ANALELE STIINTIFICE ALE UNIVERSITATII “AL.I. CUZA” DIN IASI (S.N.)
MATEMATICA, Tomul LIX, 2013, .1

THE GEOMETRY OF PRODUCT CONJUGATE
CONNECTIONS

BY

ADARA M. BLAGA and MIRCEA CRASMAREANU

Dedicated to Professor Vasile Cruceanu on the occasion of his 80th birthday
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Introduction

Fix M a smooth, n-dimensional manifold for which we denote: C* (M)
— the algebra of smooth real functions on M, X (M) — the Lie algebra of
vector fields on M, T7 (M) — the C*° (M )-module of tensor fields of (r,s)-
type on M. Usually X,Y, Z, ... will be vector fields on M and if T' — M is
a vector bundle over M, then I'(T") denotes the C°*°-module of sections of
T leg. I(TM) = X(M)].

Let C(M) be the set of linear connections on M. Since the difference of
two linear connections is a tensor field of (1, 2)-type, it results that C(M) is
a C°°(M)-affine module associated to the C°(M)-linear module T, (M).
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Fix now E an almost product structure on M, i.e. an endomorphism
of the tangent bundle such that E? = Ix(ary- Then the associated linear
connections are:

Definition 0.1. V € C(M) is an E-connection if E is covariant con-
stant with respect to V, namely VE = 0. Let Cg(M) be the set of these
connections.

In order to find the above set, let us consider after [5, p. 342] the maps

(0.1) Yp:C(M) = C(M), xp:Ty(M) = T3 (M)
given by
02) (V)= %(V—FEOVOE), xo(r) = %(HEOTOE).
So
0.3) {T/JE(V)XY =1 [1VXY + E(VXEY)]
xe(T)(X,Y) =5 [r1(X,Y) + E(r(X, EY))].

Then, ¢ is a C°>°(M)-projector on C(M) associated to the C°°(M)-linear
projector xg:

(0.4) Vi =ve, XE=x8 YE(V+T)=v5(V)+xs(r).

It follows that VE = 0 means ¢g(V) = V which gives that Cp(M) =
Imip. This determines completely Crp(M). Fix Vg arbitrary in C(M)
and V in Cg(M). So, V = ¢g(V’') with V' = Vg + 7. In conclusion,
V = ¢¥r(Vo) + xe(7); in other words, Cp(M) is the affine submodule of
C(M) passing through the E-connection (V) and having the direction
given by the linear submodule I'mx g of Ty (M).

Let us remark a decomposition (of arithmetic mean type) of it [5, p. 343]:

1
(0.5) vE(V) =5 (V+CE(V))
with the conjugation map Cg : C(M) — C(M):
(0.6) Cp(V)x :==FEoVxoFE.

Then the product conjugate connection Cg(V) measures how far the
connection V is from being an E-connection and as it is pointed out in [5,
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p. 343], CF is the affine symmetry of the affine module C(M) with respect
to the affine submodule Cg (M), made parallel with the linear submodule
ker xg.

The present paper is devoted to a large study of this new connection
Cg(V), since all above computations put in evidence its role in the geometry
of E. Therefore, the aim of our study is to obtain several properties of it
in both the general case and Riemannian geometry. The first section is
devoted to this scope and after a general result connecting V and Cg(V),
we treat two items:

i) the behavior of the product conjugate connections to a linear change
of almost product structure,

ii) the introduction in the product geometry of two tensor fields previ-
ously considered in the complex geometry.

With respect to i) we arrive at two particular remarkable cases concern-
ing the recurrence of the given almost product structures, while for ii) we
derive some useful new identities.

The second part of this paper is directed towards examples and to put
in our framework the geometry of (two complementary) distributions. The
most important case is when the considered distributions are in a natural
relationship with the initial linear connection V or with the almost product
structure .

In the last section we give some generalizations of the results from the
first part by adding an arbitrary tensor field of (1,2)-type. All generalized
product conjugate connections which form a duality with the initial linear
connection are determined.

1. Properties of the product conjugate connection

In what follows, for simplification we will denote by a superscript £ the
product conjugate connection of V

(1.1) V) .= Cp(V) =V + EoVE
and then
1.2) VY =vVyY + E(VxEY — E(VxY)) = E(VxEY).

The first properties of the product conjugate connection are stated in
the next proposition:
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Proposition 1.1. Let E be an almost product structure, V a linear
connection and V) the product conjugate connection of V. Then:

1.

VE)E = —VE; it results that V € Cg(M) if and only if V) €
Cr(M).

V and V'E) are in duality: (VE)E) = v,

Tym =1Tv + E(dVE), where dV is the exterior covariant derivative
induced by V, namely (dVE)(X,Y) := (VxE)Y —(Vy E)X; it results

that for V € Cg(M), the connections V and V) have the same
torsion.

. Ry (X,Y,Z) = E(Ry(X,Y,EZ)); it results that V is flat if and

only if VE) is so.

Assume that (M, g, E) is an almost product Riemannian manifold,
i.e. g(EX,EY) = g(X,Y). Then (V{'g)(EY,EZ) = (Vxg)(Y,Z);
it results that V is a g-metric connection if and only if VE) is so.

Proof. 1. The main relations used here are

(1.3) VO EY = E(VxY), E(VPY)=VxEY
and then
(14) (VxE)Y=VxEY — E(VxY)=E(VPY)-vPEYy=— (vPE)Y.

2. Although a direct proof can be provided by the formula (0.6), we
prefer a proof here, in order to use (1.1):

3

(1.5)

(VENE) = vE) L EoVEIE =V 4+ EoVE+ Eo(-VE)=V.
. A direct computation gives

Toum (X, V) = VY - v X - [X,V]
— B(VxEY) — E(VyEX) — [X,Y]
— B(VxEY — VyEX) + To(X,Y) — VxY + Vy X
= To(X,Y) + E(VxE)Y — (VyE)X).
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4.
Ro)(X,Y,2) = VOV 7 -9V 7 - 9D, 7
(1.6) — VO ENVyEZ) -V E(VXEZ) - E(VixyEZ)
= E(VxVyEZ) - E(NyVxEZ) — E(Vxy|EZ)
= B(Rv(X.Y. EZ)).
5.
(V) (V.I) 1= X (a(V, W) — o(VEV.W) — (V. T W)

- - 4g
=X(g(V,W)) —g(E(VxEV),W) = g(V,E(VXEW))
for any X, V and W € X(M). With V := EY and W := EZ, we get

(V& 9)(EY, EZ) = X(9(EY, EZ))
(L7) = g(B(VxY),EZ) - g(EY, E(Vx2))
=X, 2)) —9(VxY.Z) = g(Y,VxZ) := (Vxg)(Y, Z).

The above substitutions hold for Y = EFV and Z = EW. U

There are some direct consequences of these formulae:

i) if V is the Levi-Civita connection of g, then V(¥ is also metric with
respect to g,

ii) if V is the Levi-Civita connection of ¢ and in addition V € Cg(M),
then V() = V as the unique symmetric g-metric connection.

More generally, let f € Dif f(M) be an automorphism of the G-structure
defined by E, i.e. froE = FEo f,. If fis an affine transformation for V,
namely f.(VxY) = Vy x f.Y, then f is also affine transformation for v,

Two natural generalizations of the case V € Cg(M) are given by:

Proposition 1.2. Let V be a symmetric linear connection.

i) Assume that E is V-recurrent, i.e. VE = n® E, where n is a 1-form.
Then V'E) is a semi-symmetric connection.

i1) Assume that VE = n ® Ixry- Then V(E) is a quarter-symmetric
connection.
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Proof. i) We have V(¥) = V4 n®I and from the item 3 of the previous
Proposition, we get Tgm =n® 1 —-13®7n.

ii) It results that VE) = ¥V + 7 ® E and, as above, we get Tyr =
nE—FE®n. O

The next subject consists of the behavior of V() for families of almost
product structures. Let F; and Fy be two almost product structures and
consider the pencil of (1,1)-tensor fields E, g := aF + fE> with o and
B € R. In order that E, g to be an almost product structure there are
necessary two conditions:

1) E; and Ej be skew-commuting structures: EjEy = —EsEj,

2) (a, B) belongs to the unit circle S*: o? + 32 = 1. Then:

(1.8) VY = 020y 4 g20 )y 1 BBy (Vx EoY ) + By (Vx E1Y))

and there can be distinguished two remarkable particular cases:

i) if Eq and E9 are recurrent with respect to V with the same 1-form of
recurrence: VFE; = n® E;, then the product conjugate connections coincide
VED) = v(E2) —. v(E12) and it follows the invariance of V():

(1.9) V(Ba) = y(br2),

ii) assume that the triple (V, Eq, E2) is a mixed-recurrent structure:
VE; = n® E; with ¢ # j. Then V is the average of the two product
conjugate connections, V = (V1) + v(£2)) and

(1.10) VFas) =V + (o? — %) © BB

The last subject of this section treats two tensor fields associated to
an almost product structure. The paper [7] introduces the structural and
virtual tensor fields of an almost complex structure. Turning into our frame-

work, let us consider for a pair (V, E) the tensor fields of (1,2)-type:
1) the structural tensor field

1
(1.11) CEX)Y) = S(VBxE)Y + (VxE)EY].
2) the virtual tensor field

(1.12) BE(X,Y) := %[(VEXE)Y — (VxE)EY].
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From the item 1 of the first Proposition it results that both these tensor
fields are skew-symmetric with respect to the product conjugation of con-
nections:

(1.13) C@m =&, Bg(E) - —BEL

Also
(1.14) CE(EX,EY)=CE(X,Y), BE(EX,EY)=-BE(X,Y).

The importance of these tensor fields for our study is given by the following
straightforward relation:

(1.15) VB =v - of + BE.

Recall after [4] that two linear connections are called projectively equi-
valent if there exists a 1-form 7 such that:

(1.16) V=V+reIl+IeT

A straightforward calculus gives that C¥ is invariant for projectively changes
(1.16) while for BE we have:

(1.17) (BE, — BEY(X,Y) = 7(EY)EX — 7(Y)X.

2. Invariant distributions

Let D C T M be a fixed distribution considered as a vector subbundle of
TM.

Definition 2.1. i) D is called E-invariant if X € I'(D) implies EX €
(D).

ii) ([3, p- 210]) The linear connection V restricts to D if Y € I'(D)
implies VxY € I'(D), for any X € I'(T'M).

If V restricts to D, then V may be considered as a connection in the
vector bundle D. From this fact, in [1, p. 7] a connection which restricts to
D is called adapted to D.

Proposition 2.2. If the distribution D is E-invariant and the linear
connection V restricts to D, then V(E) also restricts to D.
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Proof. Fix Y € I'(D). Then EY € I'(D) and for any X € I'(TM) we
have VxY € I'(D). Therefore, VY)Y = E(VxEY) € T(D). O

A more general notion like restricting to a distribution is that of geodesi-
cally invariance [3, p. 118]. The distribution D is V-geodesically invariant
if for every geodesic v : [a,b] — M of V with §(a) € D,(, it follows
Y(t) € Dy for any t € [a,b]. The cited book gives a necessary and suffi-
cient condition for a distribution D to be V-geodesically invariant: for any
X and Y € I'(D), the symmetric product (X :Y) := VxY +Vy X to belong
to I'(D) or equivalently, for any X € I'(D) to have VxX € I'(D).

The following result is a direct consequence of definitions:

Proposition 2.3. If the distribution D is E-invariant and the linear
connection V restricts to D, then D is geodesically invariant for V&),

Example 2.4. Assume that the tangent bundle T'M admits a decom-
position

(2.1) TM=Ve&H

into vertical and horizontal vectors. Let D, = I'(V') respectively, Dy, = I'(H)
and the corresponding projectors v and h. Then F = h — v is an almost
product structure and both D, are E-invariant. As it is proved in [1], the
almost product structures are in a natural relationship with decompositions
of (2.1)-type and so, E = h—w is the prototype of all possible almost product
structures.

The product conjugate connection of V is

(2.2) VY = m(VxhY) — h(VxoY) — v(VxhY) + v(VxY)

and then we have:

Proposition 2.5. If V) is torsion-free, then E is integrable, which
means that Dy, and D, are involutive distributions.

Proof. From (2.2) we get h[X,Y] + v[X,Y] = ng)Y - Vg/E)X =
h(VxhY — VyhX) + v(VxvY — VyovX) and then h[X,Y] = VxhY —
VyhX, v[X,Y] =VxvY — VyovX. With X — vX and Y — oY in the
first relation above it follows h[vX,vY] = 0 and the change X — hX and
Y — oY in the second relation yields v[h X, hY] = 0. O
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We have:

1) V restricts to Dp, means v(VxhY) =0 and h(VxhY) = VxhY,

2) V restricts to D, means h(VxvY) =0 and v(VxvY) = VxvY.

A straightforward computation gives that the general V¥) of (2.2) re-
stricts to Dy, and D,,. Moreover, if V restricts to both D,, then

(2.3) VOY = VxhY + VxoY = VxY

and so V € Cg(M). Let us remark that the above connection (2.3) is exactly
the Schouten connection of the pair (h,v) [6, p. 10]:

(2.4) VxY = h(thY) + U(VXUY).

Example 2.6. Let M be a vector bundle over the manifold U by
m: M — U and V = kerTw the vertical bundle over M. Let also H;
and Hj be two horizontal bundles in the decomposition (2.1) and denote hq
respectively, ho their projectors. Then the skew-symmetry E1FEo = —FEsFE;
for the corresponding almost product structures of the previous example
means the skew-symmetry hihg = —hoh;.

Sometimes, a complementary distribution H to the above vertical sub-
bundle V is called Fhresmann connection, while if M is exactly the tangent
bundle TU, then H is called nonlinear connection [2].

Example 2.7. Let E be the almost product structure of example 2.4.
Our next step is to express the Kirichenko tensor fields in terms of the
projectors h, v:

Proposition 2.8. The structural and virtual tensor fields of E = h —v
are:

(2.5) {C%U(Xa Y) =2[h(VyxvY) + v(VipxhY)]

B%_W(X, Y) = _2[h(thUY) + U(VUX}ZY)].
Proof. From (1.14) we get

(2:6) CLU(hX,vY) = —CL " (vX,hY)

' BLU(hX,hY) = —BL (X, 0Y).

By making X — vX in the first relation and X — hX in the second one,
it results
27) CLV(hX,vY) = 0= CL"(vX,hY)

' BEY(hX,hY) =0 = B% Y (vX,vY)
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and then
28) {C%_”(X, Y) = C%:”(hX, hY) + C%:U(UX, vY)
By "(X,)Y) = By "(hX,hY) + By Y (vX,vY).

But
29) {0%—“(11)(, hY) = 20(VixhY)

Cy "(vX,vY) = 2h(V,xvY)
and
(210) {B%:”(hX, vY) = —2h(VjxvY)

By (v X, hY) = =20(V,xhY)
and then we have the conclusion. O

Let us recall the well-known fundamental tensor fields of O’Neill-Gray:

(2.11) {T(Xa Y) = h(VoxvY) + v(VyxhY)

A(X, Y) = U(thhY) + h(thvY).
Then, a comparison of last two equations yields

(2.12) {C@_”(X Y) = 2[T(X,0Y) + A(X, hY))]

BE(X,Y) = —2[T(X,hY) + A(X,vY)]

a fact which justifies the second name of 7" and A as invariants of (2.1) [6,
p. 9].

3. Generalized product conjugate connections

In this section we present a natural generalization of the product conju-
gate connection.

Definition 3.1. A generalized product conjugate connection of V is
(3.1) VES = v® 1 ¢

with C € Ty (M) arbitrary.
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Since the duality V <+ V(&) is a main feature of V&), let us search for
tensor fields C' such that (VZ))(EC) = ¥, From

(3.2) (VENEDY = vy 4 E(C(X,EY)) + C(X,Y)
it results that we are interested in finding solutions C' to
(3.3) E(C(X,EY))+C(X,Y)=0.

Let us remark that:

i) Cp = VE is a particular solution of (3.3),

ii) if C' is a solution, then E o C is also a solution.
So, let us search the duality property for

(3.4) VEAM) = B L \VE 4+ uE(VE) = (14 )V + AVE
with A and ¢ € R.

Proposition 3.2. The duality V < VEN holds only for the pairs
(/\> ,LL) € {(0> O)a (07 _2)7 (17 _1)7 (_L _1)}'

Proof. From (VE M) EAy — (14024 X2V x V42X (1+p) E(V Y)

(L+p)?+ 2% =1

it results the system { which has the above solutions.

AM1+p)=0
V(E,0,0) — v (E)
V(E0-2) — _y(E)
Let us point out that which confirm our result.[]
V(E,l,—l) \V/
vE-L-) = v

Returning to the general case (3.1), let us present the generalizations of
some relations from Proposition 1.1:

1. VEOE = _VE+C(-,E-)— EoC. Then V € Cg(M) if and only if
V(EAVE+uEOVE) ¢ ¢ (M) with X and p arbitrary real numbers.

2. the discussion above.

3. Tymo =Ty + E(dY E) 4 2Cew, where Cypey is the skew-symmetric
part of C, i.e. 2Cskew(X,Y) = C(X,Y) — C(Y, X). So, if C is symmetric
and V € Cg(M), then V and VFC) have the same torsion.

4. Rywo)(X,Y)Z = E(Ry(X,Y)EZ) + C(X, E(VyEZ)) —
C\Y,E(VxEZ))-C([X,Y],Z)+ E(VYyE(C(Y,Z)))— E(VyE(C(X, 2))).
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