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Abstract. In this paper, we define the strongly compatible relation € on the (m,n)-
ary hypermodule M, so that the quotient (M /e, h/€*) is an (m,n)-ary module over the
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1. Introduction

Hyperalgebras and power algebras are pairs (A; (f;)icr) consisting of a set
A and an indexed or non-indexed set of operations f; : Ax...x A — P*(A)
in the first and f; : A x ... x A — P(A) in the second case. Here P(A)
is the power set of A and P*(A4) = P(A) \ {0}. The general theory of
hyperalgebras, poweralgebras, hyper-coalgebras and power co-algebras can
be studied as application of (F}, Fy)-systems where Fy and Fh are appro-
priate set-valued functors [6]. There are applications in several branches
of mathematics and in computer science. For instance, hyperalgebras are
used to prove that any non-deterministic automaton is equivalent to a de-
terministic one. n-ary groups and n-ary semigroups are algebras with one
n-ary operation which is associative and invertible (in the first case) in a
generalized sense. The idea of investigations of n-ary algebras seems to
be going back to Kasner’s lecture [11] at the 53rd annual meeting of the
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American Association of the Advancement of Science in 1904. But the first
paper concerning the theory of n-ary groups was written (under inspira-
tion of Emmy Noether) by DORNTE in 1928 (see [7]). Since then many
papers concerning various n-ary algebras have appeared in the literature,
for example see [8, 9, 17].

n-hyperstructures, recently introduced by DAvvVAZ and VOUGIOUKLIS
(see [5]) are a nice generalization of the algebraic hyperstructures, which
have been studied since 70 years (see [7]), both on the theoretical point
of view and for the richness of their applications, especially to computer
sciences, but also to fuzzy set theory, graphs and hypergraphs, geometry
and others (see [1, 2, 3, 4, 12, 13, 16]).

A generalization of ordinary hyperstructures is studied in this paper,
namely (m,n)-ary hypermodules. Using this notion and the concept of
geometric spaces, we prove that the fundamental relation € on an (m,n)-
ary hypermodule is transitive.

Let H be a non-empty set and h be a mapping h : H" — p*(H) where
©*(H) is the set of all non-empty subsets of H and H™ the cartesian product
H x ... x H, where appears n times and an element of H" will be denoted
by (z1,...,%), such that z; € H for any ¢ with 1 < i < n. In general, a
mapping h : H" — p*(H) is called an n-ary hyperoperation and n is called
the arity of hyperoperation.

In the following we shall denote the sequence x;, xiy1,...,z; by :C‘Z . For
j < i, xﬁ is the empty set. In this convention h(z1,..., i, Yit1,. .., Y,
Tj41,...,Tn) will be written h($li,yg+l,l'?+1) and h(a,...,a) denoted by
h(a(™).

Let h be an n-ary hyperoperation on H and A,..., A, be non-empty
subsets of H. We define h(A}) = h(A1,...,A,) = U{h(z})|z; € A,
i=1,...,n}.

If h is an n-ary groupoid and t=[(n—1)+1, then the t-ary hyperoperation
hay given by hay (" V) =h(h( . h(h(at), 2205, ) 2 0 ),
will be denoted by h.

A non-empty set H with an n-ary hyperoperation h : H" — ©*(H)
is called an n-ary hypergroupoid and it is denoted by (H,h). An n-ary
hypergroupoid (H, h) is an n-ary semihypergroup if and only if the following
associative axiom holds:

B (@), 22050) = (e R T, e,
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for every 4,5 € {1,2,...,n} and z1,x9,...,22,—1 € H. An n-ary hyper-
semigroup (H, k), in which the equation b € h(a’ ™', z;, ai, 1) has a solution
x; € H for every ay,...,a;-1,0;41,...,ap,b € H and 1 < ¢ < n, is called
n-ary hypergroup.

An (m,n)-ary hyperring [15] is an algebraic hyperstructure < R, f, g >,
which satisfies the following axioms:

(1) (R, f) is an m-ary hypergroup,
(2) (R,g) is an n-ary hypersemigroup,

(3) the n-ary hyperoperation g is distributive with respect to the m-ary
hyperoperation f, i.c., g(ai", f(@]"),a%,) = f(g(ai™" a1,a2,,), ...

i—1 i—1 -
glay " wm,afy,)), for every ay " a1, 27" € R, 1 <@ <n.

< R, f,g > is called an m-ary hyperring if m = n. An m-ary hyperring
R is a hyperring if m = 2.

Example 1. Let (R, +,-) be a hyperring. Let f be an m-ary hyperope-
ration and g be an n-ary operation on R as follows:

fa{") = wi, Vai' €R,

=1

o) = [ Vot e R,

=1

then (R, f, g) is a (m, n)-hyperring and denoted by (R, f, g)=der i, ») (R, +, ).

2. e-relation on (m,n)-ary hypermodules

A non-empty set M = (M, h,k) is an (m,n)-ary hypermodule over an
(m,n)-ary hyperring R, if (M, h) is an m-ary hypergroup and there exists
the n-ary hyperoperation

k:Rx...x RxM — o"(M)
—_——

n—1
such that

(1) k(P h(a) = h(k(rE ™ 2n), - k0T 2m)),
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( ) ( 7f(81 )7 z+17 )_h(k( 817 z+11’ ),...,k(?“i ! Sm, Zrllvx))a

(3) k(ry~h g(ri™ ), ri @) = k(™ k(' %, ).

If k is a scalar n-ary hyperoperation on M, Si,...,S,_1 be non-empty
subsets of R and M| C M, we set

k(Sl,... n— 1,M1 U{k 7'1,...,7"71_1,.%)|T1‘€SZ', i1=1,...,n—1, :L’EMl}.

An (m,n)-ary hypermodule M is an R-hypermodule, if m =n = 2.

Example 2. Let M = {0,1,2} and (R, f,g) = derz2)(Z,+,") (see
Example 1). We define the commutative hyperoperations h and k as follows:

h(0,0,0) = h(0,0,2) = h(0,2,2) = h(2,2,2) = {0, 2},
h(0,0,1) = h(0,2,1) = h(2,2,1) =1,
h(0,1,1) = h(2,1,1) = {0,2}, h(1,1,1) = 1,

{0,2}, if re2Z or z€{0,2}
k(r,2) = {1 else

Then (M, h, k) is an (3, 2)-ary hypermodule over (3, 2)-ary hyperring (R, f, g).

Example 3. Let (R, +, -) be a hyperring and (M, +) be an R-hypermodu-
le. If N is a subhypermodule of M, then we set:

m
haf) =Y 2+ N, Val' € M,
=1

FOT)y =Y "ri, Vo €R,
=1

= HTZ‘, A 7“? S R,
i=1
n—1
kil o) =0 _r)-x+ N, Vi ' €R, Vo e M.
i=1

Then M = (M, h,k) is an (m,n)-ary hypermodule over (m,n)-ary hyper-
ring R.
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Definition 2.1. Let M = (M, h, k) be an (m, n)-ary hypermodule over
an (m,n)-ary hyperring R. An equivalence relation p on M is called com-
patible if a; p bi,..., am p by, implies that for all @ € h(aq,...,an) there
exists b € h(by,...,by) such that apb, and if r1,...,r,—1 € R, and zpy,
then for all @ € k(rq,...,7n—1,2) there exists b € k(rq,...,7n—1,y) such
that apb.

Let M = (M, h, k) be an (m,n)-ary hypermodule over an (m,n)-ary hy-
perring R and p be an equivalence relation on M. Then p is a strongly com-
patible relation if a;pb;, for all 1 < i < m implies that h(ay,...amnm)p h(b,...,
bm), and for every r1,...,7,—1 € R and zpy, then k(ri,...,rn—1,x)pk(r1,
e Tn—1,Y)-

We recall the following Theorem from [14].

Theorem 2.2. Let (H, f) be an m-ary hypergroup and let p be an equi-
valence relation on H. Then the relation p is strongly compatible if and only
if the quotient (H/p, f/p) is an m-ary group.

Now, we study the strong compatible relation I' on an (m,n)-ary hy-
perring R.

Definition 2.3. Let (R, f,g) be an (m,n)-ary hyperring. For every
k € N and I € N, where s = k(m — 1) + 1, we define the relation Iy, as
follows:

x gys y if and only if there exist xitf € R, where t; = l;(n — 1) + 1,
i=1,...,ssuch that {z,y} C f)(u1,...,us), where for every i = 1,...,s,
U; = g(li)(xﬁi)-

Now, set Ty = Ul{eN [pys and I' = Ugpen Tk Then the relation T is
reflexive and symmetric. Let I'* be the transitive closure of relation I'.

Theorem 2.4 ([15]). The relation T'* is a strongly compatible relation
both on m-ary hypergroup (R, f) and n-ary semihypergroup (R,g) and the
quotient (R/T*, f /T, g/T*) is an (m,n)-ary ring.

We define h/p(p(ai), ..., plam)) :={pa)|la € h(ai,...,am)} = p(h(al"))
and k/p(r1,...,rn_1,p(a)) :== {p(x)|x € k(r1,...,mm 1,a)} = p(k((r?',a)).

Theorem 2.5. Let M = (M, h,k) be an (m,n)-ary hypermodule over
an (m,n)-ary hyperring R and p be an equivalence relation on M. Then the
following conditions are equivalent.
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(1) The relation p is strongly compatible.

(2) Ifri,...,rn—1 € R, 21",a,b € M and apb, then for every
(t=1,...,m), we have h(:uzl_l,a, i) P h(:r’l_l,b,xﬁl) and

k(ri,...,rn—1,a) p k(r1,...,rn—1,b).

(3) The quotient (M/p,h/p,k/p) is an (m,n)-ary module over an (m,n)-
ary ring R. In the other words, (M/p,h/p) is an m-ary group, and
the scalar n-ary hyperoperation k is singleton.

Proof. We show that (2) < (1) < (3).
(1) = (2) It is straightforward.
(2) = (1) Let a; p b;, where i =1,...,m. By (2) we have

h(ala"'aam) E h(alv"'aamflvbm)
ﬁ h(alv'”aam—vam—labm)
E h(al,bg,...,bm)
P h(bl,...,bm>.
Since p is transitive, thus p is strongly compatible for h. Now, let r1,..., 7, 1
€ R and apb, hence k(r1,...,7—1,a) p k(r1,...,7n—1,b). Since p is transi-

tive, then p is strongly compatible.

(1) = (3) Since p is a compatible relation, then we conclude that h/p
and k/p are well-defined. Also p is strongly compatible, so (M/p,h/p) is
an m-ary group by Theorem 2.2. Now, we have

h/p(k/p(ri ™", px1)), . k/p(r7 ™, p(am)))
=n/p(p(k(r} ™", 21), .., p(k(r7 ™ 2m))) = p(k(r} ™, h(2T")))
= U oG a).

xch(z])

On the other hand

k/p(ri ™Y b p(p(ar), - plam))) = k/p(ry =", p(h(aT)))
= p(k(ri ™ hp(an), - op(an))) = | pR(r 77" 2)).

xeh(z])
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We have

k/p(r Y F(sT) it p()) = plk(ri™" f(sT), it 2)
:p(h(k(ri_17817r?qt_llv$)7' k(rll ! Sm,7’2-+11,a,’))).

On the other hand

W p(k/p(ri sy, it p(@), -k p(riT Y s, i p(2))
=h/p(p(k(r i Lsi,r f_;ll,x),... k(rl L, Z_Hl,x)))
1

= p(h(k(riY su it o), RO sy 2))).

Also, we have

k/p(ry g™, rfi 2, plx)) = plk(ry ™ g (), rf 0, ).

On the other hand

k/p(ry ™"k p(ry" =2, p(@)) = k/p(ri ™", p(k(ry" 2, 2)))
= p(k(ri™" k(r2" 7%, 2))).

(3) = (1) Now, let (M/p,h/p,k/p) be an (m,n)-ary module.

Let a;pb;, where i = 1,...,m, since (M/p,h/p) is an m-ary group, so
B p(p(ar), - plam)) = {p()] € hlar, -, am)} and h/p(p(b1); -, plbm))
= {p(z)|x € h(b1,...,an)} are singleton. Thus for every y € h(ai,...,am)
and z € h(bi,...,by) we have h/p(p(a1),...,plam)) = p(y) and h/p(p(b1),

., p(bm)) = p(2). But p(a;) = p(b;) and so we obtain p(y) = p(z) for every
y € h(ai,...,am)and z € h(by, ..., by). Therefore h(a,...,an) p h(b,...,
bin)-

Now, let r1,...,r,—1 € R and apb, since (M/p,h/p,k/p) is an (m,n)-
ary module over (m,n) —ary ring R, so k/p(r1,...,rn—1,p(a)) = {p(x)|z €
k(ri,...,rn—1,a) and k/p(ri,...,rn—1,p(b)) = {p( My € k(ri,...,mn—1,b)
are singleton. Thus for every z € k(r1,...,rn—1,a) andy € k(r1,...,7p-1,b)
we have k/p(rlv <oy -1, p(a)) = p(l’) and (k/p(rla <o p—1, P(b)) = p(y)
But p(a) = p(b) and so p(z) = p(y) for every x € k(ri,...,rp—1,a) and
y € k(r1,...,7n-1,b). Therefore k(r1,...,mn—1,a) p k(r1,...,7—1,0). O
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Remark 1. Let R be a hyperring and M be a hypermodule over R.
We recall the definition of relation € on M as follows [19]:

n n;  Kij
/ / /
rey & x,Y € E Mg My =m; Or m; = E (H Tijk)Zis
i=1 j=1 k=1

m; € M, iL'ijkER, zi € M.

The equivalence relation €* (transitive closure of €) was first introduced
by Vougiouklis, and studied by many authors concerning hypermodules.
The fundamental relation €¢* on M, defined as the smallest equivalence re-
lation such that the quotient M/e* is a module over the corresponding
fundamental ring such that M /e* is not an abelian group, see [18, 19].

Now, let M be an (m,n)-ary hypermodule over an (m,n)-ary hyperring
R. We define the relation € on M.

Definition 2.6. Let M = (M, h, k) be an (m, n)-ary hypermodule over
an (m,n)-ary hyperring R. We define

{7y} C hy(ui),r=a(m—-1)+1, a € N where,

u; = m; Or k(vf’l%l, x;), mi, x; € M where,
T €Y — ijsij
v = f(bij)(wij:l‘ )85 = bij(m —1) +1 where,

ikt
Wijk = Gen) @igpn ) gk = Cige(n = 1) + 1, zy00 € R.

In the following x;, y; and z; are the notations that defined in Defini-
tion 2.6.

Example 4. Let H = {a,b,c,d} and h(a,...,a) = {b,c} and for every
" € M, h(z{") = {c,d}, where z; # a, and 1 < ¢ < m. Then (M,h)
is an m-ary semihypergroup. If R be an arbitrary (m,n)-ary hyperring
then for every 77! € R and 2 € M, we define k(r?~',2) = {c,d}. Then
M = (M, h,k) is an (m,n)-ary hypermodule. We have bec and ced so be*d
but (b,d) ¢ e. Hence € is not transitive.

Lemma 2.7. The relation €* is a strongly compatible relation on (m,n)-
ary hypermodule M, both on m-ary hyperoperation h and scalar n-ary hy-
peroperation k.
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Proof. If a; € by,...,am € by, then €*(a1) = €*(b1),..., e (am) =
€*(by). For every a € h(ay,...,ay) and b € h(by,...,b,) we have
€“(a) = €"(h(ay,...,am)) = h/e (€ (ar),..., € (am))
=h/e (e (b1),...,€ (bm)) = € (h(b1,...,bp)) = € (D).

Now, let ri,...,7v—-1 € R, a1,bp € M and aie*b;, then for every
a€k(ry,...,rp—1,a1) and b € k(r1,...,rn—1,b1), we have

(a) =€ (k(r1,...,tn—1,a1)) = k/e((r1,...,n—1,€ (a1))
=k/ek(r1,...,mn—1,€(b1)) = €"(b).
(]

Corollary 2.8. Let M = (M, h, k) be an (m,n)-ary hypermodule over
an (m,n)-ary hyperring R. Then the quotient (M /e*, h/e*, k/e*) is an (m, n)-
ary module over an (m,n)-ary ring R, where

/e (*(ar),. .., e (am)) == {e*(a)|a € h(at,. .., am)} = € (h(a]"))

and
k/e (r1,...,rn—1,€(a)) :={€(z)|x € k(r1,...,rn-1,0)} = e*(k((r{‘_l,a)).

Proof. Since €* is a strongly compatible relation by Theorem 2.5,
(M/€e*,h/e* k/e*) is an (m,n)-ary module over an (m,n)-ary ring R. 0

If M = (M,h,k) is an (m,n)-ary hypermodule, then é denoted the
transitive closure of the relation € = J,- €4, where € is the diagonal, i.e.,
€0 = {(z,x)|]z € M} and for every integer a > 1, ¢, is the relation defined
as follows: ze.y if and only if {z,y} C h(,), for some a € N. If zepy (i.e.,
x = y) then we write {z,y} C u(). We define €* as the smallest equivalence
relation such that the quotient (M/e*, h/e*, k/e*) is an (m,n)-ary module
over an (m,n)-ary ring R, where M /e* is the set of all equivalence classes.
The relation €* is called fundamental equivalence relation.

Lemma 2.9. Let M = (M, h,k) be an (m,n)-ary hypermodule over an
(m,n)-ary hyperring R, then for every a € N, we have €, C €441.

Proof. Let = ¢, y, then there exists a € N, and wuy,...,u,, where
r=a(m — 1)+ 1, such that {z,y} C h(,)(u]). By producibility of h, there
exist uf,...,ul,, such that u; C h(u),...,ul,). So

{x,y} - h(a)(u’i) = h(a)(ul oo ,ur) - h(a)(h(ull, SN ,u;n),UQ, N ur),

= h(a+1) (u/’in’ up).
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This means = €541 ¥. ]

Corollary 2.10. Let M = (M, h, k) be an (m, n)-ary hypermodule over
an (m,n)-ary hyperring R, then for every a € N, we have ¢} C € ;.

Theorem 2.11. The fundamental relation € is the transitive closure
of the relation e, i.e., (¢" =¢).

Proof. Suppose that € is the transitive closure of e. By Theorem 4.1,
[5], we know that the quotient M /€ is an m-ary hypergroup, where h/€ is
defined in the usual manner

hfeExr), ..., €l@m)) = {e(y)ly € h(&z1), ..., &(zm))},

for all x1,...,xym € M.

Now, we prove that M/€ is an (m,n)-ary module over an (m,n)-ary
ring R. The scalar n-ary hyperoperation k/€ on M /€ is defined in the usual
manner:

k/etry,...,rn—1,€(x)) = {eW)|y € k(r1,...,rn—1,2)},

for all r1,...,7,—1 € R and = € M. Suppose that a € €(z). Then we
have aer, if there exist zi,...,%,, such that z1 = a,...,7,, = = such
that {x;, z;41} C ;). So every element z € k(r1, ..., 7,1, 7;) is equivalent
to every element to k(r1,...,7n—1,%i+1). Therefore k/€(ry,...,rn—_1,€(x))
is singleton. So we can write k/e(r1,...,rn—1,€(x)) = €(y), for all y €
k(ri,...,rn—1,€(x)).

Moreover, since k has n-ary hypermodule scalar properties, consequently,
k/€ has (m,n)-ary hypermodule scalar properties.

Now, let @ be an equivalence relation on M such that M /6 is (m,n)-ary
hypermodule over an (m,n)-ary hyperring R. Then for all z1,...,z,, € M,
we have h/0(0(z1),...,0(xm)) = 0(y) for all y € h(0(z1),...,0(zy)). Also
k/O(ri,...,mn—1,0(x)) = 0(2), for all z € k(r1,...,mp—1,0(x)). But also, for
every xi,...,Tm,& € M, r1,...,7p—1 € R, A; C 6(x;),(: = 1,...,m) and
A CO(x), we have

h)0(0(z1), ... 0(xm)) = 0(h(z1, ..., 2m)) = O(h(Ar,. .., Anm))

and

k/O((r1,...,mn-1,0(z)) = 0(k(r1,...,tn—1,2)) = 0(k(r1,...,rn—1,A)).
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Therefore, 6(a) = 0(h(;)) for all i > 0 and for all a € h;. So for every
a € M,z € e(a) implies z € §(a). But 6 is transitively closed, so we obtain
x € €"(a) implies x € 0(a). Hence, the relation €* is the smallest equivalence
relation on M such that M/e* is an (m,n)-ary module over an (m,n)-ary
ring R. (]

Theorem 2.12. Let M = (M, h,k) be an (m,n)-ary hypermodule on
(m,n)-ary hyperring R. Then (M/e*,h/e*) is an (m,n)-ary module on
(m,n)-ary ring (R/T*, f/T*, g/T*).

Proof. By Theorem 2.7, €* is a strongly compatible relation on M,
and (M/e*, h/€e*) is an m-ary group by Theorem 2.2. Also by Theorem 2.4,
(R/T*, f/T'*,g/T'*) is an (m, n)-ary ring. Now, let r1,...,r,_1 € R, z € M
and define

E/e (T*(r1),...,I*(rp—1),€ () == k(T (r1),..., T (rn—1), € (x)).
If ¢ € ho(ug,...,u,) and r; € fi,(u},...,u)), then

E(T*(r1) ..., T*(rn=1), € (%) S E(feys-- s fron_1» Pa(ut, ..., up))
- h’a(k:(fkp DRI fknfl)ul)u sy k(fklv v 7fkn717ur))-

!
n—1

kI (rh), ., T (1), € (1)
g ha(k(fklu s 7fkn71aul)7 H '7k(fk1) o '7fkn717u7‘))-

So, for every ' T*ry,...,r. _T™r,_1 and ye*z, we have
9 1 9 9 I

Since M is an (m,n)-ary hypermodule on (m,n)-ary hyperring R, the pro-
perties of M as an (m, n)-ary hypermodule, guarantee that the m-ary group
M/e* is an (m,n) — ary R/T*-module. O

3. Fundamental relation and strongly transitive geometric
space

A geometric space is a pair (M, €) such that M is a non-empty set, whose
elements we call points, and € is a non-empty family of subsets of M, whose
elements we call blocks. The family F (M) of all e-parts (see [2]) of M is
non-empty since () and M are elements of f (M ). Moreover, the intersection
of elements of F (M) is an element of F (M), hence F (M) is a closure
system of M. For a subset X of M, we denote by I'(X') the intersection of
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all e-part of M containing X. The set I'(X) is the smallest e-part of M,
called the closure of X.

The following properties are true:

(P1) X CTI(X).

(P2) XCY=TI(X)CI(Y).

(P3) TI'(I'(X)) =T(X).

(P4) T(X)=U,ex'(z), where I'(x) = I'({z}).

For all subsets X of M, we can associate an ascending chain of subsets
(I'n(X))nen, called cone of X, defined by the following conditions: I'g(X) =
X; and for every integer n > 0 'y (X) =T (X)U[U{B € ¢l BNT,(X) #
0)).

FRENI [10] used the notion of the cone of X and obtain the closure of
X, as it is shown in the next result.

Proposition 3.1. Let (M, ¢€) be a geometric space. For every n € N
and for every pair (X,Y) of subsets of M we have:

)
2) Tn(X) = Uyex Tn(), where Tp(z) = Ty ({z}).
3) Tn(Tim (X)) = Tpm(X)
4) T(X) = Upen T'n(X)
5) If the family € is a covering of M, then Tyt (X) = U{B € ¢|B N

t
['n(X) # 0}

Remark 2. By property (5) of Proposition 3.1, in a geometric space
(M, €) such that e is a covering of M, the cone (I';,(X))nen of X is defined
by two conditions: I'g(X) = X and T',,11(X) = J{B € ¢|BNT,(X) # 0},
for every integer n > 0.

If By, By,...,B, are n blocks of a geometric space (M,e¢) such that
BiNBi11 # 0, forany i € {1,2,...,n—1}, then the n-tuple (B1, Ba, ..., By)
is called a polygonal of (M, €). The concept of polygonal allows us to define
on M the following relation:

x~y< x=yor apolygonal (By,Ba,...,B,) exists such that z € B;
and y € B,.

The relation ~ is an equivalence and it is easy to see that it coincides
with the transitive closure of the following relation:
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x ~y < x =y or there exists B € e such that {z,y} C B,

so ~ is equal to | J,,~; ~", where ~"=~ o0~ o...0 ~ n times.

If € is a covering of M, the relation ~ and ~ can be defined in the
following simply way:

x ~ y < there exists B € € such that {z,y} C B,

x &= y < a polygonal (By, Bs,...,B,) exists such that z € B; and
Yy € By,

Proposition 3.2. For every integer n > 1 and for every pair (z,y) of
elements of M, we have:

1) y~"x e yely(z).
2) [z] =T(x).
Proof. (1) We proceed by induction on n € N. If n = 1, we have:
y~zx <Sax=y or dBee:{z,y} CB
Szx=y or ABee:ye B, BNn{z}=BnNTy(z)#0
s yeli(x).

Assume now that y ~" z < y € I'y(x). By (1), (2) and (3) of Proposi-
tion 3.1, we deduce that

y~te e3zeMiy~zz~ "o
S JzeM:yeli(z), zely(z)
s yel(Th(z)) =Thti(x).
(2) By the preceding claim, we have
yex] LyxrxesdIn>liy~"x
edn>1:yely(z)

<y e ().

Corollary 3.3. For every integer n > 1, we have:

1) ~™is transitive < I'(x) = 'y (), for all x € M.
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2) ~ is transitive < I'(z) = I'1(z), for all x € M.

Proof. (1) If ~" is transitive, then ~2"C~" and, by (1) of Proposition
3.1, we have the implications: y € Ty41(z) C Top(x) = y ~*" 2 = y ~"
x = y € I'y(x). Therefore, we have I';, 11 (z) C I',(x) and, using Proposition
4.1, we obtain I'(z) = I'y, ().

Conversely, if I'(x) = ', (x) for every x € M, then, by Proposition 3.1,
we have the equality I';,(z) = I'2,(2) and the implications: y ~?" z = y €
Fon(x) = y € T'n(z) = y ~™ x. Hence, the relation ~™ is transitive. O

Theorem 3.4 ([10]). For every pair (A, B) of blocks of a geometric
space (M, €) and for any n € N, the following conditions are equivalent:

1) ANB#0, ze B=3C€e: (Au{z}) CC.
2) ANB#0, el (B)=3Cee: (AUu{z}) CC.
3) ANT,(B)#0, z €Ty (B)=3C€e: (AU{z}) CC.

A geometric space (M, €) is strongly transitive if the family € is a covering
of M and moreover one of the three equivalent conditions of Theorem 3.4,
is satisfied.

Let M = (M,h,k) be an (m,n)-ary hypermodule on an (m,n)-ary
hyperring (R, f,g) and P(H) be the family of subsets of M defined as
follows: for every integer n > 1 and for every n-tuple (uy,us,...,u,), where
r=a(m—1)+ 1, we set:

1) B(u1) = {u1},
2) If k € N then B(uj) = hy(uf).
Lemma 3.5. Let M = (M, h,k) be an (m,n)-ary hypermodule on an

(m,n)-ary hyperring R, if there exist uj and I € {1,...,r}, where r =
a(m — 1)+ 1 such that w; C B(z]), then

1) h’(yiile(ula o 7u7‘)7yﬁ1) = B(yiilaula o 7u7“7y[n:ﬁ1)a
2) k(™Y B(21)) = Bk(r7 ™Y 21), 0 k(P 20)).
Proof.

1) It gets easily from definition.
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k(rp™h B(2))) = k(P hay (21))
= h(k(r?™ hg—1)(2]))

Lemma 3.6. Let M = (M, h,k) be an (m,n)-ary hypermodule on an
(m,n)-ary hyperring R. If k7 € N", 1 <i<n and ri = ki(m—1)+1, then
for every ri + ...+ rp-ary (211, Y13, ... 21™), we have

1) n(B(«1'), B(yr*), -, B(z1™)) = Bt 917, -+ 21™")
2) k(i M(B(ay), B(y1*), .-, B(2]™)))
= h(k(r} ™", B(21")), k(7™ B(yi*)), ... k({1 B(™)).

Proof.
1) h(B(2y'), B(y1*),- .-, B(21™)) = h(he) (21"), Pra) (U17) 5 -5 iy (217)
= h(l+7‘1+...+7‘m)(1’€17y127 e 7Z{m) = B(qu)yigv e 72Im)

2) k(r{ ™" h(B(21), By1?),- -, B(™)))
= h(k(ry ™ gy (1)) R (T ey (97)s -+ ROE T e (217)))
= h(k(r} ™", B(21")), k(r{ ™, B(y2)), ., k(r7 ™ B(2™))).
U
Lemma 3.7. Let M = (M, h,k) be an (m,n)-ary hypermodule on an
(m,n)-ary hy/perring R. If there exists z] , where r’ = a(m—1)+1 and
there exist ] andl € {1,...,r'}, such that zy C B(x} ), then
1) B(21) € B2y ' a7, 2)
2) k(i7" B(])) S k(i B et 27L))

Proof. It gets easily from definition. O
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Lemma 3.8. Let M = (M, h,k) be an (m,n)-ary hypermodule on an
(m,n)-ary hyperring R, ¢ € N and | = q(m — 1) + 1. For k{ € N and
1 <i <1, wesetr; =ki(m—1)+1, then for every ri + ... + rj-ary
(21", 912, ..., 2]"), we have

BB(), B, - BE) = B@lyl?, ., 2.
Proof. Since M = (M, h, k) is an (m,n)-ary hypermodule, we have

B(B(z1'), B(y1*),---, B(21")) = hig)(hge)(21"), gy (277), -+ Py (27™))
= h(11+k1+k2+...+/€1)(w§1 ) y?v R ZIZ)
= Bz, v, ..., 21Y).
O

Theorem 3.9. Let M = (M, h,k) be an (m,n)-ary hypermodule on
an (m,n)-ary hyperring R. If for every x € M there exist v?il (see Defi-
nition 2.6), and y € M such that k(v?_l,m) = h(z(™=2) gy x), then the
geometric space (M, P(M)) is strongly transitive.

Proof. Let B(z]) and B(z}') be two blocks such that
BEDNB@EY)#£0 and z € B(x)),

where 7 = k(m — 1) + 1 and ' = k¥'(m — 1) + 1, for some k, k' € N.
Let b € B(z]) N B(z}), since there exist v~ and z; € M such that
2z = k(v]™ 1 z1), then there exist ¢,y € M such that

zeh(b,e, ™) and  z = h(z"2 y, z).
Now, since x € B(z} ), we have

2 € h(b, ¢, b)) C h(B(2]), ¢, b)) = h(hy(2]), ¢, b))

- h(k+1)(2{767 b(m_2)) B(Zlvc plm 2))

- B(zI_l,h(x(m_Q),y,m),c, plm— 2)) Bz "« x(m 2),y,x,c, b(m_Q))
C B(zf_l,x(m_Q),y,x’l'l, c, b(m_Q)) = B.

Since b € B(z}),

B(z1) < B(ZI_I, W™=y, 2)) = B(z{ ", a2y, )
< B( B % (m—2)’ y, h(b, c, b(m_Q)) = B(Ziq_l, $(m—2)’ y,b,c, b(m—2)))
C B(z 2™y 2t e, ) = B.
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Hence B(z]) U {z} C B(z{‘l,x(m”),y,x{l,c, b(m=2)) = B, therefore
(M, P(M)) is a transitive geometric space. O

Remark 3. If M is an (m,n)-ary hypermodule, the relation ~ defined
on the geometric space (M, P(M)) coincides with the relation € used in this
paper. In fact, the relation e is defined as follows

rey < IneN, I(u,...,ul): {z,y} C Buj,ub,...,u.),

thus zey < z ~ y.

Theorem 3.10. Let M = (M, h,k) be an (m,n)-ary hypermodule on
an (m,n)-ary hyperring R. If for every x € M there exist v}~ (see De-
finition 2.6), and y € M such that k(v7 ', x) = h(z"2) y x), then the
relation € is a compatible and transitive relation.

Proof. Since (M, P(M)) is a transitive geometric space, by Remark 3,
the relation € is transitive. O

Corollary 3.11. Let M be an R-hypermodule and for every x € M,
R.x = M. Then the relation € introduced in Remark 1, is a transitive
relation on hypermodules.
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