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ALGORITHM FOR THE CALCULATION OF THE TWO
VARIABLES CUBIC SPLINE FUNCTION

BY

ION LIXANDRU

Abstract. When having just one variable, the existence and uniqueness of the
interpolation spline function reduces to studying the solutions of an algebrical system
of equations. This allows us to find a practical way of calculating the interpolation
spline function. Also in the case of two variables spline functions, we can construct a
linear system of equations determined by the continuity conditions of the spline function
and of its partial derivatives on the edge of each division rectangle. The existence and
uniqueness of the solution of the obtained system ensure the existence and uniqueness of
the two variables interpolation spline function and offers a practical calculation method.

This can be used to determine approximate global solutions, of some partial diffe-
rential equations, solutions whose values can be determined at any point of their domain
of definition and can provide information on derivatives approximate of solutions. After
calculating the two variable cubic spline function, we must assess the rest of the appro-
ximation.
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1. Introduction

Although there is a well-founded theory about the spline functions of
two variables, it can not be applied in practice, due to high formulas that
appear and for the fact that in these formulas become involved partial
derivatives of the function going up to five or six orders, etc. This article
proposes a practical method for calculating a spline interpolation function
of two variables based on continuity of the spline function and of its partial
derivatives on the border of each division rectangle. In order to do so, we
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set conditions of connection in nodes, smoothness conditions (existence of
a single tangent plane in each node) and additional conditions on partial
derivatives of order two, maximum three. Out of these conditions we obtain
systems of linear equations, systems to be filled with new equations, given
by the limit conditions (head of range).

In the literature there are several ways to supplement systems such as:
to set conditions where explicitly appear the function derivatives (but not
knowing the function we want to interpolate, obviously we do not know
these derivatives), we set conditions that on the first two (i.e. the last two
intervals of interpolation) to have the same spline function (in this case we
break the tridiagonal form of the linear system so that some algorithms for
solving them are not applicable), on the first and the last interval the inter-
polation function to be of degree two, etc. In the article are obtained new
conditions on the limit, compatible with the existing ones within range, by
a process of transition to limit in the existing conditions and cancelation
of all parameters with negative or zero index (which practically does not
exist). These are systems with a single solution that ensures the existence
and uniqueness of spline interpolation functions of two variables, provides
a practical method of calculation and the possibility of developing an algo-
rithm for calculating the spline interpolation function of two variables.

Using in the article the continuity module of a two variable function, we
obtain an assessment formula for the rest of the approximation, for a semi-
natural two variable cubic spline function (the partial mixed derivatives of
order two are zero on half of the domain’s boundary).

2. The calculation of the two variables cubic spline function
Given D = [a,b] x [¢,d], f : D = R, f € C(D).
Ay:a=x1 <xo <...<xy =D, division of the interval [a, b], with the
pace hi = x;41 —x;, Vi=1,m — 1.
Ay:c=y1 <y2 <...<ym = d, division of the interval [c,d], with the
pace h = yj41 —y;, Vi =1,n— L

f(zi,yj) = zij-given, Vi = 1,m,Vj = 1,n;
Dij = [zi, it1] X [yj,yj+1], Vi=1,m — 1, Vj =1,n — 1 ([2]).

We search for s;; : D;j — R, interpolation cubic spline function (s(z;,y;) =



3 CALCULATION OF THE TWO VARIABLES CUBIC SPLINE FUNCTION 151

(x;, yJ'+2) (X5 )'j+z) (Ko yJ‘Z)
D.. (x ) D
ijt1 it1o] Vit i+l gt (Xii2> Visy)
X-, , i+29 Jj+l
(x; Yi ) Di’j Di+l,j
(Xids ¥)
(% y) (Xi2 ¥;)

zij;Vi=1,m, Vj =1,n) as

(x —x)% + bij(x — z)? + cij(x — ;)
+aij(y = y;)* + Bij(y — y)°
(1) + i (y — y5) + dij(x — 2)*(y — yj)
+0ij(x — i) (y — yj)* + eij (@ — 23) (y — v5) + 2ij,
Vo € [xi, xit1), Yy € [y;, yj1],Vi=1,m—1,¥j=1,n— 1.

Sij (IL‘ y) = Q45

Obviously s(xj,y;) = zij, Vi = 1,m, Vj = 1,n. Out of the joining conditions
in the nodes: Sij(xi—i-lyyj) = Zi+1,5, Sij(xiayj+1) = Zjj+1, W€ get:

(2)  aij(hF)2 4+ by (h9)* + cij(hF) + 2ij = ziy1,, Vi=L,m — 1,¥j = 1,n,
(3) uii(h?)® + Bij(hY)* +vij(hY) + zij = zijy1, Vi=T,m,Vj =T,n—1.

If in the case of one variable cubic spline function, the smoothness conditions
imposed the existence of an unique tangent in every node, at the two curves,
for the two variables spline functions we impose the existence of a single
tangent plan at the two surfaces in every node. As the tangent plan has

the normal vector: ﬁ(—agf , —85;3 , 1), we set the conditions:
8 0s;
($z+1a yj) 58;1 -1 ($z+1a yj)
a) 0si41,5
(:CZ+15 y]) oy (:CZJrla y])
8 Bsij 0s;,
b Sl (fl:w y]—i-l) sa;Jrl ((E“ y]+1)
) 881 08; j+1
(-7;27 3/9+1) dy (-7;27 y]—l—l)
0s;
it (fﬂay) = 3aij(z — 2:)® + 2bi(x — i) + cij + 2dij(x — ) (y — y5)* +

dij (% yi)? +eij(y — yj)
o (7,y) = 3 (y — vi)? + 285 (y — yz) + vij + dij(x — 2)* + 26;(x —
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zi)(y — y;) + €ij(x — x;) From a) and b) we obtain:

(4) 3ai]~(hx) +2bii(hi) + ¢ij = ciy14, Vi=1,m—1,¥j=1,n
(5) dij(hE)? + &4 (hE) +7ij = Yig1,Vi=1L,m — L,Vj=1,n

(6) 5ij(h?)2 + €ij(hj) +eij =¢ijy1, Vi=1,m,Vj=1,n—-1

(1) Bai(h))? +285(AY) +vij = Yigr1, Yi=Lm,Vj=Tn— 1L

The existence of an unique tangent plan to the two surfaces, in every node,
does not provide the uniqueness of the surface. We must set supplementary
conditions connected to the partial derivatives of order two:

(02 92,41,
a; (i1, 95) = %(fﬂm Y;)
ds?
a) Bxay g (@i, 5) = Tay(%ﬂ,yﬂ
8252 _ 8 Si4+1,5
H iy, ys) = dy? 2(Tiv1,Y5)
( 82 O2s;
8;5;] ($z,yg+1):%(xi,yj+1)
02 92
b) axsaly x“yj-f-l) asmléy (:Uuy]-i-l)
8 82
\ay ($z,yg+1) ay2 (95i,2/j+1)

9%s;

gort = 6agj(x — x;) + 2bi5 + 2dij (y — yj)
9%s;

eos = 2dij(x — @) + 205 (y — yj) + &4

9%s;
d;; = 6a;i(y — y;) + 20855 + 20;5(y — y;) From a) and b) we get:

(8) 3al](hx) +bij =biy1, Vi=1,m—1,Vj =1,n,
(9) 2d;;(h]) + e = €iy15, Vi=1,m—1,Vj=1,n
(10) 0ij(hi) + Bij = Bix14, Vi=1,m — I,m—-1,Vj=1,n
(11) dij(hY) 4+ bij = bijy1, Vi=T1,m,Vj=T,n -1
(12) 20,5 (h )+eij =¢cijr1, Vi=1,mVj=1n—-1
(13) 3al](h )+ Bij = Bij+1, Vi=1,m,Vj=1,n—1

From (2), (4) and (8) we obtain the system:

aij(hf)?’ + bz](hf)2 + Cw(hf) + Zij = Zi+1,j
(14) 3a;;(hF)? + 2b;j(h?) + cij = civ1,
Saij(hf) +bij = biy1,j, Vi= I,m—1,Yj=
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Successively eliminating between (2) and (4) a;; and b;; we get:

Ziglj — Zij Gyl +2¢5

(15) b =3 NVi=T,m—-1,Vj=1n

(h§)? (h)
Zivlj — %ij | Ci+15t ¢ . —m—— .
(16) ajj = —2 (}qu)?) J (ffva)Q L Vi=1,m—1,Yj=1,n.

Introducing (15) and (16) in (8) we obtain:
hivacij + 2[(h7) + (hiy)]civ; + (hi)civa,

o\ Zit2,j — Zitl,j o\ Zitlj — Zij
(17) =3[(hi)—F7—~— + (hi) —
(hie1) i (h¥)

Vi=T,m—-2VYj=1n.

So that the system (17) to have an unique solution we still need ”2n” equa-
tions (conditions). Going to the limit in (17) with ¢ — 0,7 — m — 1 and
cancelling all parameters with zero or negative index, we get:

Derj + ey = 3
T (hD) Vj=T1,n.

Am—1,j
T

e+ 2 = 37

In conclusion, we calculate ¢;; from (17) and (18), and then a;; and b;; out
of (16) and (15). Analogically, out of (3), (7) and (13) we obtain:

(18)

(19) 5z‘j:3zw+1 Y Jigal > %J,Vz:l,m,W:l,n—l

(n3)? (h})
Zig+l —Zij | Yigtl T Vi . T—— .
(20) ;= —2 J(hy)3 L 4 j(hy)2 L oVi=1,m,Vj=1,n—1
j J

(21)
(WY )i+ 2[(hY) + (B )vig+1 + (h)vij2
- Zij4+2 — Zig+1 y \Plj+l — Zij
= 3y B2 Iy Frt]
7 (M) T (k)
In order that (21) to have an unique solution, we go to the limit with

and cancel all the parametres with zero or negative index. We obtain the
following equations:

[ Vi=T,mVj=1n-2

29i1 + iz = 3%y ‘
3zlzn_zz n—1 ,VZ = 1’m'

Yin—1 + 2’Yin = (hzil)

(22)
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Out of (21) and (22) we determine 7;;, then from (20) and (19) «;; and §;;.
Further on, from (11) we determine:

bij+1—bij . — .
(23) dij:%, Vi=TmVj=1n—1
J

from (10) we find out

(24) 51] = 7ﬂi+1’2$_ /Blj, Vi = ].,’I?’Li—L V] = 1,n,
[

out of (5) or (6) we find:

_ Yty — i — dig(hY)?

(25) &y = (h7) Vi=T,m—-1,Yj=1,n
Ciq —ci~—(5z~h?42
(26) ey =2 (;Ly) i) , Vi=1,m,Vj=1,n—-1 ([1]).
j

Special case

Although they are useful from a practical point of view, the above pre-
sented facts have some disadvantages such as: the great calculation number
(we practically reach to solving a system of 9mn equations with 9mn un-
knowns, system which is decomposed in three systems of 3mn equations
with 3mn unknowns), it does not allow the passing to a three variables
interpolation spline function, etc.

Considering in (1) d;; = d;; = €;; = 0 (that is dropping the terms in
22y, zy?, xy), we get:

sij(@,y) = agj(e — 2:)° + bij(x — 23) + ey (@ — 23) + aij(y — y;)°
(1) + Bij(y — i) + i (y — ),
Vo € [z, zi11],Vy € lyj,yj+1],Vi=1,m—-1,Vj=1,n—1

meaning the sum of two spline functions with one variable: one compared
to x, the other compared to y.

In order to obtain an assessment of the rest of the approximation of
the function f, with the two variable cubic spline function given by (1), we
express first the coefficients of the function s;; with the help of its partial
derivatives of order two.
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First let us decompose s;; into three components:

flj(x) = aij(x - l‘i)g + bij(l’ - 131)2 + Cl'j(x - xl)
27) 9ij(y) = aij(y — y;)% + Bij (v — ;) + i (y — )
hij(z,y) = dij(x — 2:)*(y — yj) + 0i5(@ — 23) (y — y1)?
teij(r —2i)(y — y5) + 2ij-
We denote
&sij 0%s; 0?%si
(28) 8:::2] (zi,y5) = Eij, aTa;(%’,yj) = Fj; W;(u’ﬂi,yj) = Gij.

82555 825,
As WQJ = 66?](1'—:]32) —I-sz'j +2dij(y—yj) and ﬁ(wi,yj) = Eij = Qbij =
Eij = bij = 3 Eij,

02545

Wj(xﬂ-l?yj) = GCLZ'jh;E + 2bz‘j = Ei-l-l,j = 6a,~jhf + Qbij = 5 =
Eiy1,;—FEij

6he

sij(ziﬂ,yj) = Zi+1,j = aij(hf)3 —f—sz(hf)z +Cijhf —|—Zij = Zi+1,j = Cij =
Zit1i =2y Big1,,42Ei pa

he 6 i

Eit1, — By 3,1 2
fij(@) = ——— (2 — i) + S Eij(z — i)
) 6hzz 1 2 1] 7
Ziv1,j — Zij By + 2B
st B By e — )
(x — ;)3  Eyj 3

= Ei+1,ijl - GU hi — (xip1 — x)°]

E;; T — T
+ S = (i = @) 4 iy

7
he — (2441 — Eivys E;;
oy B 2D Bty Bngpg — (i1 - )
i
Ei+17j( 6h$l) GZJ (hf)Q + 21 hf(mi-i-l — :U) — 2” (mi_H — :L‘)2
7
E: (i1 —x)3 E..
i (et 207 B ez b )
(2

E;; 9 T —x; Tisl —
+ 5 @i =)+ i — At A

2 hi hi



156

ION LIXANDRU
Bt E. 1
= SR () = S H(BE) 4 By (i — @)
6 3 2
B T —x;

x Li41 — x

Tiy1 — T T — T Zit+l,j t Zij  Zitl,j T Zij
+Zile+Zi+1,ijl—Zij+ ’ j2 v JQ Y
But
Tit1 — T T— T Zit1,j Tt Zij
1] i+1,5
he he 2
_ Ti1Zij — TiZit1j + TiZij — Tip1Zit1,j — 22 (2ij — Ziv1,5)
2h?
Tig1 + T — 22
= (25 — Zz‘+1,j)%
Consequently, we have:
T — T
fij(@) = Ez‘+1,jW;pZ[(9€ —x;)* = (hf)?]
1
Ti41 — X
+ Eij zgh;p [(zig1 — 2)* = (h§)?]
K3
Tig1 + T —2x zip15+ 2
(29) A T 5
We write A, = max{h|i = 1,m —1}, A, = min{h?|i = 1,m — 1},
a= Rz,
A, = max{h!lj = Tn—1}, A, = min{h!|j = Tn—1}, # = 3,
_ o -y

A=A, xAy

w(fv h) = Sup{|f($ + tlvy + t?) - f(xay)|
le,d], |t1] < h,|t2| < ha}

- the continuity module of f(h = (h1, h2)),

z,x +t; € [a,b],y,y +t2 €

55— F ()] < (£, B) = |PELEA ()

(Izit1s = f(@9)| + 125 = f(2,y)]) <w(f, D).

—

< Z
-2
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So:

(30) 1L pa,y)| <l B 1 y) — 2l < w(fB)

Given a(z) = % =d(z) = —% <0= a(zit1) < a(x) < a(z;) =
<a(z) < 3= la@) < 5

B e — 21 TG < Sl sl < e B,

Given f(z) = Tz — 2:)* — (b)) = () = = [B(x — 20)* — (h})?],

B (x ):O:>x—mz+\/§,ﬁ(xl)—0 Blxiy1) =0, B(zi+ \h/g):_(S’;E”/);:>

B()] < g (kD)

L X 2 )2 Lzye
32 —x)° — (h < ——=(h¥)=.
(32) g = ) = ()| < )
Similar:
Ti4+1 — X 1 2
33 ———— (i1 — hi
(33) 617 (i1 —2)® = (h])?]] < 9\f( i)
We must gind now an up%er bound for (h¥)?(|Ei+1,4| + |Eijl). From the
; h
condition 52 (i1,y;) = S5 (2i41,y;), we obtain Ejy1 ;5 + hz Zit1,j —
h¥ hi, hi,
Ez‘+17jﬁ—ﬁzz’j+Eij# = —Bip1; =5 g sieg — Birag ¢t — g st
he i
Ei—H,J 7.6+1 = 6(ZZ+2F3LZC+Z;+1J _ Zz+1},f? zu) 2Ez+1](h + hz+1) + Ez‘jhf +
Biyajhi =
(34) thZj + Q(hx + hix+1)Ei+l,j + Ei+2?jh,?:+1
Zitl,j — R+l Ritl,j — Zij
-6 _
T )
We write:
h¥ hi
35 1= L = L (PE L LE =1
( ) +1 — hm+hl+1 +1 — hgg_{_h’H_l ( +1 7+1 )

(36) m 6 Zit2,j — Zitlj  Fitly — Zz‘j)'

e hi + hiy ( hiq hi
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Fori —0and hf =0= Pf =0, LY =1, D} = 624

()2 -
i—m—1and h%, =0= P% =1, L% =0, D%——G’Wi”;)” With
these, the relations (34) become:
(37) Pl Eij + 2B + L Eiej = Dy
2 1 0 0 0 0 0 0
pE 2 Ig8 0 0 0 0 0
Being given A* = S S
o 0 0 0 .. 0 P, 2 L®_
o o0 o0 0 ... O 0 1 2
E; = (Evj, Ej, .. ., Emj)t, D* = (D¥,D%,...,D:)t =
(38) A"E; = D* = AE;(h¥)* = D" (h¥)?
6 Zit2,j — Zitlj  Zitlj — Zij
h]) 2 . h.T Z+ 5J 1 5] _ 5J J
- 6(hg”) |(Zz+2,j = Zit1,5)h§ — (zi1,5 — 2ij) M|
Wi+ by hi i
LT +] )
o BT DU
hzw+1(hx + h2+1) Z+27] Z+17] Z+17] 1]

A, _
< 6QK(|Zi+2,j — zip1,4] + |z, — 2i]) < 62°w(f, A)

—T

= (W) (|Biva gl + | Bygl) < 20 AT - I(09)2E5 ],

where [|A| = max{}>"_, |a;|; i = 1,n}.
As A is a dominant diagonal matrix (Jas| > D27 ;4 |ai], Vi = 1,n),
it is invertible and

1AZ] < max{(laa] = lag)) i =T,n} =1
j=1
= (h)(|Eir14]) < 2060w (f, B) + (B,)2(|DF| + | DL ).
But (A,)%(| DY |+ Dz,|) = 6(A,)2 (222l maszm 1l < 6

() (h5)”
20w (f, A)] = (hf)*(|Eit1,5] + | Eijl) < 360%w(f, A).

\l>‘l>\

£)22w(f, A) =
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In conclusion, we have:

(39) Fg(@)] < 207 B) + Bl ).

&

Similarly we obtain:

(40) 95 0)] < (1. 5) + =Bl ),
From (27) = S = 2dij(x — 2:)(y — v3) + 05y — 1)) + €i;(y — )

Oh;
Tt = dij(e — ) + 2655(z — 2i)(y — yi) + eij (@ — 27)

82h;; 82h;; 82h;;
T = 2dij(y —y5); Gt = 20(x — 1) gy = 2dij(z — m) +

2045 (y — y5) + €ij

825,
noe (@i, y5) = Fij = e = Fy;
82 i Fz 7F74
oy (Tid1, Y5) = 2dijh + ij = Fiprj = dij = =55
8%s;; Fy ii1—F;;
ang,(xi’ Yj+1) = 2(5ijh§/ +eij = Fijp1 = 0 = 7’;’2;, 1. So we have:
Ft+1,A_F.. F7+1_F
hij(xa y) = %(m - 332‘)2(?4 - yj) + %(m — ) (y — yj)2
7 J
(41) + Fij(z — i) (y — yj).

We notice that s;; and all its partial derivatives of order one or two are

zero in all points (x;,y;). So we must set supplementary conditions on the

. . . . 83585 Fq i—F Foiiq—F
mixed partial derivatives of order three 890;5; = “’2],1? - ”;}lby . From
J

.y 8351" 8351' i
the condition m(l‘i, yj) = amé’;’] (Tit1,vj), we get

(42) dbi T TR Sy = T — 2,
hi h’i—i—l

If we set the conditions F,,; = 0, Vj = I,n, Fy; = 0,Vi = 1,m then we
obtain a semi-natural two variable cubic spline function (the partial mixed
derivatives of order two are zero on half of D’s boundary). Consecutively
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replacing in (42) ¢ with ¢ — 1,7 —2,...,2,1 we get:

Fij—Fy  Fyj—F;  F,;—Fy
i+l — Ly L2 L= | () (y — )|

he he 2hT
| Foy
(43) 2h§? (x — 2:)*(y — yj)
1 — 9 o' —_—
< KIF%\(AOC) Ay = Q\Fzgl AgAy.

We write S = max{|Fy;||j = 1,n}, we obtain:

Fii1;— Fj aS— —
(44> ’+J735J(x - xl)z(y - yj)’ < 7AmAy
2h} 2
Similarly, we get:
Foirq— F. BT —
(45) = = 2y — u)| < B,
J

where T = max{|Fjs|; i = I, m}. From (43) = |F,y 1, — Fy| = %yf}j\. But
he . . .

|F:i+1,j| — |FU| < |Fi+1,j — E]‘ = ﬁ|F2J| Calculating at 1 = 1,2,...,1 —1
' he+h§+...+hE

and summing up, we obtain |Fji; ;| — [Fi;| < h—z“|F2]\ But

P +hg+...+h?  =xi—a<b—a. So|F; <® \F2J| = |Fij(x — ) (y —

yi)| < Z’A—a|ng|A$Ay, that is:

(46) |Fij(z = 2:)(y — y5)] < a(b—a)SA,.
From (27), (44), (45) we obtain:

. S T -
Y~ flay)| < DB, +’B—A A, +aS(b— )i, + |z — f(@,y)]

<aS+ﬁT — _

(47) AN, +aS(b— a)B, +w(f, D).

From (27), (39), (40) we get

’82(;731) ~ fz,y)] < Za(f,ﬁ) + ioﬂw(f,Z) + gw(f, A)+ —=B%w(f,A)

V3
+ O EPTR R, 4 aS®b - a)B, + w(f, 5),

Sl



13 CALCULATION OF THE TWO VARIABLES CUBIC SPLINE FUNCTION 161

that is:
. 4 .
(18) 1Y~ fa )] <60 B8) 4wl BN + 57)
T _
+ %Asz +aS(b— a)B,.
If the divisions A, and A, are uniform, then A, = b_?“, Zy = %,

a = =1 from where we get:
sS+T S
2mn n

i )

(49) s — flz,y)] < w(f, D)6+ jg) + (b —a)(d—o)(

3. Conclusion

For the practical use of spline interpolation functions we have to find
effective ways to analytically represent them. Out of the connection in
nodes, smoothness conditions, conditions of continuity of partial derivatives
of order two or three, plus the limit conditions (head of range) we obtain
compatible systems out of which are determined the coefficients of spline
function of two variables. This ensures the existence and uniqueness of
it and allow the development of an algorithm for actually calculating the
spline function of two variables. In order to obtain the assessment formula
of the rest, in the range we used convex linear combinations, a fact that
ensures the stability of the algorithm.
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