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Abstract. We construct biharmonic real hypersurfaces and biharmonic Lagrangian
submanifolds of Clifford torus type in CP™ via the Hopf fibration; and get new examples
of biharmonic submanifolds in S*"*! as byproducts.

Mathematics Subject Classification 2000: 58E20.

Key words: biharmonic maps, real hypersurfaces, Lagrangian submanifolds, Hopf
fibration, Clifford torus.

1. Introduction
Let ¢ : (M,g) — (N,h) be a smooth map between two Riemannian

manifolds and define its first tension field as 7(¢) = trace Vd¢. The map ¢
is called harmonic if it is a critical point of the energy functional

1
B(0) =5 [ ldofn,

This amounts to 7(¢) = 0. In the isometric immersions case, harmonic is
equivalent to minimal.

Considering the bienergy functional Fs(¢) = % Jas I7(0) vy, its critical
points are called biharmonic maps ([10],[7]). The associated Euler-Lagrange
equation is given by the vanishing of the bitension field

72(¢) = —A%7(¢) — trace R" (dg, 7(¢))dg,
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where RN(X,Y)Z = VYV Z - VIIVRZ — VX 1, Z.

Obviously, any harmonic map is biharmonic. The non-harmonic bi-
harmonic maps are called proper biharmonic, and a submanifold is proper
biharmonic if its inclusion map is proper biharmonic.

Concerning the proper biharmonic maps, there are several non-existence
results for the non-positive sectional curvature codomains([10, 3, 7]), for
instance

Theorem 1 ([3, 4]). Let ¢ : (M,g) — (N, h) be a smooth map. If M is
compact, orientable and Riem™ < 0, then ¢ is biharmonic if and only if it
s harmonic.

Suggested by similar results

Generalized Chen’s Conjucture. Biharmonic submanifolds of a man-
ifold N with Riem®™ < 0 are minimal.

This conjecture has been proved to be false recently by Ou and TANG
([8]), while it is still sensible to focus on the proper biharmonic submanifolds
in sphere or other non-negatively curved spaces. Although some partial
classification results had been obtained ([1]), the known examples are still
relatively rare. In this article, we will construct series of new examples of
proper biharmonic submanifolds in S?**! and CP".

Theorem 2. Denote by ng(r, s) the image of the generalized Clifford
torus M, 4(r,s) = S?HL(r) x S*+1(s) in ST via the Hopf map, where
p+q=mn—1. Then it is biharmonic in CP™ if and only if

(1) (;)2(21?4- 1) + <£)2(2q+1) = 2(n +2).

And

Theorem 3. Identify R*"+2 with C"*1. Define the Clifford torus T
= {2 = (21,1 Zis- s 2n1) € CH 5] = @, 30 a? = 1} in S
Then it is biharmonic if and only if
1 1 ,
(2) aid——5=2n+1){(n+1)a;—— ), i=1,....,n+1,
a

i a;

where d =) a%
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Followed by

Theorem 4. Let T be the quotient of T™*! by the S* action. Then it
1s biharmonic in CP™ if and only if

(3) aid — % —2(n+3) ((n+ 1a; — 1>.

i ;g

The explicit expressions of r, s and a; will be solved out in section 3.

Among these tori, we can pick out plenty proper biharmonic ones. As
this is a routine construction, we will emphasise on the method rather than
the concrete examples.

2. Preliminary

2.1. Hopf fibration
There are already many known examples of biharmonic submanifolds in

spheres. To find examples in CP™, the Hopf fibration 7 : S?"+1 ﬂ cpr

is a natural candidate, where 7 is a Riemannian submersion with totally

geodesic fibres S! and CP™ has constant holomorphic sectional curvature 4.
This submersion has lots of good properties, such as

Lemma 5 ([9)). If M, M are submanifolds with respect to this Rieman-
nian submersion, i.e. the following diagram commutes

M - S SQn—i—l

Wi lﬂ

M —CP"

then M minimal (totally geodesic) is equivalent to M minimal (totally ge-
odesic). More precisely, the mean curvature vector field H of M is the
horizontal lift of H of M.

In this paper, to simplify the notations, we make the convention that H
is non-normalized, i.e. H = 7(i).

Unfortunately, this submersion does not preserve the biharmonicity. See
[6], consider the Hopf map S* — S%(3). Lifting the biharmonic submanifold
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¥

S%%), we get the Clifford torus S*(Y 2;'\/5) x SHY2EY2) which is not
biharmonic in S3.

But it provides us the stereotype of constructing biharmonic submani-
folds in CP". If we modify the radii of the standard Clifford torus properly,
its image will be biharmonic in CP™.

2.2. The biharmonic equations in S” and CP"

When the submanifold lies in S”, it is convenient to split the bitension
field in its normal and tangent components.

Theorem 6 ([2]). If M™ is a submanifold of S, then it is biharmonic
if and only if

@ {—ALH — trace B(-, Ag-) + mH =0

2 trace AV(L)H(') + 3 erad(|H*) =0

Moreover, if we assume M has parallel mean curvature vector field, the
equation turns to

m
(5) trace B(-, Ag+) = Z < Bjj,H > B;j = mH,
ij=1

where B;; = Blei, ej) and {e;}™, is an orthogonal basis on M; V+ and At
are the connection and the Laplacian in the normal bundle, respectively.

When the ambient space is CP", considering the real hypersurfaces or
the Lagrangian submanifolds, the biharmonic equation has a similar form

Proposition 7. If M?"~! is a real hypersurface in CP™, then it is
btharmonic if and only if

©) {—ALH —trace B(+, Ag-) +2(n+1)H =0

2 trace AV(L)H('> + 3 grad(|H|*) =0

If, in addition, M has constant mean curvature the biharmonic equation
becomes

(7) |B]* =2(n +1).
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And

Proposition 8. If M™ is a Lagrangian submanifold of CP™, then it is
biharmonic if and only if

® {—ALH—traceB(-,AH-)—F (n+3)H=0

2 trace Avj)H(') + S grad(|H|?) =0

When M has parallel mean curvature vector field, the biharmonic equation
becomes

(9) trace B(-, Ag) = » < Byj, H > Byj = (n+ 3)H.
i.j

Proof of Proposition 7. Denote the canonical inclusion map as i,
then 7(i) = H.

Since trace R*F"(d i,7(i))d i = —2(n + 1)7(i) = —2(n + 1) H, the inclu-
sion map i is biharmonic if and only if

To(i) = trace VdH + 2(n + 1)H = 0.

For this is a tensor equation, we can choose orthonormal frame {e;} around
p € M, where 1 <i <2n—1, s.t. Vgejl, =0 and do all the computation
restricted to the point p

trace VAH = Ve Ve H = VEP (VI H — Ap(e;))
= Ve Ve — Ays y(ei) — Ve, Ar(es) — Blei, An(e:))
= —AtH —trace B(-, Ay-) — (Avs g(ei) + Ve, An(ei)).

Then, rewrite Ay and use Codazzi equation

Ve, An(ei) = (Ve, < B(ejvei)vH >)€j
=< B(ej,ei),VéH >e;i+ < (VéB)(ej,ei),H > €j
= AVéH(ei)—i— < (VéB)(ei,ei),H > €j
+ < RCPn(ei,ej)ei,H > €

1
= Avpp(e:) + 5 grad(|HP),
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where we use the fact that CP" is Einstein to deduce that

< RCPn(ei,ej)ei,H >= —Ricci(cpn(ej,H) =—<ej,H>cpn=0
for any j.
Replacing trace VdH in the identity and arranging the terms in tangent
and normal components, we get what desired. O

The proof of Proposition 8 is similar.

Our general modus operandi is to adjust the radii of the Clifford torus
until its second fundamental form satisfies the biharmonic equation. The
fact that the Clifford tori we concern about all have parallel mean curvature
vector field simplifies the computation.

3. The examples
3.1. Generalized equators MS,(r,s) in CP"

In [5], LAWSON introduced the concept of generalized equator ng which
is minimal in CP". Thus we call ng(r, s) the generalized equator in the
biharmonic category, which is not always minimal.

Since the generalized Clifford torus in S?"*! has constant mean curva-
ture, so does ng(r, s).

By (7), Mlgq(r, s) is biharmonic if |B|?> = 2(n + 1), while from [5],
we know |B|? = |B|? — 2, where B is the second fundamental form of
the generalized Clifford torus in S§?"*!'. Combining with the fact |BJ?> =
(2)2(2p + 1) + (£)%(2q + 1), we get (1). It is easy to check the solution is
never minimal.

This is a table of biharmonic real hypersurfaces in CP™(We only list the
case n = 5).

ni|p q S

5|04 \/ 3% (5—1/3))/22 \/(7+(3*\/§))/22
5104 \/ *5+\f ))/22 \/(7—(3*\/5))/22
50103] Jas-visy2 | o+ vis)/2
50113 \/(13+\F/22 \/(9—\/@/22
51212 \/(11+W/22 \/(11—\/ﬁ)/22
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3.2. Clifford torus T"*! in S?+1

Decompose C"*!into Vi @ --- @ V,,41, where each V; is the standard one
dimensional complex subspace. Identify V; with R?, let ; be the unit vector
s.t. |z;| = 1, i.e. all the unit vectors constitute S' C R?. Denote the position
vector of T"*! by # = a;x;, where a; are non-negative real number, then
T is included in $?"*1 if and only if 77 a? = 1. For T"*! is a product
manifold, restrict to S'(a;), we can choose frame e; of the tangent space s.t.
Je; = x; where J is the complex structure. Hence {e; ?jll is a normal frame
s.t. Je; = x; where J is the complex structure of C**1. Direct computation
shows that By; = 0;5(—3: +2) and H =} (a;(n+1) — a%)azz

Thus
n+1

1
N < By H> By =Y (aid — —)zi) — (n+ 1)H,
i,j=1 a;
1
where d = Y7, %
Furthermore, T"*! has parallel mean curvature vector field. If it is
biharmonic, by (5)

1
O (aid - a?)””) —(n+1)H = (n+1)H.
By comparing each component of H, we have (2).
The equation system (2) is some how funny. Denote b; = a?, rewrite it
as

(10) 2(n+1)2 —d)b? —2(n+1)b; +1 =0,

where d = S} b%_.

There are n + 2 equations and n + 1 variables, while the equations are
not independent. It is always solvable. To see this, view d as a known
number. Let r, s be the two different roots of the quadratic (10), and p, g
be their multiplicities in b; respectively. Then pr 4+ ¢s = 1, and

p,9 p p,q9—p T+s q—p

d=2,94_2,°P :
r+s 7’+s+ S rs 1-p(r+s)

Let t = 2(n + 1)? — d, use Vieta’s Theorem

(2q(n+1) —t)(t — 2p(n + 1)) = (¢ — p)°t,
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- 2 —(2n+1)? = (p—q)*)t +4pg(n+ 1) = 0.

This equation’s discriminant is

A={p—q*+4n+1)" = (4p—q*(n+1)*+16pg(n +1)%)
=(p—q)* +4n+1)" —4p+¢)’(n+ 1> =(p—q)*.

The root t = (n + 1)? leads to minimal torus, so we pick the one t =
(n+1)2 — (p — ¢)?. The original quadratic becomes
(n+1)%2=(p—q)H)b? —2(n+1)b;+1=0.
Its two roots are m with multiplicitie? P fmd ?
S Wi +1_1 1
Thus the torus is with elegant form T ( L \/E)' It can not be

minimal unless p = q.

3.3. Clifford torus 1% in CP"

Denote by T the quotient of T"™! by the S! action. It is Lagrangian in
CP™, and has parallel mean curvature vector field.

Choose an orthogonal frame {e;}}; on T{#, i = 1,...,n. To compute
Zi,j < B;j,H > B;;, as the Hopf map preserve the horizontal part of
second fundamental form([9]) and the mean curvature vector field, we lift it
to S?"*+1. Denote by f; the horizontal lift of e;, when i < n, and f,,41 = v,
where v = Jx, x the position vector, is the vertical vector field. Then
{fa}"t! is an orthogonal frame of T"*+1.

> < Bag,H > Bag—2Y < Biy,H> Biy— < By, H > By,
a,f )
= Z < Bij,H > BTJ

i,

It is not hard to show

Z<Bw,ﬁ>BiV:Z—in< —in,ﬁf >= f{,

i 7

and BW =0.
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Follow the biharmonic equation (9)

Z < Bag,f{ > Bag = (n+5)ﬁ.
aﬁB

This is nothing but (3). Notice that 3, 5 < Bag, H > B, is indepen-
dent of the choice of basis, thus we solve it in the same way as in Section

3.2.
- r+s -
d:g+g+q p_ + q9—p

r s S rs 1-p(r+s)
a—p
Let t =2(n+1)(n+ 3) — d, we have
(11) t2 = (2(n+1)(n+3) = (p — @)Ht + 4pg(n + 3)*> = 0.

Its discriminant is
A=@p-q9*+8(n+3)p—q?°

Both roots of t make the original quadratic about r and s solvable. As
in the generalized equators ng(r, s) case, the biharmonic torus T(gp,q(r, s)
could never be minimal.

The software “Mathematica” is helpful to get the explicit expressions.
The following is the table of T3 (r,s) when n =4

ni|pi|q r S

4|1 4] Bar-ves)yr | LJar+ ves)r
41114 %\/(11+\/@/7 i\/(n—\/@/?
41213 %\/(13—\/5)/14 %\/(15+\/ﬁ)/21
4|23 ] 5/ +van | 3y/s - V572

4. Stability

We add a few remarks on the biharmonic stability of such tori.
A biharmonic submanifold is called stable if for any variation of the
inclusion map {i;}, its second derivative of Ej is non-negative.
In [4], J1ANG had proved that there is no stable proper biharmonic
submanifold in sphere, so we only need to check the stabilities of Mlgq(r, s)
and T¢g ) (7, s).
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We will deal with these two cases simultaneously. Assume that M is a
proper biharmonic submanifold in CP"™, being either a hypersurface or a La-
grangian submanifold, with an orthonormal frame {e;} ,, where m = 2n—1
for the hypersurface and m = n for the Lagrangian submanifold. Using
H = 7(i) as the variation vector fields, by the second variation formula in

[4]

1 d?

— =B (i) |1=0 =4 / < R (e, H)VEP"H, H > v,
2 dt M

24/ (—|H[* +3 < e, JH >< VP H, JH >)v,.
M

Notice that JH =< JH, e; > e; holds both in the hypersurface case and
the Lagrangian submanifold case, and

<VP'H ey >=— < VP e H >=— < By, H >,
the above expression becomes
(12) 4/ (|fl|4 +3 < Jep, H>< By, H >< Je;, H >)vg.
M
Still lift them to S*"*1 C C"*! for computation. Let {f.}1' be the
orthogonal frame on M s.t. f; is the horizontal lift of e; and f,,,+1 = v, then
< Jep,H >< By, H >< Je;, H >=< Jfk,f{ >< Bkl,ﬁ >< Jfl,f[ >,

and < Jv, H >=< z, H >= 0. Where z is the position vector in C"*! and
without any ambiguity, J can be the complex structure in CP™ or C"+!
respectively. Thus we have

< Jeg, H>< By, H >< Jej, H >= < Jfo, H >< Bop, H >< Jfg, H >
=< Jfa,f[ >2< Baavﬁ>7

if B can be diagonalized by {f.}.

In the Mg’:q(r, s) case, one can compute

1 d? . s r 4
g Eal0lo = =4 [ 2@+ 1) - L2g+ )

s r 2 [gt rd
+3 [;(219—1— 1) — g(2q—|— 1)} [72(2p+ 1)+ 8—2(2q+ 1) — Qn] Vg
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Combining Eq.(1), after tedious computation, we get

1 d?
———=Fo(i¢) 1= 0.
2 a2 2(it) [t=0 <

In the T(gpq(r, s) case, every term in Eq.(12) can also be computed
explicitly,

1 d?

5 s Baie)limo = —4/[d— (n+ 12243200+ 1% + (3 ) —3(n-+ o,

a;

Recall (11) and t = 2(n + 1)(n + 3) — d, we can show

1 d?
——=Fo(it)|t=0 < 0.

2 di2 2(it) |t=0

In conclusion, all the examples appearing in this paper are unstable.
At the same time, by (12) the expression of second variation, we easily

get

Proposition 9. Let M be a compact proper biharmonic submanifold
of CP™. If the eigenvalues of its Weingarten operator are all nonnegative,
then it cannot be stable.

Although it can’t apply to our examples.

All the computations in above sections are valid in QP™ and S***3, so
the same method can generate lots of examples of biharmonic submanifolds
in QP" as well.

Finally, the author wants to thank his advisor Prof. Yuxin Dong for
the instructions, Prof. Qingchun Ji and Prof. Xiaoli Chao for valuable
conversations, and the referee for kind comments.
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