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MATEMATICĂ, Tomul LVII, 2011, f.1

HAMILTON–JACOBI–BELLMAN EQUATIONS
ASSOCIATED TO SYMMETRIC STABLE PROCESSES

BY

ADRIAN ZĂLINESCU

Abstract. We are concerned with an optimal stochastic control and stopping pro-
blem of a jump diffusion process. The main interest of this paper lies in the case where
the dynamics has infinite variance, especially in the case of solutions of SDEs driven by
symmetric stable processes. We prove that the value function is a viscosity solution of the
integro-differential variational inequality arising from the associated dynamic program-
ming. We also establish comparison principles in the class of semi-continuous functions
with polynomial growth of a given order.
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1. Introduction

We study a joint optimal control and stopping time problem in a finite
horizon of a controlled finite-dimensional jump diffusion process. This type
of problem was already considered by some authors, see for instance Pham
in [7], in the case where the jump diffusion process has finite variance. How-
ever, in the current paper we focus on a disjoint class of jump diffusions, in
particular solutions of stochastic differential equations driven by symmetric
stable processes.

Throughout the paper we will use | |, “ · ” to denote the euclidean norm,
respectively the scalar product in Rk, k ≥ 1. Also, B (x, r) and B (x, r) will
denote the open, respectively the closed ball of center x ∈ Rk and radius
r > 0.

Let (Ω,F , P ) be a complete probability space, endowed with a filtration
F = (Ft)t≥0 satisfying the usual assumptions (in this case we say that
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(Ω,F , P,F) is a stochastic basis), and ν a σ-finite measure on Rd with the
property that ∫

{|z|≥1}
ν (dz) < +∞

(we will often write {|z| ≥ 1} instead of
{
z ∈ Rd; |z| ≥ 1

}
, etc.). In this

framework we consider a homogeneous Poisson randommeasureN (ω, dt,dz)
with characteristic measure ν, which is:

i) for each ω ∈ Ω, N (ω, ., .) is a measure on R+ × Rd;

ii) for each set B ∈ B(R+ × Rd) with (λ ⊗ ν) (B) < +∞ (λ is the
Lebesgue measure on R+), the random variable N (·, B) is Poisson
with parameter (λ⊗ ν) (B);

iii) if B1, . . . , Bn are disjoint Borel sets of R+ × Rd, then N(·, B1),
. . . , N(·, Bn) are independent.

We also suppose that N is F-adapted, i.e. the stochastic process t 7→
N (·, [0, t]×A) is F-adapted.

Then, the compensated random measure

Ñ (dt,dz) := N (dt,dz)− dt⊗ ν (dz)

has the property that t 7−→ Ñ ([0, t] , A) is a martingale for every A ∈ B(Rd)
with ν (A) < +∞.

We will need some preparation concerning stochastic integration with
respect to random measures. Let P denote the σ-algebra of F-predictable
sets on [0, T ]× Ω. A stochastic process H : [0, T ]× Ω× Rd → Rn is called
predictable if it is measurable with respect to P ⊗ B(Rd). If the process

t→
∫ t

0

∫
Rd

(
|H (s, z)|2 ∧ |H (s, z)|

)
ν (dz) ds

is locally integrable, one can define the stochastic integral∫ t

0

∫
Rd

H (s, z) Ñ (ds,dz) ,

which is a n-dimensional purely discontinuous local martingale. We give a
list of properties which are of concern in the sequel.

Let τ be a stopping time, and H a predictable process. Then:



3 HAMILTON-JACOBI-BELLMAN EQUATIONS 165

(a) if H is positive or E
∫ t∧τ
0

∫
Rd |H (s, z)| ν (dz) ds < +∞, ∀t ≥ 0, then

(1.1) E
∫ t∧τ

0

∫
Rd

H (s, z)N (ds,dz) = E
∫ t∧τ

0

∫
Rd

H (s, z) ν (dz) ds, ∀t ≥ 0

(here the integral with respect to N can be also considered in the usual
way, as an integral with respect to a measure);

(b) if E
∫ t∧τ
0

∫
Rd |H (s, z)|2 ν (dz) ds < +∞, ∀t ≥ 0, then the process

(1.2) t→
∫ t∧τ

0

∫
Rd

H (s, z) Ñ (ds,dz) , t ≥ 0

is a square-integrable martingale; moreover,

(c) for every t ≥ 0,

(1.3) E sup
s∈[0,t]

∣∣∣∣∫ s∧τ

0

∫
Rd

H(r, z)Ñ(dr,dz)

∣∣∣∣2 ≤ 4E
∫ t∧τ

0

∫
Rd

|H(r, z)|2 ν(dz)dr.

The properties (a), (b), (c) are proved, for example, in [4], in a more
general setting. The last inequality is a consequence of Doob’s inequality.
For more precise definitions and properties of random measures, the readers
are referred to [2], [3], or [4].

Let us now describe the problem. For t0 ∈ [0, T ], we introduce the
filtration Ft0 =

{
F t0
t

}
t∈[t0,T ]

, where F t0
t is the σ-algebra σ(Ñ(A); B ∈

B([t0, t] × Rd)), augmented by the P -null sets in F . In order to shorten
notation, we define N̄ (dt,dz) := N (dt,dz)− dt⊗ 1{|z|<1}ν (dz) . The state
of the system is described by an n-dimensional jump diffusion process X,
which is the solution of the following stochastic differential equation (SDE
for short):

(1.4)

{
dXt = b (t,Xt, ut) dt+

∫
Rd γ (t,Xt−, ut, z) N̄ (dt,dz) , t ∈ [t0, T ] ;

Xt0 = x0.

Here T > 0 is the finite horizon, U is a compact metric space, and the
control u belongs to Ut0,T , the set of U -valued, Ft0-predictable processes
defined on [t0, T ]× Ω. In order to have a unique solution of this equation,
we impose conditions of Lipschitz type on the coefficients; they are explicitly
given in the next section. We precise that, since

∫
{|z|≥1} |γ (t, x, u, z)| ν (dz)
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is not necessarily finite, the dynamics X can have infinite expectation. This
is also the reason for which we consider N̄ (dt,dz) instead of Ñ (dt,dz) as
an integrator.

We consider the problem of minimizing, with respect to stopping times
and controls, a running cost g and a terminal cost h with discount rate c.
Therefore, for every (t0, x0) ∈ [0, T ]×Rn, we introduce the expected value:

V (t0, x0) := inf
u∈Ut0,T

τ∈Tt0,T

E
[∫ τ

t0

e
−

∫ t
t0

c(s,Xs)dsg (t,Xt, ut) dt

+e
−

∫ τ
t0

c(s,Xs)dsh (Xτ )
]
,(1.5)

where Tt0,T is the set of all stopping times between t0 and T . This stochastic
control problem applies in finance theory for the American option valuation
and the consumption/investment portfolio choice. The assumptions on c, g
and h will imply the continuity and polynomial growth of V , regarded as a
function of (t0, x0); they are also forwarded to the next section.

The reason for which we allow the initial time t0 ∈ [0, T ], and initial
state x0 ∈ Rn of X to vary is that we will implement the dynamic part
of the Bellman’s principle of optimality, in order to obtain the Hamilton–
Jacobi–Bellman (HJB in short) equation associated to this problem. More
precisely, we will prove that the value function V is a solution (in the
viscosity sense) of the following integro-differential equation:

(1.6)

min{−c(t, x)v+∂v
∂t+ inf

u∈U
Hv(t, x, u);h(x)− v}=0 in (0, T )×Rn;

v (T, x) = h (x) , x ∈ Rn,

where the operator H, known as the Hamiltonian of the system, is given by

Hv (t, x, u) := g (t, x, u) + Dv (t, x) · b (t, x, u) +
∫
Rd

[v (t, x+ γ (t, x, u, z))

−v (t, x)−Dv (t, x) · γ (t, x, u, z)1{|z|<1}
]
ν (dz) .

Here Dv and D2v denote the first order, respectively the second order dif-
ferential of v with respect to the state variable.

We investigate further what happens when the state equation is driven
by a symmetric stable process. One can easily show that the solution of
the equationdXt = b(t,Xt, ut)dt + σ(t,Xt−, ut)dMt, t ∈ [t0, T ], where M
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is a one-dimensional symmetric stable proces of order α ∈ (0, 2), can be
regarded as a jump-diffusion of the form (1.4). The more interesting aspect
is that, in the case α ̸= 1, the resulting Hamiltonian will have this form:

Hv(t, x, u) := g (t, x, u) + Dv(t, x) · b(t, x, u) + c̃αD
α
σ(t,x,u)v(t, x),

where c̃α is a constant depending on α, and Dα
θ is the fractional derivative

operator of order α in the direction θ. This allows us to give a unifying
theory for the cases α ∈ (0, 2) and α = 2, since it is well known that for
α = 2, M is a Brownian motion, and the corresponding HJB equation is a
PDE of the second order.

In the last section we prove a comparison principle for viscosity solutions.
We are especially interested in the case

∫
{|z|≥1} |γ (t, x, u, z)|

p ν (dz) < +∞,

for p ∈ (0, 2), although we consider the general situation of arbitrary p > 0.
For different situations where p ≥ 2, the uniqueness was established in [5],
[7], or [8].

2. Assumptions. Estimates

Let us state the conditions on the coefficients of equation (1.4). Through-
out the paper we fix a constant p > 0 and a function ρ : Rd → R+, bounded
on the open unit ball, with the property that

(2.1)

∫
Rd

(
ρ (z)2 1{|z|<1} + ρ (z)p 1{|z|≥1}

)
ν (dz) < +∞.

We assume that the functions b : [0, T ]×Rn×U → Rn and γ : [0, T ]×Rn×
U × Rd → Rn satisfy the following conditions:

(A0) b and γ are continuous with respect to (t, x, u) ∈ [0, T ]×Rn ×U ; γ is
measurable;

there exists L > 0, such that, for all t ∈ [0, T ], x, y ∈ Rn, u ∈ U , and
z ∈ Rd, we have:

(A1) |b (t, x, u)− b (t, y, u)| ≤ L |x− y|;

(A2) |γ (t, x, u, z)− γ (t, y, u, z)| ≤ ρ (z) |x− y|;

(A3) |γ (t, x, u, z)| ≤ ρ (z) (1 + |x|).
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Of course, since U is compact, we have that|b (t, x, u)| ≤ C (1 + |x|) ,
∀ (t, x, u) ∈ [0, T ] × Rn × U, for a constant C depending only on L and
sup b (·, 0, ·). These conditions ensure that, for each (t0, x0) ∈ [0, T ], and
each u ∈ Ut0,T , there exists a unique solution of equation (1.4), which we
denoteXt0,x0,u. Moreover, since u is Ft0-predictable, Xt0,x0,u is Ft0-adapted.
But, of course, such a solution exists even if we take u only F-predictable.

We give now the conditions on the coefficients of the cost functional
in (1.5). The functions g : [0, T ] × Rn × U → R, h : Rn → R, and c :
[0, T ]× Rn → R satisfy:

(B0) g, h, and c are continuous;

there exist constants c0 ∈ R, 0 ≤ p′ < p, and K > 0 such that, for all
(t, x, u) ∈ [0, T ]× Rn × U :

(B1) |g (t, x, u)|+ |h (x)| ≤ K(1 + |x|p
′
);

(B2) c (t, x) ≥ c0.

It is clear that V (t, x) ≤ h (x) , ∀ (t, x) ∈ [0, T ]× Rn (by taking τ ≡ t0
in (1.5)). Moreover, if t = T , this becomes an equality.

In order to study other properties of V , we need some estimates on X.

Proposition 2.1. There exist a constant C > 0, such that, for all
(t0, x0, y0) ∈ [0, T )× Rn × Rn, u ∈ Ut0,T , and t1 ∈ (t0, T ], we have:

i) E sup
t∈[t0,T ]

∣∣∣Xt0,x0,u
t

∣∣∣p ≤ C (1 + |x0|p);

ii) E sup
t∈[t0,T ]

∣∣∣Xt0,x0,u
t −Xt0,y0,u

t

∣∣∣p ≤ C |x0 − y0|p;

iii) E sup
t∈[t0,t1]

∣∣∣Xt0,x0,u
t − x0

∣∣∣p∧2 ≤ C (1 + |x0|p1) (t1 − t0)
p2, where p1 = 4+

2p, p2 = p/4 if p < 2, and p1 = 2, p2 = 1, if p ≥ 2.

Since x 7−→ |x|p is not second-order differentiable in 0, for p < 2,
one cannot use Itô’s formula with this function, so we will use a C2-
approximation. We state, without proof, an elementary result which proves
useful in the next sections, too.
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Lemma 2.2. There exists a function β ∈ C2(Rn) satisfying: β(x) =
|x|2 if |x| ≤ 1, β(x) = |x|p if |x| ≥ 2, and |x| ≤ |y| ⇒ β (x) ≤ β (y) ,
if x, y ∈ Rn. For such a function, there exists a constant C = Cβ > 0,
depending only on β, such that

1. if x, a ∈ Rn, ρ > 0, and |a| ≤ ρ (1 + |x|), then

|Dβ (x)| (1 + |x|) ≤ C (1 + β (x)) ;(2.2)

|β (x+ a)− β (x)| ≤ C (1 + ρp) (1 + β (x)) ;(2.3)

|β (x+ a)− β (x)| ≤ Cρ (1 + ρp) (1 + β (x)) ;(2.4)

|β (x+ a)− β (x)−Dβ (x) · a| ≤ Cρ2 (1 + ρp) (1 + β (x)) ;(2.5)

2. if x, a ∈ Rn, ρ > 0, and |a| ≤ ρ |x|, then

|Dβ (x)| |x| ≤ Cβ (x) ;(2.6)

|β (x+ a)− β (x)| ≤ C (1 + ρp) (β (x) + |x|p) ;(2.7)

|β (x+ a)− β (x)| ≤ Cρ (1 + ρp) (β (x) + |x|p) ;(2.8)

|β (x+ a)− β (x)−Dβ (x) · a| ≤ Cρ2 (1 + ρp) (β (x) + |x|p) .(2.9)

Here ρp := 0 if p ≤ 1 and ρp := ρp−1 if p > 1.

Proof of Proposition 2.1. For the sake of simplicity, by C we will
denote different positive constants appearing in the proof, not depending
on t0, t1, x0, y0, u ∈ Ut0,T , and which may change from line to line.

i) For brevity, we shall write X instead of Xt0,x0,u. Let us apply Itô’s
formula to β (Xt). We have a.s., for every t ∈ [t0, T ]:

β (Xt) =β (Xt0) +

∫ t

t0

Dβ (Xs) · b (s,Xs, us) ds

+

∫ t

t0

∫
{|z|<1}

D1β (Xs, γ (s,Xs, us, z)) ν (dz) ds

+

∫ t

t0

∫
Rd

D2β (Xs−, γ (s,Xs−, us, z)) N̄ (ds,dz) ,(2.10)

where

D1β (x, a) := β (x+ a)− β (x)−Dβ (x) · a;
D2β (x, a) := β (x+ a)− β (x) ,
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for x, a ∈ Rn.

By (2.2) and (2.5) with x = Xs, a = b (s,Xs, us) or a = γ (s,Xs, us, z),
ρ = ρ (z), the linear growth of b and condition (A3), we have that∫ t

t0

Dβ (Xs)·b (s,Xs, us) ds+

∫ t

t0

∫
{|z|<1}

D1β (Xs, γ (s,Xs, us, z)) ν (dz) ds

≤ C

(
1 +

∫
{|z|<1}

ρ (z)2 ν (dz)

)∫ t

t0

[1 + β (Xs)] ds.

We consider, for every k ≥ 1, the stopping time:

τk := inf {t ≥ t0; |Xt| ≥ k} ∧ T.

Clearly, τk converges to T as k → ∞. From (1.1) and (2.3),

E
∫ t∧τk

t0

∫
{|z|≥1}

|D2β (Xs−, γ (s,Xs−, us, z))|N (ds,dz)

= E
∫ t∧τk

t0

∫
{|z|≥1}

|D2β (Xs, γ (s,Xs, us, z))| ν (dz) ds

≤ C

∫
{|z|≥1}

(1 + ρ (z)p) ν (dz)E
∫ t∧τk

t0

[1 + β (Xs)] ds.

Also, by (2.4),

E
∫ τk

t0

∫
{|z|<1}

|D2β (Xs, γ (s,Xs, us, z))|2 ν (dz) ds

≤ C
(
1 + |k|2p

)∫
{|z|<1}

ρ (z)2 ν (dz) < +∞.

Hence, property (1.2) implies that

t→
∫ t∧τk

t0

∫
{|z|<1}

D2β (Xs−, γ (s,Xs−, us, z)) Ñ (ds,dz) , t ∈ [t0, T ]

is a martingale; thus

E
∫ t∧τk

t0

∫
{|z|<1}

D2β (Xs−, γ (s,Xs−, us, z)) Ñ (ds,dz) = 0, t ∈ [t0, T ] .
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Using these formulae in relation (2.10), we obtain, for every t ∈ [t0, T ]:

Eβ (Xt∧τk) ≤ C + β (x0) + C

∫ t

t0

Eβ (Xs∧τk) ds.

Gronwall’s inequality yields Eβ (Xt∧τk) ≤ C (1 + β (x0)) , t ∈ [t0, T ] ; letting
k → ∞,

(2.11) Eβ (Xt) ≤ C (1 + β (x0)) , t ∈ [t0, T ] .

The following step is to obtain an estimate for E supt∈[t0,T ] β (Xt). For that,

let β̃ be defined in the same way as β, but replacing p by p/2.
We apply once again the Itô’s formula, but for β̃ (Xt):

β̃ (Xt) ≤β̃ (x0) +
∫ T

t0

|Dβ̃ (Xs) · b (s,Xs, us) |ds

+

∫ T

t0

∫
{|z|<1}

∣∣∣D1β̃ (Xs, γ (s,Xs, us, z))
∣∣∣ ν (dz) ds

+

∫ T

t0

∫
{|z|≥1}

∣∣∣D2β̃ (Xs−, γ (s,Xs−, us, z))
∣∣∣ ν (dz) ds+ Zt,

where

Zt :=

∫ t

t0

∫
Rd

D2β̃ (Xs−, γ (s,Xs−, us, z)) Ñ (ds,dz) , t ∈ [t0, T ] .

Using, as in the previous argument, (2.2), (2.3) and (2.5) with β̃ instead of
β, we obtain:

sup
t∈[t0,T ]

β̃ (Xt)
2 ≤ Cβ̃ (x0)

2 + C sup
t∈[t0,T ]

|Zt|2

+C

(∫
Rd

(
ρ (z)2 1{|z|<1} + (1 + ρ (z)

p
2 )1{|z|≥1}

)
ν (dz)

)2 ∫ T

t0

[1+β̃(Xs)
2]ds.

On the other hand, from (1.3), (2.3) and (2.4),

E sup
t∈[t0,T ]

|Zt|2 ≤ 4E
∫ T

t0

∫
Rd

∣∣∣D2β̃ (Xs−, γ (s,Xs−, us, z))
∣∣∣2 ν (dz) ds

≤ C

∫
Rd

(
ρ (z)2 1{|z|<1} + (1 + ρ (z)p)1{|z|≥1}

)
ν (dz)E

∫ T

t0

[
1 + β̃ (Xs)

2
]
ds.
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Since β̃2 (x) ≤ Cβ (x) , ∀x ∈ Rn, we conclude that

E sup
t∈[t0,T ]

β̃ (Xt)
2 ≤ C (1 + β (x0))+C

∫ T

t0

[1 + Eβ (Xs)] ds ≤ C (1 + β (x0)) ,

by (2.11). We then easily obtain that E supt∈[t0,T ] |Xt|p ≤ C(1 + |x0|p),
because β̃ (x)2 = β (x) = |x|p if |x| ≥ 2.

ii) We will writeX, Y , X̂, instead ofXt0,x0,u, Xt0,y0,u, Xt0,x0,u−Xt0,y0,u,
respectively. Obviously, we can suppose that x0 ̸= y0. Let ε := |x0 − y0|.
In order to obtain the second estimate of the proposition, we apply Itô’s
formula for β̃(1ε X̂t):

β̃(1ε X̂t) = 1 +

∫ t

t0

1
εDβ̃(

1
εX̂s) · [b (s,Xs, us)− b (s, Ys, us)] ds+ Z̃t

+

∫ t

t0

∫
{|z|<1}

D1β̃
(
1
ε X̂s,

1
ε (γ (s,Xs, us, z)− γ (s, Ys, us, z))

)
ν (dz) ds

+

∫ t

t0

∫
{|z|≥1}

D2β̃
(
1
ε X̂s,

1
ε (γ (s,Xs−, us, z)− γ (s, Ys−, us, z))

)
ν (dz) ds,

where

Z̃t :=

∫ t

t0

∫
Rd

D2β̃
(
1
εX̂s,

1
ε (γ (s,Xs−, us, z)− γ (s, Ys−, us, z))

)
Ñ (ds, dz) .

Using inequalities (2.6), (2.7), (2.9) with a = 1
ε (b (s,Xs, us)− b (s, Ys, us))

or a = 1
ε (γ (s,Xs, us, z)− γ (s, Ys, us, z)), x = 1

ε X̂s, ρ = ρ (z), and condi-
tions (A1), (A2), we obtain

sup
s∈[t0,t]

β̃(1ε X̂s)
2 ≤ C + C

∫ t

t0

(
β̃(1ε X̂s) + |1ε X̂s|p/2

)2
ds+ C sup

s∈[t0,t]
|Z̃s|2.

Then, from (2.7), (2.8), taking into account (1.3),

E sup
s∈[t0,t]

β̃(1ε X̂s)
2 ≤ C + CE

∫ t

t0

(
β̃(1ε X̂s)

2 + |1ε X̂s|p
)
ds

+ CE
∫ t

t0

∫
Rd

∣∣∣D2β̃
(
1
εX̂s,

1
ε (γ (s,Xs−, us, z)− γ (s, Ys−, us, z))

)∣∣∣2 ν (dz) ds
≤ C + CE

∫ t

t0

β̃(1ε X̂s)
2ds+ E

∫ t

t0

∣∣∣1ε X̂s

∣∣∣p ds.
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Since

(2.12) |x|p ≤ 1 + Cβ̃ (x)2 , ∀x ∈ Rn,

we get

E sup
s∈[t0,t]

β̃(1ε X̂s)
2 ≤ C + CE

∫ t

t0

sup
r∈[t0,s]

β̃(1ε X̂r)
2ds.

By Gronwall’s inequality, E supt∈[t0,T ] β̃(
1
ε X̂t)

2 ≤ C. Applying once again

(2.12), this yields E supt∈[t0,T ] |1ε X̂t|p ≤ 1 + CE supt∈[t0,T ] β̃(
1
ε X̂t)

2 ≤ C.

Hence, from the choice ε = |x0 − y0|, E supt∈[t0,T ] |X̂t|p ≤ C |x0 − y0|p .
iii) We make first the estimate in the case p < 2. We apply Itô’s formula

for β̃ (Xt − x0):

β̃ (Xt − x0) =

∫ t

t0

Dβ̃ (Xs − x0) · b (s,Xs, us) ds

+

∫ t

t0

∫
{|z|<1}

D1β̃ (Xs − x0, γ (s,Xs−, us, z)) ν (dz) ds

+

∫ t

t0

∫
{|z|≥1}

D2β̃ (Xs− − x0, γ (s,Xs−, us, z)) ν (dz) ds

+

∫ t

t0

∫
Rd

D2β̃ (Xs− − x0, γ (s,Xs−, us, z)) Ñ (ds, dz) .

Using inequalities (2.2), (2.3), (2.5) with x = Xs − x0, a = b (s,Xs, us)
or a = γ (s,Xs, us, z), ρ = ρ (z), and the growth estimates:

|b (s,Xs, us)| ≤ C (1 + |x0|) (1 + |Xs − x0|) ,
|γ (s,Xs−, us, z)| ≤ ρ (z) (1 + |x0|) (1 + |Xs − x0|) ,

one can show that

sup
t∈[t0,t1]

β̃(Xt−x0)2 ≤ C(1+|x0|+|x0|4+|x0|p)
(∫ t1

t0

[1 + β̃ (Xs − x0)]ds

)2

+ sup
t∈[t0,t1]

(∫ t

t0

∫
Rd

D2β̃ (Xs− − x0, γ (s,Xs−, us, z)) Ñ (ds, dz)

)2

.

From (1.3), together with (2.3), (2.4), we obtain

E sup
t∈[t0,t1]

β̃(Xt − x0)
2 ≤ C(1 + |x0|4)(t1 − t0)

2(1 + E sup
t∈[t0,T ]

β̃(Xt − x0)
2)
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+

∫ t

t0

∫
Rd

|D2β̃(Xs− − x0, γ(s,Xs−, us, z))|2ν(dz)ds

≤ C(1 + |x0|4)(t1 − t0)(1 + E sup
t∈[t0,T ]

β̃(Xt − x0)
2).

But β̃(x− x0)
2 ≤ C(1 + |x0|p)(1 + β̃(x)2), ∀x ∈ Rn; hence, from i),

E sup
t∈[t0,T ]

β̃(Xt − x0)
2 ≤ C(1 + |x0|p)(1 + E sup

t∈[t0,T ]
β̃(Xt)

2) ≤ C(1 + |x0|2p).

Therefore E supt∈[t0,t1] β̃(Xt − x0)
2 ≤ C(1 + |x0|4+2p)(t1 − t0). Then

E sup
t∈[t0,t1]

|Xt − x0|p ≤

[
E sup

t∈[t0,t1]
β̃ (Xt − x0)

2

]p/4
+ CE sup

t∈[t0,t1]
β̃ (Xt − x0)

2

≤ C(1 + |x0|4+2p)(t1 − t0)
p/4.

If p ≥ 2, one can obtain better estimates. Indeed, in this case
∫
ρ (z)2 ν (dz)

is finite; consequently γ (s,Xs−, us, z) is integrable with respect to Ñ on
[t0, T ]× Rd, and we have

E sup
t∈[t0,t1]

|Xt − x0|2 ≤ E
(∫ t1

t0

|b (s,Xs, us)|ds
)2

+ E

(∫ t1

t0

∫
{|z|≥1}

|γ (s,Xs−, us, z)| ν (dz) ds

)2

+ E sup
t∈[t0,t1]

∣∣∣∣∫ t

t0

∫
Rd

γ (s,Xs−, us, z) Ñ (ds,dz)

∣∣∣∣2 .
By (1.3) we get

E sup
t∈[t0,t1]

|Xt − x0|2 ≤ C(t1 − t0)
2E(1 + sup

t∈[t0,T ]
|Xs|2)

+ E
∫ t1

t0

∫
Rd

|γ(s,Xs−, us, z)|2ν(dz)ds ≤ C(1 + |x0|2)(t1 − t0).

�
Remark. In fact, one can generalize the estimate ii) for random initial

conditions, by the same method of proof. Then, the estimate iii) enables us
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to conclude that E supt∈[t0,T ] |X
t1,x0,u
t −Xt0,x0,u

t |p∧2 ≤ C(1+|x0|p1)(t1−t0)p2 ,
where t1 > t0 and Xt1,x0,u

t is defined as x0 on [t0, t1).

This proposition allows us to retrieve some properties of V , which we
can find in the continuous-diffusion case.

First of all, we can easily derive from i) that |V (t, x)| ≤ C(1 + |x|p′),
∀x ∈ Rd, for a constant C > 0.

From i), ii) and the remark above, one can prove the following technical
result:

Lemma 2.3. For a, δ > 0, let

ω (δ, a) := sup
t∈[0,T ], u∈U,

x,y∈B(0,a), |x−y|≤δ

(|c (t, x)− c (t, y)|+ |g (t, x, u)− g (t, y, u)|

+ |h (x)− h (y)|)

be the joint modulus of continuity of c, g, and h.

Then, for all δ, a > 0, (t, x) , (s, y) ∈ [0, T ]× Rn,

|V (t, x)− V (s, y)| ≤ Cω (δ, a)
(
1 + |x|p

′
)

+ C(1 + |x|p
′
+ |y|p

′
)

(
|x−y|p−p′+[(1+|x|p1/p)|t−s|p2/p]

p−p′

δ
p∧2
p (p−p′)

+ 1+|x|p−p′+|y|p−p′

ap−p′

)
,

where C is a constant not depending on t, s, x, y, δ, or a.

As an important consequence, we have:

Proposition 2.4. Under assumptions (A0)–(A3), (B0)–(B2), V is con-
tinuous.

Proof. Let (t0, x0) ∈ [0, T ]× Rn and a sequence (tn, xn) in [0, T ]× Rn

converging to (t0, x0). Then, by the previous lemma,

lim sup
n→∞

|V (tn, xn)− V (t0, x0)| ≤ C
(
1 + 2 |x0|p

′
)(

ω (δ, a) +
1

ap−p′

)
,

for every a, δ > 0. Letting now δ → 0 and afterwards a → ∞, we obtain
limn→∞ V (tn, xn) = V (t0, x0) . This proves that V is continuous. �
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3. HJB equations and dynamic programming

Let us introduce some notations: if q ≥ 0, I is an interval in [0, T ], we
say that a function f : I × Rn → R has q-growth, if

sup(t,x)∈I×Rn
|f(t,x)|
1+|x|q < +∞.

Then Cq (I × Rn), C1,2
q (I × Rn), USCq (I × Rn), LSCq (I × Rn) will stand

for the sets of functions in C (I × Rn), C1,2 (I × Rn)1, upper semi-continuous
on I × Rn, and lower semi-continuous on I × Rn respectively, which have
q-growth.

For a function ϕ ∈ C1,2
p ((0, T )× Rn), we define the operators:

I1ϕ(t, x, u) :=
∫
{|z|<1}

[ϕ(t, x+ γ(t, x, u, z))− ϕ(t, x)

−Dϕ(t, x) · γ(t, x, u, z)]ν(dz);

I2ϕ(t, x, u) :=
∫
{|z|≥1}

[ϕ (t, x+ γ (t, x, u, z))− ϕ (t, x)] ν (dz) ,

with (t, x, u) ∈ (0, T )× Rn × U .

In view of (A3) and the boundednes of ρ on the open unit ball, we have,

|ϕ (t, x+ γ (t, x, u, z))− ϕ (t, x)−Dϕ (t, x) · γ (t, x, u, z)|1{|z|<1}

≤ 2 sup
|y|≤C(1+|x|)

∣∣D2ϕ (t, y)
∣∣ ρ (z)2 (1 + |x|2

)
;

(3.1) |ϕ (t, x+ γ (t, x, u, z))− ϕ (t, x)| ≤ C (1 + ρ (z)p) (1 + |x|p) ,

where C > 0 does not depend on (t, x, u, z) ∈ (0, T ) × Rn × U × Rd. Con-
sequently we have the continuity of I1ϕ and I2ϕ.

The Hamiltonian operator can be more rigorously defined as

Hϕ (t, x, u) := g (t, x, u) + Dϕ (t, x) · b (t, x, u) + (I1 + I2)ϕ (t, x, u) ,

for ϕ ∈ C1,2
p ((0, T )× Rn), (t, x, u) ∈ (0, T )× Rn × U .

1C1,2 (I × Rn) stands for the class of functions on I ×Rn which have continuous first-
order derivatives with respect to t ∈ I and second-order differentials with respect to
x ∈ Rn.



15 HAMILTON-JACOBI-BELLMAN EQUATIONS 177

Our aim is to prove that V is a solution of the integro-differential varia-
tional inequality (1.6). Of course, as it is the case when the state equation
is driven by a Brownian motion (see [1], for example), one cannot expect
that the value function V to be differentiable, and equation (1.6) should be
interpreted in a weaker sense.

Definition 1. We say that the function v : (0, T ]×Rn → R is a viscosity
subsolution (supersolution) of equation (1.6) if

1. v has p-growth and is upper (lower) semi-continuous on (0, T ]× Rn;

2. v (T, x) ≤ h (x) ( v (T, x) ≥ h (x)), ∀x ∈ Rn;

3. whenever ϕ ∈ C1,2
p ((0, T )× Rn) and v − ϕ has a global maximum

(minimum) at (t0, x0) ∈ (0, T )× Rn, we have:

min
{
−cv + ∂ϕ

∂t + infu∈U Hϕ (·, ·, u) ;h− v
}
(t0, x0) ≥ 0 ( ≤ 0).

The function v is called a viscosity solution of equation (1.6) if it is both
a subsolution, and a supersolution in the viscosity sense.

The usual way for proving that the value function V is a solution of (1.6)
goes through the Bellman’s principle of optimality, which we will state here
in two forms.

Theorem 3.1. Let (t0, x0) ∈ [0, T )× Rn.
1. For all admissible controls u ∈ Ut0,T , and all stopping times τ ∈ Tt0,T ,

V (t0, x0) ≤ E
[∫ τ

t0

e
−

∫ t
t0

c(s,Xs)dsg (t,Xt, ut) dt+ e
−

∫ τ
t0

c(s,Xs)dsV (τ,Xτ )

]
(here and below X stands for Xt0,x0,u).

2. Let ε > 0. For all admissible controls u ∈ Ut0,T , define the stopping
time

τ εt0,x0,u := inf {t ∈ [t0, T ] ; V (t,Xt) ≥ h (Xt)− ε} ∧ T.

If {τu}u∈Ut0,T
are stopping times such that τu ≤ τ εt0,x0,u for all u ∈ Ut0,T ,

then we have:

V (t0, x0) = inf
u∈Ut0,T

E[
∫ τu

t0

e
−

∫ t
t0

c(s,Xs)dsg(t,Xt, ut)dt

+ e
−

∫ τu
t0

c(s,Xs)dsV (τu, Xτu)].
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Proof. In order to simplify the calculus, we will assume that c ≡ 0;
but one can easily reconstruct the arguments for the general case. Let us
introduce the following notation, for (t, x) ∈ [0, T ] × Rn, τ ∈ Tt,T , and an
F-predictable process u : [t, T ]× Ω → U :

J (t, x, u, τ) := E
[∫ τ

t
g
(
s,Xt,x,u

s , us
)
ds+ h (Xτ )

]
.

We first give, without proof, the following lemma, which asserts the Marko-
vian character of the solution X:

Lemma 3.2. Let (t0, x0) ∈ [0, T ) × Rn, u ∈ Ut0,T , and τ1, τ2 ∈ Tt0,T
with τ1 ≤ τ2 a.s. Then, P (dω)-a.s.,

J(τ1(ω), X
t0,x0,u
τ1 (ω), u, τ2) = E

[∫ τ2

τ1

g(t,Xt0,x0,u
t , ut)dt

+h(Xt0,x0,u
τ2 )

∣∣∣F t0
τ1

]
(ω).

For the continuous-diffusion case, the interested reader can find a proof
of this result in [9]; it can be easily adapted to ours.

1. We suppose first that τ ≡ t1 is deterministic. Let us fix ε ∈ (0, 1). We

can choose a > 0 such that ap−p′ > 1
ε and δ > 0 such that δ

(2− p∧2
p

)(p−p′)
< ε

and ω(δ, a) < ε (see Lemma 2.3 for the definition of ω(δ, a)).

Let {Dj}j≥1 be a Borelian partition of Rn, with fixed points xj ∈ Dj ,

and diamDj ≤ δ2, for every j ≥ 1.

For all j ≥ 1, there exist uj ∈ Ut1,T and τj ∈ Tt1,T such that V (t1, xj)+
ε ≥ J (t1, xj , uj , τj) . Since J satisfies an analoguos relation as V does in
Lemma 2.3, it is immediately obtained that, for x ∈ Dj ,

J (t1, x, uj , τj) ≤ε+ V (t1, x)

+ C1

(
1 + |x|p

′
)(

ω (δ, a) +
1 + |x|p−p′

ap−p′
+

|x− xj |p−p′

δ
p∧2
p

(p−p′)

)
≤ V (t1, x) + C2ε (1 + |x|p) ,(3.2)

where C1 and C2 are positive constants which do not depend on ε, j and x.
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We consider the following controls and the following stopping time:

ũj (t, ω) :=

{
u (t, ω) , t ∈ [t0, t1] ;

uj (t, ω) , t ∈ (t1, T ];

ũ (t, ω) := ũj (t, ω) , if X
t0,x0,u
t1

(ω) ∈ Dj ;

τ (ω) := τj (t, ω) , if X
t0,x0,u
t1

(ω) ∈ Dj .

The fact that Xt0,x0,u
t1

is F t0
t1
-measurable ensures us that ũj , ũ ∈ Ut0,T and

τ ∈ Tt1,T . We have:

V (t0, x0) ≤ J (t0, x0, ũ, τ̃) = E
[∫ t1

t0

g(t,Xt0,x0,ũ
t , ũt)dt

]
+ E

[∫ τ̃

t1

g(t,Xt0,x0,ũ
t , ũt)dt+ h(Xt0,x0,ũ

τ̃ )

]
= E

[∫ t1

t0

g(t,Xt0,x0,u
t , ut)dt

]
+
∑
j≥1

E
[(∫ τj

t1

g(t,X
t0,x0,ũj

t , (ũj)t)dt+ h(X
t0,x0,ũj
τj )

)
1Dj (X

t0,x0,u
t1

)

]
.

By Lemma 3.2,

E
[(∫ τj

t1

g(t,X
t0,x0,ũj

t , (ũj)t)dt+ h(X
t0,x0,ũj
τj )

)
1Dj (X

t0,x0,u
t1

)

]
= E

[
E
(∫ τj

t1

g(t,X
t0,x0,ũj

t , (ũj)t)dt+ h(X
t0,x0,ũj
τj )

∣∣∣∣F t0
t1

)
1Dj (X

t0,x0,u
t1

)

]
= E[J(t1, X

t0,x0,ũj

t1
, ũj , τj)1Dj (X

t0,x0,u
t1

)]

= E[J(t1, Xt0,x0,u
t1

, uj , τj)1Dj (X
t0,x0,u
t1

)].

Hence, by (3.2),

V (t0, x0) ≤ E
[∫ t1

t0

g(t,Xt0,x0,u
t , ut)dt

]
+
∑
j≥1

E
[
J(t,Xt0,x0,u

t , uj , τj)1Dj (X
t0,x0,u
t1

)
]
≤ E

[∫ t1

t0

g(t,Xt0,x0,u
t , ut)dt

]
+
∑
j≥1

E
[(
V (t1, X

t0,x0,u
t1

) + C2ε
(
1 + |Xt0,x0,u

t1
|p
))

1Dj (X
t0,x0,u
t1

)
]

= E
[∫ t1

t0

g(t,Xt0,x0,u
t , ut)dt+ V (t1, X

t0,x0,u
t1

)

]
+ C2ε

(
1 + E|Xt0,x0,u

t1
|p
)
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≤ E
[∫ t1

t0

g(t,Xt0,x0,u
t , ut)dt+ V (t1, X

t0,x0,u
t1

)

]
+ C2ε (1 + C (1 + |x0|p)) ,

where C is the constant which appears in Proposition 2.1. Since ε was
arbitrarily taken, we can conclude that

V (t0, x0) ≤ E
[∫ t1

t0

g(t,Xt0,x0,u
t , ut)dt+ V (t1, X

t0,x0,u
t1

)

]
.

Let us prove that the inequality holds also for general stopping times. Ap-
plying a variant of Lemma 3.2 (instead of h (x), one is allowed to consider
V (t, x)), we get

E
[∫ t1

t0

g(t,Xt0,x0,u
t , ut)dt+ V (t1, X

t0,x0,u
t1

)

∣∣∣∣F t0
s

]
=

∫ s

t0

g(t,Xt0,x0,u
t , ut)dt

+

(
E
[∫ t1

s
g(t,Xs,x,u

t , ut)dt+ V
(
t1, X

s,x,u
t1

)])
x=X

t0,x0,u
s

≥
∫ s

t0

g(t,Xt0,x0,u
t , ut)dt+ V

(
s,Xt0,x0,u

s

)
.

Hence s 7→
∫ s
t0
g(t,Xt0,x0,u

t , ut)dt+V (s,Xt0,x0,u
s ), s ∈ [t0, T ], is a submartin-

gale. By the version for submartingales of Doob’s Optional Sampling The-
orem we obtain

V (t0, x0) ≤ E
[∫ τ

t0

g(t,Xt0,x0,u
t , ut)dt+ V

(
τ,Xt0,x0,u

τ

)]
,

for every stopping time τ ∈ Tt0,T .

2. We only have to prove that

(3.3) V (t0, x0) ≥ inf
u∈Ut0,T

E
[∫ τu

t0

g(t,Xt0,x0,u
t , ut)dt+ V

(
τu, X

t0,x0,u
τu

)]
,

because the reverse inequality follows immediately from the previous result.

For every j ≥ 1, there exist uj ∈ Ut0,T and τj ∈ Tt0,T such that
V (t0, x0) +

ε
j ≥ J (t0, x0, uj , τj) . Let X

j denote Xt0,x0,uj . By Lemma 3.2
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we obtain:

J(t0, x0, uj , τj) = E
[∫ τj

t0

g(t,Xj
t , (uj)t)dt+ h(Xj

τj )

]
= E

[
E
[∫ τj∨τuj

t0

g(t,Xj
t , (uj)t)dt+ h(Xj

τj )

∣∣∣∣F t0
τuj

]
1{τuj≤τj}

]
+ E

([∫ τj

t0

g(t,Xj
t , (uj)t)dt+ h(Xj

τj )

]
1{τuj>τj}

)
= E

([∫ τuj

t0

g(t,Xj
t , (uj)t)dt+ J(τuj , X

j
τuj
, uj , τj ∨ τuj )

]
1{τuj≤τj}

)
+ E

([∫ τj

t0

g(t,Xj
t , (uj)t)dt+ h(Xj

τj )

]
1{τuj>τj}

)
≥ E

([∫ τuj

t0

g(t,Xj
t , (uj)t)dt+ V (τuj , X

j
τuj

)

]
1{τuj≤τj}

)
+ E

([∫ τj

t0

g(t,Xj
t , (uj)t)dt+ h(Xj

τj )

]
1{τuj>τj}

)
.(3.4)

By the previous result and assumption τuj ≤ τ εt0,x0,u,

J (t0, x0, uj , τj) ≥ E
[∫ τuj

t0

g(t,Xj
t , (uj)t)dt+ V (τuj ∧ τj , X

j
τuj∧τj )

]
+ E

([
h(Xj

τj )− V (ττj , X
j
τuj

)
]
1{τuj>τj}

)
≥ V (t0, x0) + εP

(
τuj > τj

)
.

Hence P
(
τuj > τj

)
< 1

j , ∀j ≥ 1. On the other hand, (3.4) gives

J (t0, x0, uj , τj) ≥ E
[∫ τuj

t0

g(t,Xj
t , (uj)t)dt+ V (τuj , X

j
τuj

)

]
− E

([∫ τuj

τj

g(t,Xj
t , (uj)t)dt+ V (τuj , X

j
τuj

)− h(Xj
τj )

]
1{τuj>τj}

)

≥ E
[∫ τuj

t0

g(t,Xj
t , (uj)t)dt+ V (τuj , X

j
τuj

)

]
− E

([∫ T

t0

∣∣∣g(t,Xj
t , (uj)t)

∣∣∣dt+ |h(Xj
τuj

)|+ |h(Xj
τj )|
]
1{τuj>τj}

)
.
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By the assumptions on the growths of g and h, we obtain that

E
([∫ T

t0

∣∣∣g(t,Xj
t , (uj)t)

∣∣∣dt+ |h(Xj
τuj

)|+ |h(Xj
τj )|
]
1{τuj>τj}

)
≤ K (T + 2)E

(
sup

t∈[t0,T ]
|Xj

t |p
′
1{τuj>τj}

)

≤ K (T + 2) [C (1 + |x0|p)]
p′
p P

(
τuj > τj

)1− p′
p

≤ K (T + 2) [C (1 + |x0|p)]
p′
p j

p′
p
−1

.

Hence

V (t0, x0) +
ε

j
≥ E

[∫ τuj

t0

g(t,Xj
t , (uj)t)dt+ V (τuj , X

j
τuj

)

]
−K (T + 2) [C (1 + |x0|p)]

p′
p j

p′
p
−1
.

Letting j → ∞, (3.3) follows. �
This result leads to the more usual form of the Dynamic Programming

Principle:

Proposition 3.3. For every (t0, x0) ∈ [0, T )×Rn, and every t1 ∈ [t0, T ],

V (t0, x0) = inf
u∈Ut0,T

τ∈Tt0,T

E
[∫ τ∧t1

t0

e
−

∫ t
t0

c(s,Xs)dsg (t,Xt, ut) dt

+e
−

∫ τ
t0

c(s,Xs)dsh (Xτ )1{τ<t1} + e−
∫ t1
t0

c(s,Xs)dsV (t1, Xt1)1{τ≥t1}

]
,

where X stands for Xt0,x0,u.

4. HJB equations related to stable processes

In this section, we will take a look at how an optimal control/stopping
problem for solutions of SDEs driven by symmetric stable processes fits in
our jump-diffusion framework. For the convenience of the reader, we give
here the definition of symmetric stable processes of order α ∈ (0, 2].

Definition 2. Let α ∈ (0, 2]. An F-adapted process (Mt)t≥0 is called a
symmetric α-stable process if it has homogeneous increments, Mt −Ms is
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independent of Fs for all 0 ≤ s < t, and the characteristic function of Mt

has the form

EeiλMt = e−t|λ|α , λ ∈ R,

for every t ≥ 0.

For α = 2, M is a Brownian motion, and we exclude this well-studied
case. If α ∈ (0, 2),M is a purely discontinuous semimartingale, with infinite
variance. In fact, the Brownian motion is the only symmetric stable process
with continuous paths.

We consider the following SDE:

(4.1) dXt = b (t,Xt, ut) dt+ σ (t,Xt−, ut) dMt, t ∈ [t0, T ] ,

where the continuous coefficients b, σ : [0, T ]×Rn ×U → Rn are uniformly
Lipschitz in x ∈ Rn. Under these assumptions, equation (4.1) has a unique
solution X with initial condition Xt0 = x0.

LetNt(dz) denote the counting measure of the jumps ofM , i.e. Nt(B):=∑
0<s≤t 1{Mt−Mt−∈B}, t ≥ 0, B ∈ B(R\{0}). Then, for B ∈ B(R\{0}),

ENt(B) = tνα(B), where να(dz) := cα|z|−α−1dz, for a constant cα > 0.
The measure να is known as the Lévy measure of M . The process N , when
viewed as a random measure on R+×R, is a homogeneous Poisson random
measure. It is well known that Mt can be written as

Mt =

∫ t

0

∫
{|z|<1}

zÑ (ds,dz) +

∫ t

0

∫
{|z|≥1}

zN (ds,dz)

=

∫ t

0

∫
Rd

zN̄ (ds,dz) , t ≥ 0.

Hence equation (4.1) becomes

dXt = b (t,Xt, ut) dt+

∫
Rd

zσ (t,Xt−, ut) dN̄ (dt,dz) , t ∈ [t0, T ] .

Of course, for the choice γ (t, x, u, z) = zσ (t, x, u), the conditions (A2) and
(A3) are satisfied with ρ (z) := |z| and p < α. In fact, this explains why
the case p < 2 must be considered if we want to study this problem via
jump-diffusions.
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Now, the corresponding HJB equation (1.6) has the particular Hamil-
tonian

Hαv (t, x, u) := g(t, x, u) + Dv (t, x) · b (t, x, u)

+ cα

∫ +∞

−∞
[v (t, x+ zσ (t, x, u))− v (t, x)

−Dv (t, x) · zσ (t, x, u)1{|z|<1}
]
|z|−α−1 dz.

If α < 1, then
∫ 1
−1 zνα (dz) = 0; if α > 1, then

∫
R\[−1,1] zνα (dz) = 0. Hence,

for α ∈ (0, 1) ∪ (1, 2),

Hαv (t, x, u) := g(t, x, u) + Dv (t, x) b (t, x, u)

+ c̃α

(
Dα

σ(t,x,u) +Dα
−σ(t,x,u)

)
v (t, x) ,(4.2)

where, for ϕ ∈ C2
p (Rn) and θ ∈ Rn, Dα

θ ϕ is denoting the fractional derivative
of order α in the direction θ (see [6]), defined by

Dα
θ ϕ (x) :=



− α
Γ(1−α)

∫∞
0 (ϕ (x− rθ)− ϕ (x)) r−α−1dr,

if 0 < α < 1;

α(α−1)
Γ(2−α)

∫∞
0 (ϕ (x− rθ)− ϕ (x) + Dϕ (x) · rθ) r−α−1dr,

if 1 < α < 2.

This formulation has the great advantage that one can unify the results
obtained in the case α ∈ (0, 1) ∪ (1, 2), on one hand, and the case α = 2,
on the other. In fact, if α ∈ (0, 1)∪ (1, 2), Dα

θ ϕ (x) is the positive fractional
derivative of order α (i.e. Dα

1 ) of the function s 7−→ ϕ (x+ sθ) evaluated
at s = 0. With this definition, D2

θϕ (x) = D2ϕ (x) θ · θ, and the operator
given by (4.2) with α = 2 coincides with the Hamiltonian obtained in the
continuous-diffusion case.

5. Existence

Theorem 5.1. Under conditions (A0)–(A3), (B0)–(B2), the value func-
tion V is a viscosity solution of equation (1.6).

We will prove this theorem with the assumption that c ≡ 0, in order to
avoid complicated formulae; however, the proof in the general case follows
the same direction.



23 HAMILTON-JACOBI-BELLMAN EQUATIONS 185

Proof. We have already seen that V ∈ Cp ([0, T ]× Rn) and V (T, x) =
h (x) , ∀x ∈ Rn. It remains to show property 3. of the definition of viscosity
solutions.

Let us take arbitrary (t0, x0) ∈ (0, T ) × Rn and ϕ ∈ C1,2
p ((0, T )× Rn).

To simplify notation, for each control u ∈ Ut0,T , we write Xu instead
Xt0,x0,u. We fix T ′ ∈ (t0, T ), for instance T ′ := 1

2 (t0 + T ), and consider
the stopping time

(5.1) τu := inf
{
t ∈

[
t0, T

′] ; |Xu
t − x0| ≥ 1

}
∧ T ′.

Obviously, τu > t0 a.s.
Let us apply Itô’s formula to ϕ (t,Xu

t ):

ϕ(t,Xu
t ) = ϕ(t0, x0) +

∫ t

t0

[∂ϕ∂t (s,X
u
s ) + Dϕ(s,Xu

s ) · b(s,Xu
s , us)]ds

+

∫ t

t0

I1ϕ(s,Xu
s , us)ds

+

∫ t

t0

∫
Rd

[ϕ(s,Xu
s− + γ(s,Xu

s−, us, z))− ϕ(s,Xu
s−)]N̄(ds,dz).(5.2)

Now, if |z| < 1, |x − x0| ≤ 1, and t ∈ [t0, T
′], then |ϕ(t, x + γ(t, x, u, z)) −

ϕ(t, x)| ≤ Cρ(z), where the constant C depends only on ϕ, t0, T
′, x0, and

sup|z|<1 ρ(z). Hence

E
∫ τu

t0

∫
{|z|<1}

|ϕ (s,Xu
s + γ (s,Xu

s , us, z))− ϕ (s,Xu
s )|

2 ν (dz) ds < +∞;

therefore, by (1.2), for every τ ∈ Tt0,T ′ ,

E
∫ τ∧τu

t0

∫
{|z|<1}

[
ϕ
(
s,Xu

s− + γ
(
s,Xu

s−, us, z
))

− ϕ
(
s,Xu

s−
)]
Ñ (ds,dz) = 0.

On the other hand, from (3.1) and Proposition 2.1,

E
∫ τu

t0

∫
{|z|≥1}

|ϕ (s,Xu
s + γ (s,Xu

s , us, z))− ϕ (s,Xu
s )| ν (dz) ds < +∞,

which implies, by (1.1), that for every τ ∈ Tt0,T ′ ,

E
∫ τ∧τu

t0

∫
{|z|≥1}

[
ϕ
(
s,Xu

s− + γ
(
s,Xu

s−, us, z
))

− ϕ
(
s,Xu

s−
)]
N (ds, dz)

= E
∫ τ∧τu

t0

I2ϕ (s,Xu
s , us) ds.
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From (5.2) it follows that

(5.3) Eϕ
(
τ ∧ τu, Xu

τ∧τu
)
+ E

∫ τ∧τu

t0

g (s,Xu
s , us) ds

= ϕ (t0, x0) + E
∫ τ∧τu

t0

[
∂ϕ
∂t (s,X

u
s ) +Hϕ (s,Xu

s , us)
]
ds,

for every τ ∈ Tt0,T ′ .

(i) We prove now that V is a viscosity subsolution of equation (1.6). Let
ϕ ∈ C1,2

p ((0, T )× Rn) such that V − ϕ has a global maximum at (t0, x0) ∈
(0, T ) × Rn. Without loss of generality we can suppose that ϕ (t0, x0) =
V (t0, x0); we then have ϕ (t, x) ≥ V (t, x) , ∀ (t, x) ∈ (0, T )× Rn.

Let us take the control u to be constant, u ≡ ū ∈ U , where ū is arbitrary.
Then, by Theorem 3.1 we get

V (t0, x0) ≤ E
[∫ t∧τū

t0

g
(
s,X ū

s , ū
)
ds+ V

(
t ∧ τū, X ū

t∧τū
)]
.

On the other hand, equality (5.3) gives, taking τ ≡ t ∈ (t0, T
′],

EV
(
t ∧ τū, X ū

t∧τū
)
+ E

∫ t∧τū

t0

g
(
s,X ū

s , ū
)
ds

≤ V (t0, x0) + E
∫ t∧τū

t0

[
∂ϕ
∂t

(
s,X ū

s

)
+Hϕ

(
s,X ū

s , ū
)]

ds.

Combining the two inequalities we get

0 ≤ E
∫ t∧τū

t0

[
∂ϕ
∂t

(
s,X ū

s

)
+Hϕ

(
s,X ū

s , ū
)]

ds.

Since Hϕ is continuous, we have that

s→ ∂ϕ
∂t

(
s,X ū

s

)
+Hϕ

(
s,X ū

s , ū
)
is right continuous, a.s.

Consequently, since τū > t0 a.s.,

lim
t↘t0

1
t−t0

∫ t∧τū

t0

[∂ϕ∂t (s,X
ū
s )+Hϕ(s,X ū

s , ū)]ds =
∂ϕ
∂t (t0, x0)+Hϕ(t0, x0, ū), a.s.
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By Lebesgue’s dominated convergence theorem (sups∈[t0,τū) |X
ū
s | ≤ 1+|x0|),

we obtain

0 ≤ lim
t↘t0

E
1

t− t0

∫ t∧τū

t0

[
∂ϕ

∂t

(
s,X ū

s

)
+Hϕ

(
s,X ū

s , ū
)]

ds

=
∂ϕ

∂t
(t0, x0) +Hϕ (t0, x0, ū) .

On the other hand, we have that ϕ (t0, x0) = V (t0, x0) ≤ h (x0); the varia-
tional inequality in the definition of viscosity subsolutions is therefore sat-
isfied.

(ii) We show now that V is a viscosity supersolution of equation (1.6).
Let ϕ ∈ C1,2

p ((0, T )× Rn) such that V − ϕ has a global minimum at
(t0, x0) ∈ (0, T )×Rn. Once again we can suppose that ϕ (t0, x0) = V (t0, x0);
we then have ϕ (t, x) ≤ V (t, x) , ∀ (t, x) ∈ (0, T )×Rn. Also, since V (t0, x0) ≤
h (x0), we can assume that V (t0, x0) < h (x0); otherwise the variational
inequality in the definition of viscosity supersolutions would be automat-
ically satisfied. We define ε := 1

2 (h (x0)− V (t0, x0)) ; let τ
ε
u := inf{t ∈

[t0, T ]; V (t,Xu
t ) ≥ h(Xu

t ) − ε} ∧ T and τ̃ εu := τ εu ∧ τu, with τu defined by
(5.1). We apply Theorem 3.1 with t ∧ τ̃ εu, where t ∈ (t0, T

′]:

V (t0, x0) = inf
u∈Ut0,T

E
[∫ t∧τ̃εu

t0

g (s,Xu
s , us) ds+ V

(
t ∧ τ̃ εu, Xu

t∧τ̃εu

)]
.

On the other hand, by (5.3),

EV
(
t ∧ τ̃ εu, Xu

t∧τ̃εu

)
+ E

∫ t∧τ̃εu

t0

g (s,Xu
s , us) ds ≥ V (t0, x0)

+ E
∫ t∧τ̃εu

t0

[
∂ϕ
∂t (s,X

u
s ) +Hϕ (s,Xu

s , us)
]
ds,

for every u ∈ Ut0,T . It follows that

(5.4) 0 ≥ inf
u∈Ut0,T

E
∫ t∧τ̃εu

t0

[
∂ϕ
∂t (s,X

u
s ) +Hϕ (s,Xu

s , us)
]
ds.

Let ωδ, 0 < δ < 1 ∧ (T ′ − t0), be the modulus of continuity of ∂ϕ
∂t +Hϕ in

(t0, x0), i.e.

ωδ := sup
t∈[t0,t0+δ],
|x−x0|≤δ,

u∈U

∣∣∣∂ϕ∂t (t, x)− ∂ϕ
∂t (t0, x0) +Hϕ (t, x, u)−Hϕ (t0, x0, u)

∣∣∣ .
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We fix for the moment t ∈ [t0, t0 + δ]. Then, for every u ∈ U [t0, T ],

E
∫ t∧τ̃εu

t0

∣∣∣∣(∂ϕ∂t +Hϕ
)
(s,Xu

s , us)−
(
∂ϕ

∂t
+Hϕ

)
(t0, x0, us)

∣∣∣∣ds
≤ ωδ (t− t0) + 2 (t− t0) sup

(s,u)∈[t0,T ′]×U,
|x−x0|≤1

(
∂ϕ

∂t
+Hϕ

)
(s, x, u) ·

· P
(

sup
s∈[t0,t]

|Xu
s − x0| > δ

)
.

By (5.4) and Proposition 2.1,

(t− t0)

[
ωδ + C ′ (t− t0)

p2

δp

]
≥ E (t ∧ τ̃ εu − t0) ·

·
(
∂ϕ

∂t
(t0, x0) + inf

ū∈U
Hϕ (t0, x0, ū)

)
,(5.5)

where the constant C ′ > 0 does not depend on δ, t, and u.
Let us estimate E (t ∧ τ̃ εu − t0). We have

P (τ̃ εu < t) ≤ P (τ εu < t)

+ P (τu < t) ≤ P

(
sup

s∈[t0,t∧τu]
|h(Xu

s )− h(x0)− V (s,Xu
s ) + V (t0, x0)| ≥ ε

)
+ P

(
sup

s∈[t0,t]
|Xu

s − x0| ≥ 1

)
.

Let ω̃δ be the modulus of continuity of h− V in (t0, x0), i.e.,

ω̃δ := sup
s∈[t0,t0+δ],
|x−x0|≤δ

|h (x)− h (x0)− V (s, x) + V (t0, x0)| .

For δ sufficiently small we have ω̃δ < ε; therefore,{
sup

s∈[t0,t∧τu]
|h (Xu

s )− h (x0)− V (s,Xu
s ) + V (t0, x0)| ≥ ε

}

⊆

{
sup

s∈[t0,t]
|Xu

s − x0| > δ

}
.
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Using again Proposition 2.1 we obtain P (τ̃ εu < t)≤C ′′ (t−t0)p2

δp , where the
constant C ′′ > 0 does not depend on the choice of δ, t, and u. This implies

E (t ∧ τ̃ εu − t0) ≥ (t− t0)P (τ̃ εu ≥ t) ≥ (t− t0)
(
1− C ′′ (t−t0)

p2

δp

)+
.

From (5.5) it follows that

∂ϕ
∂t (t0, x0) + inf

ū∈U
Hϕ (t0, x0, ū) ≤

δpωδ + C ′ (t− t0)
p2

(δp − C ′′ (t− t0)
p2)+

.

Hence, letting t → t0, we get ∂ϕ
∂t (t0, x0) + inf ū∈U Hϕ (t0, x0, ū) ≤ ωδ. The

conclusion is derived letting δ → 0. �

6. Uniqueness

The goal of this section is to prove a comparison principle between solu-
tions of equation (1.6).

As we have seen, the given definition of the viscosity solution is con-
venient for establishing that the value function V is a solution of equation
(1.6). However, for proving the comparison principle, the p-growth of the
test functions ϕ may be inappropriate. We will give an alternative definition
which does not involve a growth condition on the test functions.

For η ∈ (0, 1), ϕ ∈ C1,2 ((0, T )× Rn), and ψ : (0, T ) × Rn → R a
measurable function with p-growth, we introduce the operators

J ηϕ (t, x, u) :=

∫
{|z|<η}

[ϕ (t, x+ γ (t, x, u, z))− ϕ (t, x)

−Dϕ (t, x) · γ (t, x, u, z)] ν (dz) ;

Jηψ (t, x, u, a) :=

∫
{|z|≥η}

[ψ (t, x+ γ (t, x, u, z))− ψ (t, x)

−a · γ (t, x, u, z)1{|z|<1}
]
ν (dz) ,

where (t, x, u, a) ∈ (0, T )×Rn ×U ×Rn. As we noticed in Section 2, these
integrals are well defined, thanks to the C2-differentiability of ϕ and the
p-growth of ψ. Moreover, J ηϕ is continuous, and if ψ ∈ LSCp ((0, T )× Rn)
(ψ ∈ LSCp ((0, T )× Rn)), then Jηψ (t, x, u, a) is lower (upper) semi-conti-
nuous.



190 ADRIAN ZĂLINESCU 28

We define the operator

Hη (ϕ, ψ) (t, x, u) := g (t, x, u) + Dϕ (t, x) · b (t, x, u) + J ηϕ (t, x, u)

+ Jηψ (t, x, u,Dϕ (t, x)) ,

for (t, x, u) ∈ (0, T ) × Rn × U . We observe that Hη (ϕ, ϕ) = Hϕ if ϕ ∈
C1,2
p ((0, T )× Rn); this property explains, at least heuristically, why we can

use this operator as a Hamiltonian in the definition of viscosity solutions.
Indeed, we can prove the following:

Proposition 6.1. A function v ∈ USCp((0, T ]×Rn) (v ∈ LSCp((0, T ]×
Rn)) is a viscosity subsolution (supersolution) for equation (1.6) if and only
if v(T, ·) ≤ h (v(T, ·) ≥ h) on Rn and, whenever ϕ ∈ C1,2((0, T )×Rn) such
that v − ϕ has a global maximum (minimum) at (t0, x0) ∈ (0, T ) × Rn, we
have:

min
{
−cv + ∂ϕ

∂t + infu∈U Hη (ϕ, v) (·, ·, u) ;h− v
}
(t0, x0) ≥ 0 (≤ 0),

for every η ∈ (0, 1).

Now we are able to state and prove the comparison principle; for this
purpose we will need supplementary Lipschitz conditions on the coefficients:

(A1’) |b (t, x, u)− b (s, x, u)| ≤ L |t− s|;

(A2’) |γ (t, x, u, z)− γ (s, x, u, z)| ≤ ρ (z) |t− s|;

(B3) |c (t, x)− c (s, y)|+ |g (t, x, u)− g (s, y, u)|+ |h (x)− h (y)|
≤ L (|t− s|+ |x− y|),

for all (s, x) , (t, y) ∈ [0, T ]× Rn, and z ∈ Rd.

Remark. Clearly, if p > 1, then (B3) implies condition (B1).

Proposition 6.2. Suppose that assumptions (A0)–(A3), (A1′), (A2′),
(B0), (B2), (B3) hold. Let v and w be a subsolution (respectively, a
supersolution) of equation (1.6). If v and w have p′-growth for some p′ < p,
then v ≤ w on (0, T ]× Rn.
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Proof. We will use the function β and the constant Cβ from Lemma
2.2. Let

K := sup
(t,x,u)∈[0,T ]×Rn×U

|b(t,x,u)|
1+|x| , C̃β := Cβ sup

|z|≤1

(
1 + ρ (z)p

)
,

and K̃ := C̃β{K + 2
∫
Rd [ρ(z)

21{|z|<1} + (1+ ρ(z)p)1{|z|≥1}]ν(dz)}. Without
loss of generality, we can assume that the constant c0 from (B2) is greater

than K̃. Indeed, the transformation v → e(K̃−c0)tv converts equation (1.6)
into the following one:

min

{
−
(
c (t, x)− c0 + K̃

)
v +

∂v

∂t
+ inf

u∈U
H̃v (t, x, u) ;h (x)− v

}
= 0

in (0, T )× Rn;

v (T, x) = e(K̃−c0)Th (x) , x ∈ Rn,

where H̃ϕ = e(K̃−c0)tg +Dϕ · b+ I1ϕ+ I2ϕ.
Since, from the definition of viscosity subsolution (respectively, super-

solution) we have that v (T, x) ≤ h (x) ≤ w (T, x) , ∀x ∈ Rn, we must only
prove that v ≤ w on (0, T ) × Rn. We will show that inequality by as-
suming the contrary, i.e., that there exists (t0, x0) ∈ (0, T )× Rn such that
θ := v (t0, x0)− w (t0, x0) > 0.

For ε, δ > 0, we set

ϕδ,ε (t, x, s, y) :=
1
2δ

(
|x− y|2 + |t− s|2

)
+ ε

2 (β (x) + β (y)) + θt0
8

(
1
t +

1
s

)
;

ψδ,ε (t, x, s, y) := v (t, x)− w (s, y)− ϕδ,ε (t, x, s, y) ,

for (t, x, s, y) ∈ ((0, T ]× Rn)2. Clearly, ϕδ,ε ∈ C1,2
(
((0, T ]× Rn)2

)
.

LetMδ,ε := sup
ζ∈((0,T ]×Rn)2

ψδ,ε (ζ). From the p′-growth condition on v and

w, it is clear that Mδ,ε is finite. We have that

(6.1) Mδ,ε ≥ v (t0, x0)− w (t0, x0)− εβ (x0)− θ
4 ≥ θ

2 ,

the last inequality holding for ε < ε0 :=
θ

4β(x0)
.

Moreover, since ψδ,ε (ζ) < 0 for ζ outside of a compact (depending only
on ε) of (0, T ] × Rn, there exists ζδ,ε = (tδ,ε, xδ,ε, sδ,ε, yδ,ε) ∈ ((0, T ]× Rn)2

with ψδ,ε (ζδ,ε) = Mδ,ε and the set {(xδ,ε, yδ,ε)}δ>0 is bounded for every
ε < ε0.
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For every ε < ε0, the net (Mδ,ε)δ>0 is increasing, and from (6.1) it
follows that limδ↘0Mδ,ε is finite. Furthermore,

M2δ,ε ≥ ψ2δ,ε (ζδ,ε) = ψδ,ε (ζδ,ε) +
1
4δ

(
|xε,δ − yε,δ|2 + |tε,δ − sε,δ|2

)
=Mδ,ε +

1
4δ

(
|xε,δ − yε,δ|2 + |tε,δ − sε,δ|2

)
,

hence

(6.2) lim
δ↘0

1
δ

(
|xε,δ − yε,δ|2 + |tε,δ − sε,δ|2

)
= 0

for every ε < ε0.
From relation (6.1), (6.2), and the semicontinuity of v and w, it follows

that T cannot be an accumulation point for the sequence (tδ,ε ∨ sε,δ)δ>0,

if ε < ε0. This implies, of course, that ζδ,ε ∈ ((0, T )× Rn)2, for every
δ smaller than a certain δε > 0.

From now on, in order to simplify notations, we will write ϕ̂, ζ̂, x̂, ŷ, t̂, ŝ,
instead of ϕδ,ε, ζε,δ, xε,δ, yε,δ, tε,δ, sε,δ, respectively, whenever no confusion
can arise.

Let us fix for the moment ε < ε0 and δ < δε. Then the function
v− [w(ŝ, ŷ)+ ϕ̂(·, ·, ŝ, ŷ)] has a maximum at (t̂, x̂) ∈ (0, T )×Rn. Since v is a
viscosity subsolution of equation (1.6), it follows from Proposition 6.1 that

(6.3) v(t̂, x̂) ≤ h (x̂) ,

and, for every η ∈ (0, 1) and u ∈ U ,

(6.4) − c(t̂, x̂)v(t̂, x̂) + ∂ϕ̂
∂t (t̂, x̂, ŝ, ŷ) + g(t̂, x̂, u) + Dxϕ̂(t̂, x̂, ŝ, ŷ) · b(t̂, x̂, u)

+ J ηϕ̂ (·, ·, ŝ, ŷ) (t̂, x̂, u) + Jηv
(
t̂, x̂, u,Dxϕ̂(t̂, x̂, ŝ, ŷ)

)
≥ 0.

On the other hand, the function w− [v(t̂, x̂)− ϕ̂(t̂, x̂, ·, ·)] has a minimum
at (ŝ, ŷ) ∈ (0, T )×Rn. Since w is a viscosity supersolution of equation (1.6),
we have, for every η ∈ (0, 1),

w(ŝ, ŷ) ≥ h (ŷ) , or

(6.5) −c(ŝ, ŷ)v(ŝ, ŷ)− ∂ϕ̂
∂s (t̂, x̂, ŝ, ŷ)+ inf

u∈U
Hη(w,−Dyϕ̂(t̂, x̂, ·, ·))(ŝ, ŷ, u) ≤ 0.
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In the first case, we would have, by (6.3), (B3), and (6.1),

0 ≥ v
(
t̂, x̂
)
− h (x̂) ≥ v

(
t̂, x̂
)
− h (ŷ)− L |x̂− ŷ|

≥ v
(
t̂, x̂
)
− w(ŝ, ŷ)− L |x̂− ŷ| ≥ θ

2 − L |x̂− ŷ| .

But by (6.2), limδ↘0 |xε,δ − yε,δ| = 0; hence there exists δ̃ε ∈ (0, δε) such
that, if δ < δ̃ε, (6.5) holds. So, from now on, we suppose that δ < δ̃ε. More-
over, since U is compact and the function u→ Hη(w,−Dyϕ̂(t̂, x̂, ·, ·))(ŝ, ŷ, u)
is lower semi-continuous, there exists an û ∈ U such that this function at-
tains its minimum in û. Therefore, we have:

c(ŝ, ŷ)w(ŝ, ŷ) + ∂ϕ̂
∂s (t̂, x̂, ŝ, ŷ)− g(ŝ, ŷ, û) + Dyϕ̂(t̂, x̂, ŝ, ŷ) · b(ŝ, ŷ, û)

+ J ηϕ̂
(
t̂, x̂, ·, ·

)
(ŝ, ŷ, û) + Jηw

(
ŝ, ŷ, û,Dyϕ̂(t̂, x̂, ŝ, ŷ)

)
≥ 0.

Summing this inequality with (6.4), we obtain

(6.6) T1 + T2 + T3 + T4 + T5 + T6 ≥ 0,

where

T1 := −c(t̂, x̂)v(t̂, x̂) + c(ŝ, ŷ)w(ŝ, ŷ);

T2 :=
∂ϕ̂
∂t (t̂, x̂, ŝ, ŷ) +

∂ϕ̂
∂s (t̂, x̂, ŝ, ŷ);

T3 := g(t̂, x̂, u)− g(ŝ, ŷ, û);

T4 := Dxϕ̂(t̂, x̂, ŝ, ŷ) · b(t̂, x̂, u) + Dyϕ̂(t̂, x̂, ŝ, ŷ) · b(ŝ, ŷ, û);
T5 := J ηϕ̂ (·, ·, ŝ, ŷ) (t̂, x̂, u) + J ηϕ̂

(
t̂, x̂, ·, ·

)
(ŝ, ŷ, û);

T6 := Jηv
(
t̂, x̂, u,Dxϕ̂(t̂, x̂, ŝ, ŷ)

)
− Jηw

(
ŝ, ŷ, û,−Dyϕ̂(t̂, x̂, ŝ, ŷ)

)
.

We estimate now every term. From (B2), (B3), and the p′-growth of w,

T1 ≤ −c0(v(t̂, x̂)− w(ŝ, ŷ)) + CL(|t̂− ŝ|+ |x̂− ŷ|)(1 + |ŷ|p)
≤ −c0(v(t̂, x̂)− w(ŝ, ŷ)) + δ1/2CL(1 + |ŷ|p){1

δ (|t̂− ŝ|2 + |x̂− ŷ|2)}1/2.

Here and the sequel C denotes positive constants not depending on L, K,
ρ, ε, δ, or η, and they may change from line to line.

Since ∂ϕ̂
∂t (t̂, x̂, ŝ, ŷ) ≤

1
δ (t̂− ŝ) and ∂ϕ̂

∂s (t̂, x̂, ŝ, ŷ) ≤
1
δ (ŝ− t̂), it follows that

T2 ≤ 0.
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By (B3), T3 ≤ L(|t̂− ŝ|+ |x̂− ŷ|). We have that

Dxϕ̂(t̂, x̂, ŝ, ŷ) =
1
δ (x̂− ŷ) + ε

2Dβ (x̂) ;

Dyϕ̂(t̂, x̂, ŝ, ŷ) =
1
δ (ŷ − x̂) + ε

2Dβ (ŷ) .

Therefore, by (A1), (A1’), and (2.2),

T4 ≤ L
δ |x̂− ŷ|

(∣∣t̂− ŝ
∣∣+ |x̂− ŷ|

)
+ ε

2KCβ (1 + β (x̂) + β (ŷ)) .

By (A3) and (2.5) we get

T5 ≤ 1
2δ

∫
{|z|<η}

(∣∣γ(t̂, x̂, û, z)∣∣2 + |γ(ŝ, ŷ, û, z)|2
)
ν (dz)

+ ε
2

∫
{|z|<η}

∣∣β (x̂+ γ(t̂, x̂, û, z)
)
− β (x̂)−Dβ (x̂) · γ(t̂, x̂, û, z)

∣∣ ν (dz)
+ ε

2

∫
{|z|<η}

|β (ŷ + γ(ŝ, ŷ, û, z))− β (ŷ)−Dβ (ŷ) · γ(ŝ, ŷ, û, z)| ν (dz)

≤
∫
{|z|<η}

ρ (z)2 ν (dz)
(
2
δ

(
1 + |x̂|2 + |ŷ|2

)
+ εC̃β (1 + β (x̂) + β (ŷ))

)
.

To shorten notation, we define

ξ̂ (z) := v
(
t̂, x̂+ γ

(
t̂, x̂, û, z

))
−w (ŝ, ŷ + γ(ŝ, ŷ, û, z))−

(
v
(
t̂, x̂
)
− w(ŝ, ŷ)

)
.

We have that

T6 ≤
∫
{|z|≥1}

ξ̂ (z) ν (dz) + 1
2δ

∫
η≤|z|<1

∣∣γ(t̂, x̂, û, z)− γ(ŝ, ŷ, û, z)
∣∣2 ν (dz)

+ ε
2

∫
η≤|z|<1

∣∣β (x̂+ γ(t̂, x̂, û, z)
)
− β (x̂)−Dβ (x̂) · γ(t̂, x̂, û, z)

∣∣ ν (dz)
+ ε

2

∫
η≤|z|<1

|β (ŷ + γ(ŝ, ŷ, û, z))− β (ŷ)−Dβ (ŷ) · γ(ŝ, ŷ, û, z)| ν (dz)

≤
∫
{|z|≥1}

ξ̂ (z) ν (dz)

+

∫
{|z|<1}

ρ (z)2 ν (dz)
(
1
δ

(
|t̂− ŝ|2 + |x̂− ŷ|2

)
+ εC̃β (1 + β (x̂) + β (ŷ))

)
.

For ε fixed, 1 + |x̂|p + |ŷ|p is bounded and ξ̂(z) ≤ Cρ(z)p(1 + |x̂|p + |ŷ|p).
Hence, by Fatou’s lemma,

lim sup
δ↘0

∫
{|z|≥1}

ξ̂ (z) ν (dz) ≤
∫
{|z|≥1}

lim sup
δ↘0

ξ̂ (z) ν (dz) .
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On the other hand, by (2.3),

ξ̂ (z) ≤ ϕ̂
(
t̂, x̂+ γ

(
t̂, x̂, û, z

)
, ŝ, ŷ + γ(ŝ, ŷ, û, z)

)
− ϕ̂(ζ̂)

≤ 1

δ
(|t̂− ŝ|2 + |x̂− ŷ|2)ρ(z)(2 + ρ(z)) + εC̃β(1 + β(x̂) + β(ŷ))(1 + ρ(z)p).

Consequently,

lim sup
δ↘0

∫
{|z|≥1}

ξ̂(z)ν(dz) ≤ εC̃β(1 + β(x̂) + β(ŷ))

∫
{|z|≥1}

(1 + ρ(z)p)ν(dz).

Using now all the estimates on T1, . . . , T6, and relation (6.2), we can pass
to the limit in (6.6), for η ↘ 0, and δ ↘ 0 (in this order):

−c0
(
v(t̂, x̂)− w (ŝ, ŷ)

)
+ ε

2K̃ lim sup
δ↘0

(1 + β (x̂) + β (ŷ)) ≥ 0.

Relation (6.1) implies ε
2 (β (x̂) + β (ŷ)) ≤ v

(
t̂, x̂
)
− w(ŝ, ŷ) − θ

2 . Hence,
letting ε↘ 0, we obtain

(K̃ − c0) lim sup
ε↘0

lim sup
δ↘0

(
v(t̂, x̂)− w (ŝ, ŷ)

)
≥ 1

2K̃θ,

which is, of course a contradiction, since we assumed that c0 ≥ K̃. �
Combining the existence result with the comparison principle, we get:

Corollary 6.3. Under assumptions (A0)-(A3), (A1′), (A2′), (B0)-(B3),
V is the unique viscosity solution of equation (1.6) in the class

∪
p′<pCp′((0, T ]

× Rn).
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