set in Y not containing f(z). Then,
Y \ V is a regular closed set containing f(z). By (3), there exists a S-open
set U in X containing = such that f(U) C Y \U. Hence, U C f~5(Y'\V) C
X\ f7YV) and then f~}(V) C X\ U. Take K = X \ U. Then K is a
[-closed set in X not containing z. Converse can be shown easily.

(1)<(5) Let G be open subset of Y. Since Int(Cl(G)) is regular open,
then by (1), it follows that f~! (Int(Cl(G))) is S-closed in X. Converse can
be shown easily.

(2)<(6) It can be obtained similarly as in (1)<(5). O
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Theorem 4.2. Let Y be extremally disconnected. Then the function
f X — Y is contra almost B-continuous if and only if it is almost (§-
continuous.

Proof. (Necessity). Let x € X and let V' be any regular open set of ¥’
containing f(z). Since Y is extremally disconnected, by ([19], Lemma 5.6),
V is clopen and hence V is regular closed. By Theorem 4.1, there exists
U € BO(X,z) such that f(U) C V. By ([15], Corollary 2), f is almost
[B-continuous.

(Sufficiency). Let F' be any regular closed set of Y. Since Y is extremally
disconnected, F' is regular open and f~!(F) is S-open in X. This shows
that f is contra almost S-continuous.

A topological space X is said to be almost regular [22] if for each regular
closed set A of X and each x € X \ A, there exists disjoint open sets U and
V of X such that x € U and A C V. O

Theorem 4.3. If a function f: X — Y is contra almost 5-continuous
and Y is almost regular, then f is almost 5-continuous.

Proof. It’s clear from ([14], Theorem 6). O

Definition 4.1. A function f : X — Y is said to be contra R-continuous
[7] if the inverse image of each regular open set in Y is regular closed in X.

Theorem 4.4. Let f : X — Y and g : Y — Z be two functions. If f
is contra almost B-continuous and g is contra R-continuous, then go f is
almost B-continuous.

Proof. Let V be any regular open in Z. Since g is contra R-continuous,
g~ Y(V) is regular closed in Y. Now since f is contra almost S-continuous,
Y9 ' (V)) = (go f)~1(V) is B-open in X. Hence go f is almost j3-
continuous. (|

Definition 4.2. A filter base A is said to be 3-convergent (resp. rc-
convergent) to a point x in X if for any U € BO(X, z) (resp. regular closed
set U) containing z), there exists a B € A such that B C U.

The following are the obvious Theorems
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Theorem 4.5. If a function f : X — Y is contra almost 5-continuous,
then for each point x € X and each filter base N in X B-converging to x, the
filter base f(A) is re-convergent to f(x).

Theorem 4.6. Let f : X — Y be a function and x € X. If there exists
U € BO(X) such that x € U and the restriction of f to U is contra almost
B-continuous at x, then f is contra almost B-continuous at x.

Now, we investigate the relationships among almost contra-£ -continuous
functions, connectedness and compactness.

Definition 4.3. A topological space X is called §-ultra-connected if
every two non empty [-closed subsets of X intersect.

Definition 4.4. A topological space X is called hyperconnected [25] if
every open set is dense.

Theorem 4.7. If X is S-ultra-connected and f : X — Y is contra
almost B-continuous and surjective, then Y is hyperconnected.

Proof. Assume that Y is not hyperconnected. So there exists an open
set V such that V is not dense in Y. Hence there exists disjoint non empty
regular open subsets By and By in Y, namely Int(Cl(V)) and Y\ CI(V).
Since f is almost contra (-continuous and onto, A; = f‘l(Bl) and Ay =
f~1(By) are disjoint non empty S-closed subsets of X. By assumption,
the S-ultra-connectedness of X implies that A; and A must intersect. By
contradiction, Y is hyperconnected. O

Definition 4.5. A space X is said to be

(i) B-compact [2] if every cover of X by [-open subsets has a finite
subcover,

(ii) strongly countably B-compact if every countable cover of X by (-open
subsets has a finite subcover,

(iii) strongly -Lindeldf if every [-open cover of a space X has a count-
able subcover,

(iv) S-Lindeldf [12] if every cover of X by regular closed sets has a
countable subcover,

(v) countably S-closed [5] if every countable cover of X by regular closed
sets has a finite subcover,

(vi) S-closed [27] if every regular closed cover of X has a finite subcover.
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Theorem 4.8. Let f : X — Y be a contra almost 3-continuous surjec-
tion. Then the following statements hold:

(1) If X is B-compact, then Y is S-closed.

(ii) If X is strongly 5-Lindeldf, then'Y is S-Lindeldf,

(#i1) If X is strongly countably 3-compact, then'Y is countably S-closed.

Proof. We prove only (i), the proofs of (ii) and (iii) being entirely
analogous. Let {V,, : a € I} be any regular closed cover of Y. Since f is
almost contra S-continuous, then {f~(V,) : a € I} is a S-open cover of X
and hence there exists a finite subset Iy of I such that X = J{f1(Va) :
a € Ip}. Therefore, we have Y = (J{V, : @ € I} and Y is S-closed. O

Definition 4.6. A space X is said to be

(i) B-closed [26] if every cover of X by f-closed sets has a finite subcover,

(i) countably (-closed if every countable cover of X by [-closed sets has
a finite subcover,

(iii) B-Lindeldf if every cover of X by [-closed sets has a countable
subcover,

(iv) mearly countably compact [23] if every countable cover of X by reg-
ular open sets has a finite subcover,

(v) nearly compact [21] if every cover of X by regular open sets has a
finite subcover,

(vi) nearly Lindelof [6] if every cover of X by regular open sets has a
countable subcover.

Theorem 4.9. Let f : X — Y be an contra almost B-continuous
surjection. Then the following statements hold:

(1) If X is B-closed, then'Y is nearly compact.

(ii) If X is B-Lindeldf, then Y is nearly Lindeldf.

(#i1) If X is countably B-closed, then Y is nearly countably compact.

Proof. (i) Let {V, : o € I} be any regular open cover of Y. Since f
is contra almost S-continuous, then {f~*(V,) : a € I} is a B-closed cover
of X. Since X is f-closed, there exists a finite subset Iy of I such that
X =U{ft(Va) : a € Iy}. Thus we have Y = [J{V, : a € Iy} and Y is
nearly compact.

(ii), (iii) Similar to (i). O
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