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Abstract. We are concerned with an optimal stochastic control and stopping pro-
blem of a jump diffusion process. The main interest of this paper lies in the case where
the dynamics has infinite variance, especially in the case of solutions of SDEs driven by
symmetric stable processes. We prove that the value function is a viscosity solution of the
integro-differential variational inequality arising from the associated dynamic program-
ming. We also establish comparison principles in the class of semi-continuous functions
with polynomial growth of a given order.
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1. Introduction

We study a joint optimal control and stopping time problem in a finite
horizon of a controlled finite-dimensional jump diffusion process. This type
of problem was already considered by some authors, see for instance PHAM
in [7], in the case where the jump diffusion process has finite variance. How-
ever, in the current paper we focus on a disjoint class of jump diffusions, in
particular solutions of stochastic differential equations driven by symmetric
stable processes.

Throughout the paper we will use | |, “-” to denote the euclidean norm,
respectively the scalar product in R¥, k& > 1. Also, B (x,r) and B (x,r) will
denote the open, respectively the closed ball of center € RF and radius
r > 0.

Let (2, F, P) be a complete probability space, endowed with a filtration
F = (F);>( satisfying the wsual assumptions (in this case we say that
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(Q, F, P,F) is a stochastic basis), and v a o-finite measure on R? with the

property that
/ v(dz) < 400
{lz[>1}

(we will often write {|z| > 1} instead of {z € R% |z| > 1}, etc.). In this
framework we consider a homogeneous Poisson random measure N (w, dt, dz)
with characteristic measure v, which is:

i) for each w € Q, N (w,.,.) is a measure on R, x R%;

ii) for each set B € B(Ry x RY) with (A ® v)(B) < +oo () is the
Lebesgue measure on Ry ), the random variable N (-, B) is Poisson
with parameter (A ® v) (B);

iii) if By,...,B, are disjoint Borel sets of R, x R% then N(-,By),
.., N (-, B,) are independent.

We also suppose that N is F-adapted, i.e. the stochastic process t
N (-, 0,t] x A) is F-adapted.
Then, the compensated random measure

N (dt,dz) := N (dt,dz) — dt ® v (dz)

has the property that t — N ([0,t], A) is a martingale for every A € B(R%)
with v (A) < 4o0.

We will need some preparation concerning stochastic integration with
respect to random measures. Let P denote the o-algebra of F-predictable
sets on [0, 7] x Q. A stochastic process H : [0,7] x Q x RY — R" is called
predictable if it is measurable with respect to P @ B(R?). If the process

t
t— / / (1 (s,2)1” A 1H (5, 2)] ) v (d2) ds
0 JRre
is locally integrable, one can define the stochastic integral
t ~
/ H (s,z) N (ds,dz),
0 JRre
which is a n-dimensional purely discontinuous local martingale. We give a

list of properties which are of concern in the sequel.
Let 7 be a stopping time, and H a predictable process. Then:
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(a) if H is positive or Eft/\T Jra |H (s,2)| v (dz)ds < +o0, ¥t > 0, then
tAT tAT
(1.1) / H (s,z) N (ds,dz) / H(s,z)v(dz)ds, Vt >0
Rd R

(here the integral with respect to N can be also considered in the usual
way, as an integral with respect to a measure);

) if EftAT Jea |H (5,2)]? v (dz) ds < +oo, V¢ > 0, then the process
tAT B
(1.2) t— / H (s,z) N (ds,dz), t >0
R4

is a square-integrable martingale; moreover,

2 tAT
< 4IE/ / \H(r, 2)|* v(dz)dr
0 JRrd

The properties (a), (b), (c) are proved, for example, in [4], in a more
general setting. The last inequality is a consequence of Doob’s inequality.
For more precise definitions and properties of random measures, the readers
are referred to [2], [3], or [4].

Let us now describe the problem. For ¢ty € [0,7], we introduce the
filtration Ffo = {Ffo}te[toﬂ, where F[° is the o-algebra o(N(A); B €
B([to,t] x RY)), augmented by the P-null sets in F. In order to shorten
notation, we define N (d¢,dz) := N (dt,dz) — dt ® 1, <13 (dz) . The state
of the system is described by an n-dimensional jump diffusion process X,
which is the solution of the following stochastic differential equation (SDE
for short):

(c) for every t > 0,

(1.3) E sup
s€(0,t]

/ H(r,z)N(dr,dz)
R4

(1.4) dX; = b (t, Xp, ue) dt + [pay (6, Xi—, ur, 2) N (dt,dz) ¢ € [to, T];
. Xto = Zg.

Here T" > 0 is the finite horizon, U is a compact metric space, and the
control u belongs to Uy, 1, the set of U-valued, F'-predictable processes
defined on [tg,T] x Q. In order to have a unique solution of this equation,
we impose conditions of Lipschitz type on the coefficients; they are explicitly
given in the next section. We precise that, since f{IZ\Zl} |y (t, x,u, z)| v (dz)
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is not necessarily finite, the dynamics X can have infinite expectation. This
is also the reason for which we consider N (dt,dz) instead of N (dt,dz) as
an integrator.

We consider the problem of minimizing, with respect to stopping times
and controls, a running cost g and a terminal cost h with discount rate c.
Therefore, for every (tg,zo) € [0,7] x R", we introduce the expected value:

T t
V (to, o) := inf E / o S0 X g (4 Xy ) dt
ueUtO,T tO
TE€ETyy, T

(1.5) po I X ()]

where Ty, 7 is the set of all stopping times between to and T'. This stochastic
control problem applies in finance theory for the American option valuation
and the consumption/investment portfolio choice. The assumptions on ¢, ¢
and h will imply the continuity and polynomial growth of V', regarded as a
function of (g, zg); they are also forwarded to the next section.

The reason for which we allow the initial time ¢y € [0,7], and initial
state g € R™ of X to vary is that we will implement the dynamic part
of the Bellman’s principle of optimality, in order to obtain the Hamilton—
Jacobi-Bellman (HJB in short) equation associated to this problem. More
precisely, we will prove that the value function V' is a solution (in the
viscosity sense) of the following integro-differential equation:

min{—c(t,m)v—i—%—l—g&fj Ho(t,z,u); h(x) —v}=01in (0,7)xR™;

(16) v(T,x)=h(z), z€R",

where the operator H, known as the Hamiltonian of the system, is given by

Ho (t,x,u) ::g(t,:r:,u)+Dv(t,:L‘)-b(t,x,u)—l—/ﬂgd [v(t,z+y(t,z,u,z))

—v (t,x) — Do (t, ) -y (t, 2,1, 2) Lipjcy] v (dz) .

Here Dv and D?v denote the first order, respectively the second order dif-
ferential of v with respect to the state variable.

We investigate further what happens when the state equation is driven
by a symmetric stable process. One can easily show that the solution of
the equationdX; = b(t, Xy, uy)dt + o(t, Xy—, up)dMy, t € [to, T], where M
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is a one-dimensional symmetric stable proces of order a € (0,2), can be
regarded as a jump-diffusion of the form (1.4). The more interesting aspect
is that, in the case a # 1, the resulting Hamiltonian will have this form:

Ho(t,z,u) := g (t,2,u) + Dv(t, 2) - b(t, z,u) + caDy(y , (L, @),

where ¢, is a constant depending on «, and Dy is the fractional derivative
operator of order « in the direction §. This allows us to give a unifying
theory for the cases a € (0,2) and o = 2, since it is well known that for
a =2, M is a Brownian motion, and the corresponding HJB equation is a
PDE of the second order.

In the last section we prove a comparison principle for viscosity solutions.
We are especially interested in the case f{lZ\Zl} Iy (t,x,u, 2)|P v (dz) < 400,
for p € (0,2), although we consider the general situation of arbitrary p > 0.
For different situations where p > 2, the uniqueness was established in [5],
[7], or [8].

2. Assumptions. Estimates

Let us state the conditions on the coefficients of equation (1.4). Through-
out the paper we fix a constant p > 0 and a function p : R — R, bounded
on the open unit ball, with the property that

(2.1) /Rd <P (2)? L1y + 0 ()" 1{|z|21}) v (dz) < 4o0.

We assume that the functions b : [0,7] xR" x U — R™ and 7 : [0, T] x R" x
U x R? — R” satisfy the following conditions:

(A0) b and v are continuous with respect to (¢, z,u) € [0,T] x R" x U; ~ is
measurable;

there exists L > 0, such that, for all t € [0,7], z,y € R", v € U, and
z € R?, we have:

(Al) ‘b(tvxvu) - b(tayau)| < L’x _y’§

(A2) |y (t,x,u,2) — v (t,y,u,2)| < p(2) |z —yl;

(A3) |y (t,2,u,2)] < p(2) (1 + |z]).



168 ADRIAN ZALINESCU 6

Of course, since U is compact, we have that|b (¢, z,u)| < C (1+ |z|),
V(t,z,u) € [0,T] x R™ x U, for a constant C' depending only on L and
supb (+,0,-). These conditions ensure that, for each (t9,zo) € [0,T], and
each u € Uy, 7, there exists a unique solution of equation (1.4), which we
denote X'0:%0%  Moreover, since u is F-predictable, X 0-%0:% is Fo_adapted.
But, of course, such a solution exists even if we take u only F-predictable.

We give now the conditions on the coefficients of the cost functional
in (1.5). The functions g : [0,7] x R" x U — R, h : R® — R, and ¢ :
[0,7] x R™ — R satisfy:

(BO) g, h, and ¢ are continuous;

there exist constants ¢ € R, 0 < p’ < p, and K > 0 such that, for all
(t,x,u) € [0,T] x R" x U:
(B1) [g(t,z,u)[ + |h(x)| < K(1+ |2[”);
(B2) ¢(t,z) > co.
It is clear that V (t,z) < h(z), V(t,z) € [0,T] x R™ (by taking 7 = ¢

in (1.5)). Moreover, if ¢ = T, this becomes an equality.
In order to study other properties of V', we need some estimates on X.

Proposition 2.1. There exist a constant C' > 0, such that, for all
(to, 0, y0) € [0,T) x R™" X R™, uw € Uy, 1, and t1 € (to,T], we have:

P
i) E sup ’Xfo’xo’“ < C(1+|zol”);

te(to,T)

.. p
ZZ) E sup ’XZO,IO,U _ Xzfo,yo,u <C |:c0 _ yoyp;

te(to,T)

PpA2
i) E sup |X[orot — xo) < O (14 |xo|PY) (t1 — to)P?, where p1 = 4+

teto,t1]
2p7 p2:p/4 pr<27 Cmdpl :27 p2:17 prZQ

Since z +— |z|” is not second-order differentiable in 0, for p < 2,
one cannot use Itd’s formula with this function, so we will use a C?-
approximation. We state, without proof, an elementary result which proves
useful in the next sections, too.



7 HAMILTON-JACOBI-BELLMAN EQUATIONS 169

Lemma 2.2. There exists a function 3 € C*(R") satisfying: B(x) =
> if [z < 1, B(z) = |2 if || > 2, and |z < |y| = B(z) < B(y),
if x,y € R™. For such a function, there exists a constant C = Cg > 0,
depending only on B, such that

l.ifx,a € R", p>0, and |a| < p(1+ |z|), then

) DB (@) (1 + |2]) < C(1+ B (2));

) 16 (z+a) =B (x) <C(1+p°) 1+ (2));
) 6 (z+a) =B () <Cp(1+pp) (1+(2));
) B (z +a) = B (z) = DB (2) - al < Cp* (1+pp) (1+ 5 ());
2.ifx,a € R", p>0, and |a| < p|x|, then

) DB ()] |z] < O (2);

) 8(z+a) = B(x)] < C(1+p°)(B(z) +[x");
) 18 (z+a) = B(x)] < Cp(1+pp) (B(x) +[2[7);
) 1Bz +a)=B(x) -DB(2) - al < Cp* (1+pp) (B(x) + [zf).

Here p, :=0if p <1 and p, :=pP~ L if p> 1.

Proof of Proposition 2.1. For the sake of simplicity, by C' we will
denote different positive constants appearing in the proof, not depending
on to, t1, To, Yo, w € Uy, 7, and which may change from line to line.

i) For brevity, we shall write X instead of X'%0% TLet us apply [to’s
formula to 5 (X;). We have a.s., for every t € [to, T):

B(X0) =B (Xyy) + / DB (X.) - b (s, Xov 1) ds

t
+/ / Dlﬁ (X57’Y(S7XS’US,Z))V(dZ) ds
to J{|z|<1}

(2.10) + /t Do (Xs_,v (s, Xs_,us,2)) N (ds,dz),
to JR4
where
Dlﬂ (CL’,(I) = (‘T a)— B (l’ - DB (CL’) a;
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for z, a € R™.
By (2.2) and (2.5) with z = X, a = b(s, X5, us) or a = v (s, X, us, 2),
p = p(z), the linear growth of b and condition (A3), we have that

/DB( )b (5, Xa 1) ds+// DB (Xoyy (5 Xov s, 2)) v (d2) ds
to {|z|<1}

9 t
<c (1 +/{|Z|<1}p(z) V(dz)) /t 1+ B (X,)]ds.

We consider, for every k£ > 1, the stopping time:
=inf {t > to; |X¢| >k} AT.
Clearly, 74, converges to T" as k — oo. From (1.1) and (2.3),
t/\Tk
E / / D2 (Xam 7 (5, Xo sty 2))| N (ds, d2)
to {lz1>1}
tATE
2 [ [ DB s X)) (d2) ds
to {lz1=1}
tATE
<c (1+p(2)") u(dz)E/ 1+ 6 (X.)]ds.

{lz|>1} to

Also, by (2.4),
Tk
B[ [ DaB (X (5 X, 2 () ds
to  J{lz[<1}
<C (1 + WP) / p(2)%v(dz) < +oo.
{lz[<1}
Hence, property (1.2) implies that
tATE ~
t— / Dof (Xs—,v (s, Xs—,us,2)) N (ds,dz), t € [to,T]
{lz[<1}
is a martingale; thus

tATE ~
/ / Daf (Xs—, v (s, Xs—,us,2)) N (ds,dz) =0, t € [to,T].
to {lz|<1}



9 HAMILTON-JACOBI-BELLMAN EQUATIONS 171

Using these formulae in relation (2.10), we obtain, for every ¢ € [to, T):

t
Eﬁ (Xt/\Tk) < C + 5 (1'0) + C Eﬁ (Xs/\fk) ds.

to

Gronwall’s inequality yields ES (Xinr, ) < C (14 B (20)), t € [to,T); letting
k — oo,

(2.11) EB(X;) < C(1+ 8 (x0)), t € [to, T].

The following step is to obtain an estimate for E supycpy, 71 8 (Xt). For that,

let 8 be defined in the same way as 3, but replacing p by /2.
We apply once again the It6’s formula, but for 5 (X3):

- ~ T
B (Xe) SB(”?O)JF/t DB (Xs) - b (s, X, us)|ds
T ~
+ /;0 /{Z|<1} ‘Dlﬁ(X877(37XS,U872))’ V(dZ) dS

T
+/ / DB (X (5, X s, 2)| v (d2) ds + 2,
w Jei>1)
where

t
Zt = / Do (Xs—s v (8, Xs—,us,2)) N (ds,dz) , t € [to, T].
to JRA

Using, as in the previous argument, (2.2), (2.3) and (2.5) with 3 instead of
B3, we obtain:

sup B (X;)? < CB(w0)> +C sup |Z]?
te(to,T) te(to, T

2 T
+e </]Rd (P (7 Lty + (L4 0 ()1 ”(d2)> /to [14B( X)) ds.
On the other hand, from (1.3), (2.3) and (2.4),
‘2

T
E sup |Z]? <4E / / D2 (X7 (5, X s, 2))| v (d2) ds
to R4

te(to,T)

<0 [ (oGP L + 04O ey ) v @) E [ [14 505 as.

to
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Since /32 (x) < CB(x), Yx € R, we conclude that

T
E sup f(X)?<C(1+8())+C | [L+EF(Xo)]ds <C(1+5(0)),
te(to, T to
by (2.11). We then easily obtain that Esup,c, ) |X¢/P < C(1 + [zo[P),
because f3 (x)? = B (z) = |=|P if |z| > 2.
i) We will write X, Y, X, instead of Xto-wo-u xto.yo.u  xto.rou _ xtoyo,u
respectively. Obviously, we can suppose that xzo # yo. Let € := |xg — yol.

In order to obtain the second estimate of the proposition, we apply Ito’s
formula for B(1X;):

t

o™ [=

B(iXy) = 1+/ DA(LX,) - [b(s, Xs,us) — b (s, Ys,us)] ds + Z;

to

t
+ / / DlB leu
to J{|2]<1} (5

t
+ / / DB (150, L (7 (5. Xm0 2) =7 (5, Yo 1, 2)) ) v (d2) ds,
to J{|z|>1}

o |

(7 (5, X, us, 2) — (5, Ys,us,z))> v (dz)ds

where
t

Zt ::/ /dDQB (%Xsa % (7 (57X877u872) _7(8’Y9*7u5’2))) N(dS,dZ) :
to JR

Using inequalities (2.6), (2.7), (2.9) with a = 2 (b(s, X5, us) — b (s, Ys, us))
or a = %(’y (s, Xs,us,2) — v (s, Ys,us,2)), ¢ = %XS, p = p(z), and condi-
tions (Al), (A2), we obtain

. bl N 2 -
sup BILEZ<C+C | (X +[EX?) ds+C sup |Zi[
sG[to,t] to SE[to,t}

Then, from (2.7), (2.8), taking into account (1.3),

. t, R
E sup 5(%)(5)2 <C+ CIE/ <ﬂ(%Xs)2 + ’%Xs|p> ds
Se[to,t] tO

t
+ CE/ /
to JRA

Lo 2 “lie P
<C+CE [ BLX)s+E [ [12.]"ds.
to to

~ ~ 2
DoB (180 (7 (5. Koy us,2) = 7 (5, Yoy us,2)) )| v (d2) ds
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Since
(2.12) lz|P <1+ CB(x)?*, Vo € R,
we get
t
E sup /B(éXS)Z < C’+CE/ sup B(éXr)st.
sE€[to,t] to r€[to,s]

By Gronwall’s inequality, E sup;cp, 11 B (%Xt)Q < C. Applying once again
(2.12), this yields Esupep, 712 X7 < 1+ CEsup;cy, 71 B(2Xy)? < C.
Hence, from the choice € = |z¢ — yol, Esup,ep, n | X P < C'zo — yol”

i~ii) We make first the estimate in the case p < 2. We apply 1t6’s formula
for B (Xt — xo):

t
B (Xt - x(]) = / DB (Xs - 3}0) ’ b(stSaus) ds

to

t ~

+/ / DS (Xs — X0,7 (Sa Xs—, Ug, Z)) v (dz) ds
to J{|z|<1}
t ~

+/ / Dyfs (Xsf —xo,'y(s,Xs,,us,z))u(dz) ds
to /{|z[>1}

t ~ -
—|—/ Dof (Xs— — x0,7v (8, Xs—, us,2)) N (ds,dz) .
to JRA

Using inequalities (2.2), (2.3), (2.5) with z = X5 — o, a = b (s, X, us)
or a =7(s,Xs,us,2), p=p(z), and the growth estimates:
b(5, Xy 05)| < C (1+ o) (1+ X, — o))
7 (5, Xy s, 2)| < p(2) (1+ Jaol) (14 X, — o))
one can show that

t1 _ 2
sup B(X;p—z0)® < C(1+4|zo|+|zol* +|zo[?) (/ [1+6(Xs—xo)]ds)

t€(to,t1] to

t ~ _ 2
+ Sllp </ DQB (XS— _1.077(S7X8—7u872))N(d37dz)> N
tE(to,t1] to JR4

From (1.3), together with (2.3), (2.4), we obtain

E sup B(X;—20)? < C(1+ |zo|*)(t1 — t0)? (L +E sup B(X; — z0)?)
tE[to,tl] te[to,T]
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t
+/ / ‘,DQB(XS— - :EO”V(S,XS_’us7z))’2V(dZ)dS
to JRA

< C(1+ |zo[*)(t1 — to)(1+E sup B(X; — w0)?).
te(to,T)

But B(x — 20)? < C(1 + |z0|P)(1 + B(x)?), V& € R™; hence, from i),

E sup B(X;—20)? < C(1+ |zl )A1+E sup B(X)?) < C(1+ |zol).
te[to,T} te[to,T]

Therefore E supycpy, 4] B(X; — x0)? < C(1 + |xo|*+2P)(t; — to). Then
p/4

+CE sup f(X; — x)?

tE[tQ,tl]

E sup |X— ol <
te[to,tl]

E sup B (X;— o)

te [to ,tl]

< C(1 + || 2P (81 — to)P/4.

If p > 2, one can obtain better estimates. Indeed, in this case [ p (z)2 v (dz)

is finite; consequently 7 (s, Xs—, us, z) is integrable with respect to N on
[to, T] x R, and we have

t1 2
E sup |Xt—:z:02§IE</ |b(s,Xs,us)|ds>

te(to,t1] to

2
t1
vE( [ X)) ds
to /{|z|>1}

t 2
+E sup / / v (8, Xs—, us, 2) N (ds, dz)
to /R4

te(to,t1]

By (1.3) we get

E sup |X;—zof> <C(t1 —t0)’E(L+ sup [X,|%)
te[to,tl] tE[tQ,T]

t1
”E/ / (s Xo i, 2) Pr(dz)ds < C(L+ [aof*) (11~ to).
to R4

O
Remark. In fact, one can generalize the estimate ii) for random initial
conditions, by the same method of proof. Then, the estimate iii) enables us
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to conclude that E sup;¢y, 7 | X Frront _ 100 pA2 < (14 |ao|[P1) (8 —to )72,
where t; > tg and Xfl’mo’u is defined as zg on [tg, t1).

This proposition allows us to retrieve some properties of V', which we
can find in the continuous-diffusion case.

First of all, we can easily derive from i) that |V (t,z)| < C(1 + |z|"),
Yz € R, for a constant C' > 0.

From i), ii) and the remark above, one can prove the following technical
result:

Lemma 2.3. Fora,é > 0, let

LL)((S,CL) = sup (|C(t,x)—c(t,y)|+|g(t,:n,u)—g(t,y,u)]
te[0,T], uel,
z,yeB(0,a), |z—y|<d

+1h(z) = h(y))

be the joint modulus of continuity of ¢, g, and h.
Then, for all §, a >0, (t,x), (s,y) € [0,T] x R™,

[V (t,2) = V (5,9)] < Cwo (8,0) (1+ )

/
/ N i [ € | e i R B Y i
+ C(]- + |x’p + |y‘p ) ( [(61722(1717/)) ] + Ix‘ ap*p’|y| )

where C' is a constant not depending on t,s,x,y,d, or a.
As an important consequence, we have:

Proposition 2.4. Under assumptions (A0)-(A3), (B0)—-(B2), V is con-
tinuous.

Proof. Let (tg,z0) € [0,7] x R™ and a sequence (ty,x,) in [0,7] x R"
converging to (tg, o). Then, by the previous lemma,

, 1
. _ p -
117rln_>sol<1)p |V (tn, ) — V (to, o) < C (1 + 2 |z0] ) (w (6,a) + ap_p,) ,

for every a, § > 0. Letting now § — 0 and afterwards ¢ — oo, we obtain
limy, 00 V' (tn, xn) = V (to, zo) . This proves that V' is continuous. O
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3. HJB equations and dynamic programming
Let us introduce some notations: if ¢ > 0, I is an interval in [0, 7], we
say that a function f : I x R™ — R has ¢-growth, if

t,
SUP(¢,z)eI xR® |1]:(r|cf|)ql < 4-00.

Then C, (I x R™), C;* (I x R™), USC, (I x R™), LSC, (I x R") will stand
for the sets of functions in C (I x R™), C12 (I x R™)!, upper semi-continuous
on I x R", and lower semi-continuous on I x R™ respectively, which have
q-growth.

For a function ¢ € Cp? ((0,T') x R™), we define the operators:

T(trw)i= [ (o(te+a(tnu) - 6(t0)
{lz[<1}
—Do(t, ) - v(t, x, u, 2)|v(dz);
I2¢(t7 z, U) = / [¢ (ta T+ Y (ta z,u, Z)) - (]5 (t> l’)] v (dz) )
{lz[>1}
with (t,z,u) € (0,T) x R" x U.
In view of (A3) and the boundednes of p on the open unit ball, we have,
‘d) (t7 T+ (ta z,u, Z)) —¢ (t7 ‘T) — Do (t? :1:) Y (ta T,u, Z)‘ 1{|Z\<1}
<2 s D2 (ty)]p() (1+1]al);
ly|<C(1+]z])
(3.1) otz +7 (1t z,u2) —¢(ta) <C(L+p(2)") 1+ [z7),

where C' > 0 does not depend on (t,z,u,z) € (0,T) x R" x U x R%. Con-
sequently we have the continuity of Z1¢ and Zoe.
The Hamiltonian operator can be more rigorously defined as

Ho (t,z,u) =g (t,x,u) + Do (t,z) - b(t,x,u) + (T1 +Z2) ¢ (t,x,u),

for ¢ € Cp ((0,T) x R™), (t,x,u) € (0,T) x R" x U.

1CH2 (I x R™) stands for the class of functions on I x R™ which have continuous first-
order derivatives with respect to ¢ € I and second-order differentials with respect to
z € R".
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Our aim is to prove that V is a solution of the integro-differential varia-
tional inequality (1.6). Of course, as it is the case when the state equation
is driven by a Brownian motion (see [1], for example), one cannot expect
that the value function V' to be differentiable, and equation (1.6) should be
interpreted in a weaker sense.

Definition 1. We say that the function v : (0, 7] xR™ — R is a viscosity
subsolution (supersolution) of equation (1.6) if

1. v has p-growth and is upper (lower) semi-continuous on (0,77 x R™;
2. v(T,z) < h(x) (v(T,z) > h(x)), Ve € R™;

3. whenever ¢ € Cp? ((0,7) x R") and v — ¢ has a global maximum
(minimum) at (to,zo) € (0,7") x R™, we have:

min {—ev+ 52 + infuer Mo (- w) sh— v} (lo,0) =0 (<0).

The function v is called a viscosity solution of equation (1.6) if it is both
a subsolution, and a supersolution in the viscosity sense.

The usual way for proving that the value function V' is a solution of (1.6)
goes through the Bellman’s principle of optimality, which we will state here
in two forms.

Theorem 3.1. Let (tg, zo) € [0,T) x R".
1. For all admissible controls w € Uy, T, and all stopping times T € Ty, 1,

i — [F e(s,Xs)ds — [ c(s,Xs)ds
V (to,z0) <E e 't g(t, X¢,up)dt +e “to V(r, X;)
to
(here and below X stands for Xtorou),

2. Let € > 0. For all admissible controls u € Uy, T, define the stopping
time

Tiozou ‘= f{t € [to, T]; V (¢, Xy) > h(Xy) —e} AT.

If {T“}ueutO,T are stopping times such that 7, < 75 ., for all w € Uy, T,
then we have:

Tu +
V(to,z0) = inf E[/ e X g1, Xy, ug)dt
t

UEUtO,T 0

- f;(—)“ c(s,Xs)ds

+e V(Tu, X7,)]-
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Proof. In order to simplify the calculus, we will assume that ¢ = 0;
but one can easily reconstruct the arguments for the general case. Let us
introduce the following notation, for (¢,z) € [0,7] x R, 7 € Ty, and an
F-predictable process u : [t,T] x Q@ — U:

J(t,x,u,7):=E [/ g (s, X0"" ug)ds+h(X;)|.
t

We first give, without proof, the following lemma, which asserts the Marko-
vian character of the solution X:

Lemma 3.2. Let (tg,z0) € [0,T) X R™, u € Uy, 1, and 11, T2 € Tyyr
with 71 < 79 a.s. Then, P(dw)-a.s.,

T2

J(r1(w), X20m0"(w), u, ) =E {/ g(t, X7o"0" uy)dt

1
Fh(XEgom) | Fy] ().

For the continuous-diffusion case, the interested reader can find a proof
of this result in [9]; it can be easily adapted to ours.

1. We suppose first that 7 = ¢; is deterministic. Let us fixe € (0,1). We

can choose a > 0 such that a?~?" > % and § > 0 such that 5(27%2)@71)/) <€
and w(d,a) < € (see Lemma 2.3 for the definition of w(d,a)).

Let {Dj}jzl be a Borelian partition of R", with fixed points z; € Dy,
and diam D; < §2, for every j > 1.

For all j > 1, there exist uj € Uy, 7 and 7; € Ty, 1 such that V (¢1,z;) +
e > J(t1,xj,uj, 7). Since J satisfies an analoguos relation as V' does in
Lemma 2.3, it is immediately obtained that, for z € D;,

J(t1,z,uj, 1) <e +V (t1, )
+C (1 + |x\p’) <w (6,a) +

(3.2) <V (ty,2) + Coe (1 + [af"),

p

1+|x|p7p/ |w—xj\p7pl
ap~P 5p/\2 (p—p')

where C and Cy are positive constants which do not depend on ¢, j and z.
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We consider the following controls and the following stopping time:
- u(t,w), t e [to,tl] ;
aj (t,w) :=

uj (t,w), te(t,T);
i (t,w) =1 (t,w) , if X7 (w) €
T (w) = 7 (t,w) , if X070 (w) €

i

The fact that Xttf’xo’“ is F;’-measurable ensures us that @;, @ € Uy, and
T € Ti, 7. We have:

t1 N
V (tO; .’E()) J (t07x07u 7—) E |:/ g(t7X:07I07u7 at>dt:|

to
T 5 5 t1
+E [/ g(t,XfO’xO’“,at)dt+h(X?’“O’“)] —E [/ g(t,XfO’xo’“,ut)dt}
t1 to
+ ZE [(/ (t, Xto’xo’uj (~ ) )dt + h(X to’xo’u1)> lD (Xto’xo’ )] .
7>1
By Lemma 3.2,
’ [( /t gl X[ (@) )dt 4+ h(X t>) Lp, (X >]
1
_ElE ]g t7Xto,,Z’O,ﬁj ~ dt—l—h to7xo7u] ]:to 1D- Xto,aco,u
] t t1 j t1
1

= E[J (1, X, 4, m)1p, (Xff’“’“)]
= B[J(t1, X;07", uj, 7)1, (X070,
Hence, by (3.2),
t1
V (to, o) <E [/ g(t,XttO’xO’”,ut)dt]

to

t1
+ 3R [t X[, g, 7)1, (X[ < B [ / glt, X[, ut>dt]
j>1 to

+Y E [(V(tl, X0y + Coe (1 + | X oo P)) 1p, (Xff’”fo’“)}
i>1

t1
- [/ g(t, Xp0 " ug)dt + V (b, X" ﬂ + o (14 EIX ™)

to
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t1
<E [ / g(t, X070 g )dt + V (¢, XZ?’“’“)] + Coe (14 C (1 4 |zol?)),
t

0

where C is the constant which appears in Proposition 2.1. Since £ was
arbitrarily taken, we can conclude that

t1
V(to,z0) <E [/ g(t, X, ) dt + V(tl,Xff“O’“)] .
t

0

Let us prove that the inequality holds also for general stopping times. Ap-
plying a variant of Lemma 3.2 (instead of & (x), one is allowed to consider
V (t,z)), we get

s

Fgo] :/ g(t,XfO’xO’u,ut)dt
t

0

t1
+ (E [/ g(t, X" ug)dt +V (tl,Xff’“)D
s mzxéOvIOa“

S
> / g(t,XZ/O,xo,u?ut)dt +V (SvXéo,zo,u) .
t,

0

t1
B [/ g(t, X100 )t 4 V (1, XE0w0)
t

0

Hence s ft‘; g(t, X10P0 u)dt+V (s, X207"), s € [to, T), is a submartin-
gale. By the version for submartingales of Doob’s Optional Sampling The-
orem we obtain

.
V (to,z0) < E [/ q(t, Xtto’xo’u,ut)dt +V (7‘, Xﬁo’m’")] ,
t

0
for every stopping time 7 € Ty, .

2. We only have to prove that

(3:3)  V(to,x0) > Inf E[ / gt X[ ) dt + V (ru,Xiz’“’“)],
t

uEL{tO,T 0

because the reverse inequality follows immediately from the previous result.

For every j > 1, there exist u; € Uy, and 7; € T, 7 such that
V (to,x0) + 5 > J (to, w0, uj, 7;) . Let X7 denote X*070:%. By Lemma 3.2
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we obtain:

Tj . .
J(to,l‘o,Uj,Tj) =K |:/ g(t,th,(Uj)t)dt—l-h(X%)]
t

0

_E [E UTN% g(t, X7 (uj)e)dt + h(X)

t
Tg.j:| 1{Tuj STj}:|

LE <[ /t g(t, X7, (u),)dt + h(Xij)} {r., >Tj})

< ([ ot X 1000+ 90 57 7] 10
LE <[ /t g(t, X7, (u;),)dt + h(Xij)} {r; >Tj})

>E <[/j g(t, X7, (u;),)dt + V(mj,XZuj)] e, gfj}>

(34) +E ([/ olt, X3 (uy),)dt + h(ij)} e >Tj}> |

to

. : 13
By the previous result and assumption 7,; < 77 0 .,

Tuj .
J (tﬂa Zo, Uj, Tj) > E |:/ g(tv ng (u])t)dt + V(Tuj A T X‘?‘uj/\ﬂ'j ):|

to

+E ([h(X;j) - V(TTj,X;uj)} 1, >Tj}) >V (to, ) + P (1, > ;)

Hence P (Tuj > Tj) < %, V4 > 1. On the other hand, (3.4) gives

ttosanuge) 2 E[ [ ot X )it + Vi, X, )

to
_E<
J

t J

0

([

Tuj j ' . .
/T g(t, Xt P} (u])t)dt + V(Tu] ) X%]—uj) - h(X%]'J)] 1{Tuj >’Tj}>

J

g(t, X7, (u;),)| dt + |R(XZ )|+ h(Xﬁ'j)l} 1{Tuj>7j}> :

TL]'
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By the assumptions on the growths of g and h, we obtain that

([

] e IHCE )1+ ) 14, )
<K(T+2) E( sup | X7 [P 1{Tu_>Tj}>
cu
1+

9(t, X

tG to,T]

o’ 1—o
<K(T+2)[C A+ |al" )7 P(r, > )"
<K(T+2)[C(1+|uP)] 7 j7 "

Hence
e Tuj .
V(th:EO) =+ 5 > E |:/ g(tan>(uJ) )dt+V(Tuja THJ)
to
T
—K(T+2)[C(+|zof”)]?j» .
Letting j — oo, (3.3) follows. O

This result leads to the more usual form of the Dynamic Programming
Principle:

Proposition 3.3. For every (to, zo) € [0,T)xR", and every t; € [to,T],

TNt +
Vv (t0> :L'O) = uellflltf ; E |:/ e ftU C(S7X5)dsg (t, X, ut) dt
) t
7'67758 T ’

—[a
ft C S Xs dsh (XT) 1{7—<t1} + e ‘[;50 C(Sst)dSV (tl, th) l{TZtl} ’
where X stands for X'0-ou,

4. HJB equations related to stable processes

In this section, we will take a look at how an optimal control/stopping
problem for solutions of SDEs driven by symmetric stable processes fits in
our jump-diffusion framework. For the convenience of the reader, we give
here the definition of symmetric stable processes of order a € (0, 2].

Definition 2. Let o € (0,2]. An F-adapted process (M;), is called a
symmetric a-stable process if it has homogeneous increments, M; — M is
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independent of Fy for all 0 < s < ¢, and the characteristic function of M;
has the form

EeM = 7N ) R,
for every ¢t > 0.

For o = 2, M is a Brownian motion, and we exclude this well-studied
case. If a € (0,2), M is a purely discontinuous semimartingale, with infinite
variance. In fact, the Brownian motion is the only symmetric stable process
with continuous paths.

We consider the following SDE:

(41) dXt = b(t, Xt,ut) dt+o (t,Xt_,Ut) th, t e [t(), T] 5

where the continuous coefficients b, o : [0,7] x R" x U — R™ are uniformly
Lipschitz in € R™. Under these assumptions, equation (4.1) has a unique
solution X with initial condition X, = xg.

Let Ny(dz) denote the counting measure of the jumps of M, i.e. Ny(B):=
Sococt Lt atyepps t = 0, B € BR\{0}). Then, for B ¢ B(R\{0}),
EN(B) = tve(B), where v,(dz) := cq|z|7*"!dz, for a constant c, > 0.
The measure v, is known as the Lévy measure of M. The process N, when
viewed as a random measure on R} X R, is a homogeneous Poisson random
measure. It is well known that M; can be written as

t t
Mt:// zN(ds,dz)+// ZN (ds,dz)
{lz1<1} 0 J{lz>1}
// N (ds,dz), t > 0.
Rd

Hence equation (4.1) becomes

dXt = b(t,Xt,ut) dt +/ z0 (t,Xt,,ut) dN (dt, dZ) s te [to,T} .
R4

Of course, for the choice 7 (t,z,u, z) = zo (t,z,u), the conditions (A2) and
(A3) are satisfied with p(z) := |2| and p < «a. In fact, this explains why
the case p < 2 must be considered if we want to study this problem via
jump-diffusions.
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Now, the corresponding HJB equation (1.6) has the particular Hamil-
tonian

Hov (t,z,u) = g(t,z,u) + Dv(t,z) - b(t,x,u)
+oo
—l—ca/ [v(t,x + zo (t,x,u)) — v (¢, )
—00
—Du (t,2) - zo (t, x,u) L), <1}) |27 da.

If o < 1, then f_ll 204 (d2) = 0; if @ > 1, then fR\[
for € (0,1) U (1, 2),

_1,1] #a (dz) = 0. Hence,

Hov (t,x,u) == g(t,z,u) +Dv (t,z)b(t,x,u)
(42) + % (D21 + D2t ) ¥ (8:2).

where, for ¢ € Cg (R™) and 6 € R", Dg ¢ is denoting the fractional derivative
of order « in the direction 6 (see [6]), defined by

—tiay Jo (@ (z —10) = (x))rtdr,
fo<a<l;

?E;:;g I (¢ (x —18) — ¢ (x) + Do (x) - r0) r—*~tdr,
ifl<a<?2.

Dj¢ (x) :=

This formulation has the great advantage that one can unify the results
obtained in the case a € (0,1) U (1,2), on one hand, and the case o = 2,
on the other. In fact, if « € (0,1) U (1,2), Dg¢ (x) is the positive fractional
derivative of order a (i.e. DY) of the function s — ¢ (x + s6) evaluated
at s = 0. With this definition, D3¢ (z) = D?¢ (x)6 - 6, and the operator
given by (4.2) with a@ = 2 coincides with the Hamiltonian obtained in the
continuous-diffusion case.

5. Existence

Theorem 5.1. Under conditions (A0)—(A3), (B0)—(B2), the value func-
tion V is a viscosity solution of equation (1.6).

We will prove this theorem with the assumption that ¢ = 0, in order to
avoid complicated formulae; however, the proof in the general case follows
the same direction.



23 HAMILTON-JACOBI-BELLMAN EQUATIONS 185

Proof. We have already seen that V' € C, ([0,7] x R") and V (T, z) =
h(z), Vx € R™. It remains to show property 3. of the definition of viscosity
solutions.

Let us take arbitrary (to,z0) € (0,T) x R” and ¢ € Cp ((0,T) x R™).
To simplify notation, for each control u € U, 7, we write X" instead
Xtowou We fix T' € (to,T), for instance T" := 1 (tg+T), and consider
the stopping time

(5.1) T i=inf {t € [to,T"]; | X} —@o| > 1} AT".

Obviously, 7, > ty a.s.
Let us apply Ito’s formula to ¢ (t, X}*):

t
¢(t, Xi') = ¢(to, z0) +/ [57(5, X2) +Dg(s, X2') - b(s, X3, ug)]ds

to
t
+/ Il¢(S7X:7uS)dS
to
t —
6:2) 4 [ [ Jols X (s X2 ) - 65, XN (s, o)
to JR
Now, if |z| < 1, |z — x| < 1, and ¢ € [ty,T"], then |¢(t,z + y(t,z,u, z)) —
o(t,z)| < Cp(z), where the constant C' depends only on ¢, to, T', xp, and
sup|,|<1 p(2). Hence
IE/ / | (s, X2 4+ v (s, X%, us, 2)) —¢(S,X;‘)|2V(dz) ds < 4o00;
to {]z|<1}
therefore, by (1.2), for every 7 € Ty, 17,
TNTy _
IE/ / [gb (S,X;‘_ + v (S,X;‘_,us,z)) — ¢ (S,X;‘_)] N (ds,dz) = 0.
to {|Z|<1}
On the other hand, from (3.1) and Proposition 2.1,

E / - / 16 (5, X% 4 (5, X2 g, 2)) — b (5, X2)| v (d2) ds < +oo,
to J{|z|>1}

which implies, by (1.1), that for every 7 € Ty, 17,

TNATy
E/to /{|ZZI} [¢ (s,Xs, +7 (S,Xsﬂus,z)) —¢ (s,Xsf)] N (ds,dz)

TATy
= E/ Tog (s, Xo, us)ds.
to
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From (5.2) it follows that

TNATy,
(5.3) E¢ (7 ATu, Xinr,) + E/ g (s, X% ug)ds

to

TNATy
—6t00) +E [ (5 (5, X0) + Ho(s, X2 w,)] s,

to

for every 7 € Ty, 1.

(i) We prove now that V is a viscosity subsolution of equation (1.6). Let
¢ € Cp? ((0,T) x R™) such that V — ¢ has a global maximum at (to, xo) €
(0,T) x R™. Without loss of generality we can suppose that ¢ (tg,z9) =
V (to, xo); we then have ¢ (t,x) >V (t,x), V(t,z) € (0,T) x R".

Let us take the control u to be constant, uw = u € U, where u is arbitrary.
Then, by Theorem 3.1 we get

t/\Tﬂ _ _

V (to,x0) <E [/ g9 (s, X u) ds—i—V(t/\Tu,Xf/\Tu)] .
to

On the other hand, equality (5.3) gives, taking 7 =t € (t9,1"],

t/\Ta
EV (¢ Ao, Xfin) + IE/ g (5, X" ) ds

to

t/\’qu
< V(to,xo)+E/ [g—f (s, X)) +Ho (s,X;’b,a)} ds.

to

Combining the two inequalities we get

tATh
0< IE/ |52 (5, X0) + Ho (5, X2, 1) | ds.

to

Since H¢ is continuous, we have that
s — % (S,Xg) + Ho (s,Xg,ﬁ) is right continuous, a.s.

Consequently, since 73 > tg a.s.,

t/\’Tﬁ
. o i T o _
tl{‘% s /to 199 (s, XI)+He(s, XE, a)|ds = 22(to, wo)+H(to, 20, @), a.s.
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By Lebesgue’s dominated convergence theorem (sup,e(y, -,y | X5 < 1+4][ol),
we obtain

0< limE— /Wu 99 (s, X7) + Ho (s, X7, 1) | ds
T itNto t—to Jy, ot~ E s

0 _
= 8—? (to,xo) + Ho (to, xo, 1) .
On the other hand, we have that ¢ (to,z0) = V (to,x0) < h(z9); the varia-

tional inequality in the definition of viscosity subsolutions is therefore sat-
isfied.

(ii) We show now that V' is a viscosity supersolution of equation (1.6).
Let ¢ € C;’Q ((0,T) x R™) such that V — ¢ has a global minimum at
(to, o) € (0,T)xR™. Once again we can suppose that ¢ (tg, o) = V (to, x0);
we then have ¢ (t,2) <V (t,z),V (t,z) € (0,T)xR"™. Also, since V (tg, zo) <
h(xo), we can assume that V (tg,z9) < h(xo); otherwise the variational
inequality in the definition of viscosity supersolutions would be automat-
ically satisfied. We define € := 1 (h(20) — V (to,20)); let 75 = inf{t €
[to, T]; V(t,X}) > h(X}) —e} AT and 75 := 75 A 7, with 7, defined by
(5.1). We apply Theorem 3.1 with t A 75, where t € (t9, T"]:

tAFE
V (to,x0) = inf E [/ g (s, X us)ds+V (t/\fﬁ,Xf/\;Zﬂ .

UEUtQ,T to

On the other hand, by (5.3),

tAFE
EV (t A %;,X;LME) + E/ (5, X%, us)ds > V (to, z0)

to
INTE 5
+ E/ [a*(f (s, X)) +Ho (s,X;‘,us)} ds,
to

for every u € Uy, 7. It follows that

tAFE
(5.4) 0> inf ]E/ [‘?)—f (s, X¥)+Ho (S,X;‘,us)] ds.

UEUtO,T to
Let ws, 0 < d < 1A (T" —tg), be the modulus of continuity of % + Ho in
(to, xo), i-e.
. ¢ 0¢
wsi=  sup |92 () — 92 (to,0) + M (¢, 3, u) — H (to, w0, u)|.
te[to,t0+5],

|x—x0|<0,
uelU
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We fix for the moment t € [tg, {9 + 6]. Then, for every u € U [to, T],

tA T,i
/t
0

ds

<(2f + H¢> (S7ngus) - <(Zf + H¢) (t07x07u8)

0
< w;s (t—tg) +2(t —to) sup (qS +7—l¢) (s,x,u)-
(s,u)€lto, T"]xU, ot
|z—20|<1
~P( sup |X¢ — xo| > 5).
SE[to,t]
By (5.4) and Proposition 2.1,
t — to)P2
(t —to) [wﬁc/(&f)} >E(EAT —tg)-
(5.5) %(t xo) + inf Hao (to, xo, @)
. ot 0540 acl 0,40, )

where the constant C’ > 0 does not depend on 4§, t, and u.
Let us estimate E (¢t A 75 — tp). We have

P(7, <t) < P(r; <t)

+P(ry <t) < P< sup  |h(XY) — h(zo) — V (s, X) + V(to, z0)| > 5>

SE[t0,tATw]

+P< sup | Xy —xo| > 1).

s€[to,t]
Let ws be the modulus of continuity of h — V' in (¢, zo), i.e.,

ws = sup |h(z) = h(zo) =V (s,2) +V (to,zo)|.
sE[to,to—Hﬂ,
|le—20|<d

For ¢ sufficiently small we have W5 < €; therefore,

SEL0tATY]

C< sup | XY —xol >0,
s€[to,t]

{ sup  |h(XY) = h(zo) =V (s, X3) +V (to, zo)| > 5}
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Using again Proposition 2.1 we obtain P(7; < t)<C” , where the
constant C” > 0 does not depend on the choice of §, ¢, and w. This implies

(t—to)P2
opr

+
E(EATE—to) 2 (t—1to) P(75 2 1) > (t — to) (1 - C" 52 )7
From (5.5) it follows that

SPws + C' (t — to)P?
(0P — C" (t —to)”) "

% (t()ax(]) + Tiglff}l(b (t07m01 "L_L) <

Hence, letting ¢ — to, we get % (to, xo) + infgey Ho (to, xo,u) < ws. The
conclusion is derived letting § — 0. (]

6. Uniqueness

The goal of this section is to prove a comparison principle between solu-
tions of equation (1.6).

As we have seen, the given definition of the viscosity solution is con-
venient for establishing that the value function V is a solution of equation
(1.6). However, for proving the comparison principle, the p-growth of the
test functions ¢ may be inappropriate. We will give an alternative definition
which does not involve a growth condition on the test functions.

For n € (0,1), ¢ € CY2((0,T) xR"), and ¢ : (0,7) x R® — R a
measurable function with p-growth, we introduce the operators

T (t,2,0) :=/{ Bt ) —o
Do (t,z) - v (t,z,u,2)|v(dz);
I (t,x,u,a) = / [ (t,z+y(t,x,u,z2)) — ¢ (t,x)

{lz|>n}
—a -y (t,m,u,2) 1y v (d2),

where (¢,z,u,a) € (0,7) x R" x U x R". As we noticed in Section 2, these
integrals are well defined, thanks to the C2-differentiability of ¢ and the
p-growth of ). Moreover, J"¢ is continuous, and if ¢p € LSC), ((0,T) x R™)
(¢ € LSC, ((0,T) x R™)), then J,1 (t,x,u,a) is lower (upper) semi-conti-
nuous.
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We define the operator

Hy (0,9) (2, u) := g (t,2,u) + Do (t,2) - b(t,z,u) + T"¢ (t, x,u)
+ jrﬂﬂ (t,LU,U, qu (t,$)) )

for (t,z,u) € (0,T) x R" x U. We observe that H, (¢,¢) = Ho if ¢ €
C’;’2 ((0,T) x R™); this property explains, at least heuristically, why we can
use this operator as a Hamiltonian in the definition of viscosity solutions.
Indeed, we can prove the following:

Proposition 6.1. A functionv € USC,((0,T]xR") (v € LSC,((0,T]x
R™)) is a viscosity subsolution (supersolution) for equation (1.6) if and only
if v(T,-) < h (v(T,-) > h) on R™ and, whenever ¢ € CH2((0,T) x R™) such

that v — ¢ has a global mazimum (minimum) at (tg,z9) € (0,T) x R™, we
have:

min {_CU + %7? + inf’u,GU Hn (¢,U) ('a K U) ) h — U} (t(],.’L‘()) >0 (S 0)7
for every n € (0,1).

Now we are able to state and prove the comparison principle; for this
purpose we will need supplementary Lipschitz conditions on the coefficients:

(A1) |b(t,m,u) —b(s,z,u)| < Lt — s|;
(A27) |7 (tal‘?u’ Z) - 7(57$aua Z)| < P(Z) |t — 3|§

(B3) le(t,2) —c(s,9)[ + g (¢, 2,u) = g (s,y,w)| + [h (z) =k (y)]
< L([t=sl+ |z —yl),

for all (s,z), (t,y) € [0,T] x R", and z € R%.

Remark. Clearly, if p > 1, then (B3) implies condition (B1).

Proposition 6.2. Suppose that assumptions (A0)—(A3), (A1), (A2),
(B0), (B2), (B3) hold. Let v and w be a subsolution (respectively, a

supersolution) of equation (1.6). If v and w have p’'-growth for some p’ < p,
then v < w on (0,T] x R™.
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Proof. We will use the function 8 and the constant Cg from Lemma
2.2. Let

— lb(t,z,u)] S
h= (tx u)e[%uil‘?xR"xU el Cpi= 0 \jl<p1 <1 e (z)p) ’

and K := Cg{K +2 Jralp(2)*Li<1y + (14 p(2)P) 1> 13]v(d2) }. Without

loss of generality, we can assume that the constant ¢ from (B2) is greater

(K—co)t

than K. Indeed, the transformation v — e v converts equation (1.6)

into the following one:

min{— (C(t,x)—Co-l-K)Uﬁ-@-i- in(f]’;qv(t,az,u);h(a:)—v} =0

ot ue
in (0,T) x R;
v(T,z) =eE=)Th (z), e R,

where Heo = eE—)tg L D¢ - b+ T, + L.

Since, from the definition of viscosity subsolution (respectively, super-
solution) we have that v (T, z) < h(z) < w (T,z), Yz € R", we must only
prove that v < w on (0,7) x R". We will show that inequality by as-
suming the contrary, i.e., that there exists (to, o) € (0,7") x R™ such that
0 == v (to, zo) — w (to, zo) > 0.

For €, § > 0, we set

Oe (tws,y) = g5 (Jo =y + 1t = s*) + 5 (B @)+ B(w) + %2 (4 + 1)

w(S,E (t,l’, S, y) =0 (t,l’) —w (379) - ¢(5,E (t,l’, S, y) 5

for (,2,5,y) € ((0,T] x R")?. Clearly, ¢5. € C12 (((O,T] X ]R")2>.

Let Ms, := sup V5. (¢). From the p’-growth condition on v and
CE((0,T]xR")?
w, it is clear that M;, is finite. We have that

(6.1) M;,. > v (to,z0) — w (to, w0) — B (z0) — § > &,

the last inequality holding for € < ¢¢ := %.

Moreover, since 5. (¢) < 0 for ¢ outside of a compact (depending only
on €) of (0,7] x R", there exists (5. = (t5¢, T5e, S5, Ys.e) € ((0,T] x R”)2
with 5. ((5e) = Mse and the set {(zs5¢,¥Ysc)}5-, 13 bounded for every
€ <gg.
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For every e < go, the net (Ms.),., is increasing, and from (6.1) it
follows that limg\ o M5, is finite. Furthermore,

MQJ,& > 1/]25,6 (CE,E) - 7!)5,5 (C&,e) + % <|-T5,6 - ys,5|2 + ’ts,é - 86,5’2>
= MJ,E + % <|x£,6 - y5,5‘2 + ‘ts,é - 35,5‘2> s
hence

(6.2) i 3 (s — vegl” + e — segl”) =0
for every € < gg.
From relation (6.1), (6.2), and the semicontinuity of v and w, it follows

that 7' cannot be an accumulation point for the sequence (t5. V s 5) 550°

if £ < g9. This implies, of course, that (5. € ((0,7) x R™)?, for every
6 smaller than a certain 6. > 0.

From now on, in order to simplify notations, we will write gZ;, é &0, 1, 8,
instead of ¢sc, (.5, Te,55 Ye 5, te,5y Se,5, Tespectively, whenever no confusion
can arise.

Let us fix for the moment ¢ < g9 and § < d.. Then the function
v—[w(8,9)+ (-, -, 8,9)] has a maximum at (£,2) € (0,T) x R". Since v is a
viscosity subsolution of equation (1.6), it follows from Proposition 6.1 that

(6.3) o(i, #) < h(2),

and, for every n € (0,1) and u € U,

(6.4) —c(t,2)v(t, 2

On the other hand, the function w — [v(#, &) — qg(f, Z,+,-)] has a minimum
at (5,9) € (0,7)xR™. Since w is a viscosity supersolution of equation (1.6),
we have, for every n € (0,1),
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6.3), (B3), and (6.1),

(4 — L
&) —w(s,9)—L|z—9| >4 —L|z—g|.

[ Y

> v (L,

But by (6.2), lims\ o |zes — ye,5| = 0; hence there exists o € (0,d¢) such
that, if § < ., (6.5) holds. So, from now on, we suppose that § < 4.. More-
over, since U is compact and the function v — H,(w, Dy¢(t, Z,+,))(8,9,u)
is lower semi-continuous, there exists an @ € U such that this function at-
tains its minimum in 4. Therefore, we have:

Summing this inequality with (6.4), we obtain

(6.6) W +To+T3+T,+T5+ 16 > 0,
where

Ty = —c(f, :Z)v(f,a?) +c(8,9)w(s,9);

Ty = (1, 4,5,9) + 52(1, 2,5,9);

T3 =g f,i’,U) - g(§7g7ﬂ)a

T4 = Dxé(fai‘a §,l}) : b(tAai‘a 'LL)

+
T5::jn¢('a'7§7g)( 'fi'a \7(2)

Ty = Jyo (i,,0,Ded(i,2.5.9)) — 7 (@ ~Dyd(i. #,5.1))

We estimate now every term. From (B2), (B3), and the p’-growth of w,
&) —w(3,9)) + CL(Jf = 8| + |2 — g1 + [g]")
(&) —w(3,9)) + 6" PCLL+ ") {5 (1 = 8% + |2 — 91"}/

Here and the sequel C' denotes positive constants not depending on L, K,
p; €, 0, or n, and they may change from line to line.

Since %(f,j:, 8,9) < +HE-3) and 22 (t ,8,9) < $(8—1), it follows that
Ty <0.
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By (B3), T3 < L(|t — 3| + |& — §|). We have that
D.é(t,2,5,9) = §(& — §) + 5DB (&) ;
Dyo(t,2,5,9) = §(§ — &) + §DB (9).
Therefore, by (Al), (A1’), and (2.2),
Ty < %12 =g (|t =53] +12—9]) + §KCs (1+ B (&) + B (D))
By (A3) and (2.5) we get
tisgs | (P6an o R )
+;/ 1B (& + (L, &,4,2)) — B(2) — DB (&) - y(t, &,4, 2)| v (dz)
{1z1<n}
45 [ 1BO608.2) ~ 8(0) - DE@) (55,0, v (d2)
{1z1<n}

= d + 2%+ (917 ) +eCa (L+ 8 (@) +8(®))) -

/{Z|<W}P(z) v( Z)( ( |:L" |9 > eCg ( (%) (y)))
To shorten notation, we define

£(2) =0 (ha+7 (E2,4,2)) —w (59 +v(3,9,0,2) — (v(,2) —w(5,9)).

We have that

T6 < /{Z|>1}g(2) 14 (dZ) + 215/ h’(f?ﬁjaﬁ’ Z) - 7(§>Q7a7 Z)‘Q v (dz)

n<|z|<1

25 [ [5G n) - 5 - D) (a2 v (@)
n<|z|<1

#5 [ 18G6.0.02) ~ 8) - DB ) (5,50 2)| v (02)
n<|z|<1

< C(2) v (dz
_/{|z|21}€() (d2)
+ /{I |<1}p(z)21/(dz) (% (|t = 32 + |2 — 9I*) +Cs (1 + B (2) +5(@))) .

For e fixed, 1 + |Z[P + |§|? is bounded and £(z) < Cp(2)P(1 + |&|P + |g]?).
Hence, by Fatou’s lemma,

lim sup/ E(z)v(dz) < / limsup € (2) v (dz).
SN0 J{]z[>1} {lzlz1} N0
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On the other hand, by (2.3),

£(2) <o (ta+v(Ea,10,2),89+759,4,2) — 6(C)
< (= 8P +18 — P2 + pl)) + Call + B(E) + BEN + p(2)).
Consequently,

fimsup [ E(a(dz) < <Colt+ 5@+ 5@) [ (1 e wdz).
N0 J{|z]>1} {lz[=1}

Using now all the estimates on T7,...,Tg, and relation (6.2), we can pass

to the limit in (6.6), for n \, 0, and 0 \, 0 (in this order):

—co (v(t,2) —w (3,9)) + %K'lir?\sup (1+8(2)+8(5)) > 0.
0

Relation (6.1) implies § (8 () + 8 (9)) < v (£,2) — w(8,9) — §. Hence,
letting € N\, 0, we obtain

(K — cp) limsup limsup (v(f,2) — w (3,9)) > %f(ﬁ,
e\0 \0

which is, of course a contradiction, since we assumed that co > K. O
Combining the existence result with the comparison principle, we get:

Corollary 6.3. Under assumptions (A0)-(A3), (Al'), (A2"), (B0)-(B3),
V' is the unique viscosity solution of equation (1.6) in the class ) ,_, Cp ((0,T]
x R™).

p'<p
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