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given, from which it follows that this I-congruences lattice is distributive.
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1. Introduction and preliminaries

In [16], SETH generalized the notion of Rees matrix semigroup and Rees’s
theorem for I'-semigroup. Some properties concerning Rees (cf. [2,3,11,12],
[14,17]) matrix I'-semigroups have been already considered in [7]. In [6],
an explicit description of the congruences and lattice of congruences on
regular Rees matrix '-semigroups is obtained. The concept of the [ — I'-
semigroup is introduced in [8]. The purpose of this paper is to introduce
and to reveal some properties of [-Rees matrix I'-semigroups. Generalizing
the results given in [6], the structure theorem of [-congruences lattice of
[ — I'-semigroup M = p°(G : I, A, T) is given, from which it follows that
this [-congruences lattice is distributive.

We introduce below necessary notions and present a few auxiliary results
that will be used throughout the paper.

In 1986, SEN and SAHA [15] defined I'-semigroup as a generalization of
semigroup and ternary semigroup as follows:
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Definition 1.1. Let M and I' be two nonempty sets. Denote by the
letters of the English alphabet the elements of M and with the letters of
the Greek alphabet the elements of I'. Then M is called a I'-semigroup
if there exists a mapping M x I' x M — M, written as (a,~,b) — avyb
satisfying the following identity (aab)Bc = aa(bfc) for all a,b,c € M and
for all a, 8 € T.

Example 1.2. Let M be a semigroup and I' be any nonempty set.
Define a mapping M x M x M — M by ayb = ab for all a,b € M and
v €TI'. Then M is a I'-semigroup.

Example 1.3. Let M be a set of all negative rational numbers. Ob-
viously M is not a semigroup under usual product of rational numbers.
Let I' = {—% : p is prime}. Let a,b,c € M and o € I'. Now if aab is
equal to the usual product of rational numbers a, «, b, then aab € M and
(aad)pe = aa(bfc). Hence M is a I'-semigroup.

Example 1.4. Let M = {—i,0,i} and ' = M. Then M is a I'-
semigroup under the multiplication over complex numbers while M is not
a semigroup under complex number multiplication.

These examples shows that every semigroup is a I'-semigroup and I'-
semigroups are a generalization of semigroups.

A nonemtpy subset K of a I'-semigroup M is called a I'-subsemigroup of
M if, for all a,b € K and v € T, ayb € K. An element a of a I'-semigroup
M is called an vy-idempotent if exists v € I', aya = a ([15]).

Example 1.5. Let M = [0, 1] and I' = {%|n is a positive integer}. Then
M is a I'-semigroup under usual multiplication. Let K = [0,1/2]. We have
that K is a nonemtpy subset of M and ayb € K for all a,b € K and v € T'.
Then K is a sub-I'-semigroup of M.

Let M be a I'-semigroup and z be a fixed element of I'. We define a o b
in M by aob=axb,Va,b € M. The authors [15] have shown that M is a
semigroup and denoted this semigroup by M,. They have shown that if M,
is a group for some x € ', then M, is a group for all z € I'. A I'-semigroup
M is called a T'-group if M, is a group for some (hence for all) z € T

An element a of an I'-semigroup M is called left zero element (resp.
right zero element) of M if ayb = a (resp. bya = a), for all b € M and
v € I'. It will be called a zero element if it is a left and right zero element
and it is denoted by 0.
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An equivalence relation p on a I'-semigroup M is called a congruence
if for all ¢ € M and for all v € I', (a,b) € p implies (avyc,byc) € p and
(cya, cyb) € p.

Examples of I'-semigroups can be seen in [9, 10, 15, 16].

Let G be a group, I, A be two index sets and I be the collection of some
A x I matrices over G° = G U {0}, the group with zero. Let u° be the
set of all elements (a);y where i € I, A € A and (a);) is the I x A matrix
over G° having a in the i-th row and A-th column, its remaining entries
being zero. The expression (0);, will be used to denote I x A zero matrix.
For any (a)ix, (b)ju, () € 1° and o = (pxni), B = (qni) € T' we define
(a)ixa(b)ju = (aprjb)iu- Then it is easy verified that [(a)iza(b);u]B(c)k, =
(a@)ixed[(0)juB(c)ky]. Thus p° is a I'-semigroup.

We shall call I' the sandwich matrix set and u® Rees I x A matrix I'-
semigroup over G° with sandwich matrix set I' and denote it by
pl(G : I, A, T'). Sandwich matrix set I' is called regular ([16]), if for each
row i € I there exists a matrix o = (py;) € I' and for each column A € A
there exists a matrix 8 = (¢g;) € I' such that @ = (p,;) has at least one
non-zero entry in i-th row, 8 = (g,;) has at least one non-zero entry in A-th
column.

A po-T'-semigroup is an ordered set M at the same time I-semigroup
such that for all c € M and for all vy € I', a < b = aye < byc, cya < ¢yb.

Let M be a lattice under V and A and at the same time a po — I'-
semigroup such that for all a,b,c € M and for all v € T, ay(bV ¢) =
aybVaye, (aVb)ye = ayeVbyc and ay(bAc) = aybAaye, (aAb)ye = ayeAbye.
Then M is called a lattice-ordered I'-semigroup (: [ —I' — semigroup) ([8]).

The usual order relation < on M is defined in the following way a <
b< aVb=0. Then we can show that for any a,b,c€ M and vy €T, a<b
implies ayc < byc and cya < cvb.

Examples of lattice ordered I'-semigroups can be found in [8].

Example 1.6 ([8]). Let (X, <) and (Y, <) be two finite chains. Let M
be the set of all isotone mappings from X into Y and I' be the set of all
isotone mappings from Y into X. Let f,g € M and o € I'. Then M is
a I'-semigroup with respect to the usual mapping composition fag of f, «
and g. For f,g € M, the mappings fV g and f Ag are defined by letting, for
cach a € X, (fVg)(a) = max{f(a), g(a)}, (f Ag)(a) = min{f(a), g(a)} (the
maximum and minimum are considered with respect to the order < in X
and Y). The greatest element e is the mapping that sends every a € X to
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the greatest element of finite chains (Y, <). Then M is an le — I'-semigroup.

Example 1.7 ([8]). Let M be a po — I'-semigroup. Let M; be the set
of all ideals of M. Then (M;,C,N,U) is an le — I'-semigroup.

Example 1.8 ([8]). Let M be a po—I'-semigroup. Let M; and I'y be the
sets of all subsets of M and I, respectively. Then M is a po—I'{-semigroup
with respect the mapping

A — {(A](A](B] = (AAB), if A,B € M\{0},A € T4\ {0}
0, if A=0 or B=10

and (Mp,C,N,U) is an le — I'1-semigroup.

A subset T of a po — I'-semigroup M is said to be convez, if for all
z,z€Tandye M,z <y < zimpliesy € T.

If a Rees matrix I-semigroup M = u°(G : I, A,T") is an [ — I'-semigroup,
it is called an [-Rees matrix I'-semigroup.

An l-congruence p on an | — I'-semigroup M is a congruence on the
I'-semigroup structure and the lattice structure.

2. Main results

Proposition 2.1. Let M be a Rees matrix I'-semigroup.

1. If for any a,b,c € G, o = (px;) €T, 4,5 € I, \,p € A, (a)ira(b)j, =
(€)irnex(b)ju, then a = ¢, that is (a);x = (¢);r-

2. If the sandwitch matrix I' satisfies that its entries are all equal to e,
the identity element of G, then M has cancellation law.

Proof. (1) We have that (a)iza(b);, = (c)ira(b);, implies (apx;b)iup =
(epx;jb)ip and so apyjb = cpy;b. Therefore a = c.

(2) If for any a,b,c € G, a = (px;) € I, 4,5,k € I,\ u,0 € A,
(@)ixe(b)jp = (c)gscu(b)ju, then by hypothesis (ab);, = (cb)ru, and so
i = k,c=a, that is (a);x = (¢)s- O

In sequel, we denote by a, the sandwich matrix a € I' whose entries are
all equal to e, the identity element of G. We denote I'c = {a.}.

Proposition 2.2. Let M = u°(G : I, A,T'). Then any a-idempotent of
M, where a = (py;) €T, is (p3;)in (Vi € I,A € N).
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Proof. Let (a);y (Vi € I,A € A) be an a-idempotent of M, where
a € T'. Then we have (a);na(a)ix = (apya)ix = (a)in, and so apy,a = a.
Thus a = p;il. O

Remark 1. It is clear that there is one such a-idempotent for each
pair i, A where ¢ € I, A € A such that py; # 0. Therefore, for all a € I, the
number of all a-idempotents in M = p°(G: I,A\,T) is |I| x | A |.

Theorem 2.3. Let M = p°(G : I, \,T") be an | — I"-semigroup. Then
the set Fx = {(py;')in, Vi € I} of all a-idempotents of M (Yoo = (py;) € T)
in the A-th column is a left zero convex | — I'-subsemigroup of M.

Proof. 1. We show that F) is a sublattice of M. For any (p;il)i,\, (p;jl)jA
€ F), there exist k € 1,6 € A such that (p)_\il)z')\ \% (p;jl)jA = (¢)gs. Then for
a €T, we have (p;il)ua(p;il)i,\ vV (p;il)i)\a(p;jl)ﬂ = (p)_\il)iAa(c)k(; and so
(px)ia Vv (p;ilpxjp,f})i,\ = (pyi)ir = (py; Pakc)is- Hence A =& and ¢ = py !,
that is there exists k € I such that (py;')i\ V (p;jl)j,\ = (pyp )kx In the same

way, we can show the result for the case ” A 7.
2. F) is left zero. Indeed for any 7,7 € I and o € I" we have

(PXil)i,\a(p,(jl)jA = (PXZ-IP,\J‘PX;)M = (p3; )in-

3. F) is convex. Indeed: let (p)_\il)i)\ < (Ops < (p;jl)j)\. Then by
step 2 we have (py)ix < (03 )ina()rs = (py; Pakc)is < (p3;)ina(py; )ix =
(p;il)i,\. Hence § = X\ and ¢ = p;kl Therefore (¢)gs € F. O

Dually we have

Theorem 2.4. Let M = p°(G : I, \,T") be an | — I"-semigroup. Then
the set F\ = {(py;')ixs YA € A} of all a-idempotents of M (Yo = (py;) € T)
in the i-th row is a right zero convexr | — I'-subsemigroup of M.

Theorem 2.5. Let M = u°(G : I, A\, T") be an | — I'-semigroup and T’
satisfies that every matriz of it is such that all elements of its A\g-th row and
ig-th column are equal to b(¥b € G). Then

(1) Vi,j € 1,3k €I such that Ya € G,¥Y5 € A, (a)is V (a)js
(2) Vo,p € AIXNE A such that Va € G,Vi € I,(a)is V (a)ip

(@)ks;
(@)ix-
Proof. We will prove only (1). The proof of (2) is similar. We show

first that (€)in, V (€)jro = (€)ko-
Indeed: The following identities hold true:
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L. (a)iu = (ab™'py} )ixc(b)ju, for all A € A,a € T

2. (a);y = (b)wa(p;jlb_la)ﬂ, for all p,a €.

Suppose that (a);, < (a);j,. Then (a);, V (a)ju = (a)ju. Using (1),
we have (@)iy = (Px1)ix(@)j (@) = (30 )jaa(@)jur and (@) V (a)j =
[(p;jl)i,\ Y (p;jl)j,\]a(a)ju = (a)ju. The element between the brackets is
necessarily of the form (c);; and depends only of i and j. So, we have
(c)jsa(a)ju = (a)ju, and cpsja = a. Consequently, ¢ = pé_j1 and (p;jl)i)\ Y
(p)_\jl) A= (pgjl) js- Therefore, we have that that there exists k € I such that
(€)irg V(€)jro = (€)kro- Then for a € T" we have (e);x a(€)ir, V (€)irog(€)ixg
= (Proi)ing V (Proi)irg = (€)irg@(rrg = (PagkCing: Thus (b)in, = (be)ir,
since P, = Prgj = Paok = b. Hence ¢ = e.

In general, (a)is V (a)js5 = [()ir, V (€)jn,]a(b™"a)is = (€)iaoa (b~ a)is =
(Proib™ " a)is = (a)s- 0

Remark 2. The results of Theorem 2.5 remain true if we replace V
with A.

Proposition 2.6. Let M = pu°(G : I, A\,T") be an [ — I'-semigroup and
I' satisfies that every matrix of it is such that all elements of its A\p-th row
and ip-th column are equal to e the identity element of G. Then I and A
are distributive lattice ordered sets.

Proof. Similar to the proof of Proposition 6 ([13]), we obtain it. O

By the Proposition 2.6 and the last paragraph of [13] we have:

Theorem 2.7. Let M = p°(G : I,\,T¢). Then M is an l—T-semigroup
if and only if G is an l-group and I, A\ are lattices.

The following lemma holds true:

Lemma 2.8 ([6, Lemma 2.1]). Let M = p°(G : I,A\,T), T' be regular
and p be a congruence of M. Then N, ={a € G : (a)11p(€e)11} is a normal
subgroup of G.

Theorem 2.9. Let M = pu°(G : I,A\,T.) be an | — I'-semigroup. Then
N, is an l-ideal of the l-group G for any l-congruence p of M.
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Proof. By Lemma 2.8 we only need to verify that N, is a convex
sublattice of G. If a,b € N, then Ve € G and a < ¢ < b, (a)11 < (¢)11 <
(b)11, and thus (a)11p < (¢)11p < (b)11p. Therefore, (c)11p(e)11, ie., ¢ €
N,,N, is also a sublattice of G since (a)11 V (b)11 = (a V b)1ip(e)11 =
(€)1 V (€)1, (@)1 A (b)11 = (a Ab)1ip(e)ir.

Let M = u°(G : I, A\, T'). We define an equivalence relation ¢; on I by
the rule that

(i,§) eerif {AeN:py =0} ={A € A:py;=0}forany a = (py;) €T
and an equivalence relation €, on A by the analogues rule that
(Ap) eenif{fiel:py=0}={iel:py =0}forany a=(py;)eT.

If p is a proper congruence on M, we define a relation py on I by the rule
that (i,7) € pr if (i,7) € e; and if <p)—\i1)i)\p(p;]1)j)\ for any a = (py;) € T
and X in A such that py; (and hence also py;) is non-zero. O

In [6] it is proved that p; and p, are equivalence relations on I and
A respectively. For the case of ', the equivalence relations p; and p are
defined as follows:

Vi,j € 1,(i,j) € pr if (¢)

i — (e)j)\v VA e A,
VA €A, (N 1) € paif (€)in =

(e)m, Vi e 1.

Lemma 2.10. Let M = p°(G : I, \,I'¢) be an | — I'-semigroup and p
an l-congruence of M. Then pr and pp are l-congruences of lattice I and
A respectively.

Proof. For any k € I,(i,j) € pr we have that (e);x = (e);x, and thus
for all A € A, (€)inV (€)rx = (€)ivk,x = (€)jvr,x. Therefore (iVE,jVEk) € pr.
Dually, we can prove that (i Ak,j A k) € py. O

In analogues way we can show that pa is a [-congruence of A.

In [5] it is proved the following lemma:

Lemma 2.11. Let N be an l-ideal of an l-group G. If ab € N~ for
any a,b € G, then |(a\/c)(b\/c)_1} < lab™! (a/\c)(b/\c)_1| < |ab™!
for any c € G.

) 2

Lemma 2.12. Let M = p°(G : I,A,Te) be an | — I'-semigroup. Then
for any l-ideal N of G and any l-congruence v, ¢ of lattices I and N there
exists an [-congruence p of G such that N = N,, ¢ = pr,o = pp.
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Proof. For any (a);z, (b)j, € M we define the relation p as follows:

(a)i)\p(b)j/\ if ab_l € N7 (Zvj) € 7/17 ()‘HUJ) € ¢

It is clear that p is an equivalence relation of M. Since (ca)(cb™!) € N,
(k, k) € ¥, (A ) € ¢ for (a)ixp(b);x and any (c)rs € M, so that for o € T,
(€)rsae(a)inp(c)kscre(b) u, that is, p is left compatible with the operation on
M. In the same way we can deduce that p is right compatible.

Since (a)irp(b)ju, one has ab~! € N, and hence |ab~'| € N. For
any ¢ € G, by Lemma 2.11 we have {(a\/c)(b\/c)_1| < }ab_l‘ € N,
[(anc)(bAc)™| < |ab™| € N. Consequently, (aVc)(bV )™, (aAc)(bA
c)teN.

Moreover, (i,7) € 1, (A, u) € ¢, and hence for any k € I, € A we have
(tVEk,jgVEk)e,(iNkFNE) €Y, AV uVI) € P, (AN, uAd) E .
Therefore, (a)ix V (¢)ksp(D)jn V (€)ks, (@)ix A (€)ksp(D)ju A (€)ks. So, p is an
l-congruence of M. It is easily to verify that N, = N, ¢ = pr,¢ = pa.

The following lemma is proved in spirit of Lemma 2.5 ([6]) in case of
I-Rees matrix I'-semigroup.

Lemma 2.13. Let p and o be l-congruences of an l-Rees matriz I'-
semigroup M = p°(G : I,\,I'c). If Ny = N,p;r = o1,px = o) then p=o0.

Proof. If (a);ixp(b)j, then (i,5) € pr = o1, (A, i) € pr =0cp and ab™! €
N, = N,, so that (ab=1)11p(e)11. Therefore, (e)j1ae(ab™)110e(e)n =
(abg\la(e)ilae(e)uae(e)p\ = (e)in, (e)ira(e)jao(e)iu(Vi € I,u € A), that

1S

(1) (a)ixa(b)ixa(b)jx,
(2) (e)ixa(e)ip-

By (1)x(2), we have (a);x0(b);, so that p C o.
In analogues way we can prove that o C p. (I
In spirit of Theorem 2.1 and 2.2 ([6]) and summarizing the above results
we get the following theorem

Theorem 2.14. Let M = u°(G : I, A\, T.) be an | — T'-semigroup. The
the mapping ® : p — (N, pr,pa) is an ordered-preserving bijection from
the set of proper l-congruences on M onto the set of triples, where N, is an
l-ideal of an l-group G, pr and pa are l-congruences of the lattices I and A
respectively.
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We use the above correspondence between the proper [-congruences on
M and the triples as above to derive information on the nature of the lattice
of l-congruences of the | — I'-semigroups. If (N,, pr, pa) is a triples of M as
above we shall write the [-congruence (N, pr, pr)®~1 corresponding to the
triple as [N, pr, pa] (with square brackets). Thus p = [N,, pr, pal.

Lemma 2.15. Let p and o be l-congruences of an [-Rees matriz I'-
semigroup M = p°(G : I,\,I'c). Then p Ao =[N, N Ny, pr Nor,pa N oal,
pVao= [NmePIVO'IaP/\\/U/\]-

Proof. The proof is analogues to the proof of Lemma 3.1 in [6], and we
omit it here. (]

Remark 3. The intersection and union of /-congruences of an [ — I'-
semigroup M are same as the cases of I'-semigroup about congruences on it.
The union is given by a(Vierpi)b if a = a1(p1), a1 = az(p2), ..., an = b(pn),
for some ay,ag,...,a, € M,{1,2,....,n} € I.

By Lemma 2.15, the mapping ® in Theorem 2.14 is an [-morphism
from the lattice of I-congruences of M onto the triples lattice whose three
components are lattices with respect to the intersection and the union as
above respectively. It is known that the lattice of [-ideals of an [-group and
the [-congruences of a lattice are distributive [1]. Therefore, we have the
following theorem:

Theorem 2.16. The lattice of [-congruences of any l-Rees matriz I'-
semigroup M = p°(G : I,A\,T) is distributive.
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