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A NOTE ON GENERALIZED ABSOLUTE SUMMABILITY
BY

H.N. OZGEN

Abstract. In this paper, a main theorem on |A|; summability method has been
proved. This theorem also includes two results.
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1. Introduction

Let >  ay, be a given infinite series with the partial sums (s,), and let
A = (apy) be a normal matrix, i.e., a lower triangular matrix of non-zero
diagonal entries. Then A defines the sequence-to-sequence transformation,
mapping the sequence s = (s,) to As = (A,(s)), where

(1.1) An(s) :Zamsv, n=0,1,...
v=0
The series ) ay, is said to be summable |A|g, & > 1, if (see [5])
(1.2) > nF T AAL(s)F < o0,
n=1

where AA,(s) = A,(s) — Ay—1(s). When A is a Riesz matrix, the series
> ay, is said to be summable |R, py|k, k > 1, if (see [4]) (1.2) holds. By a
Riesz matrix we mean one such that a,, = %; for 0 < v < n, and a,, = 0 for
v > n, where (p,) is a sequence of positive real numbers and P, = Y "' _ py
asn — oo, (P_; = p_; = 0,i > 1). Also if we take a,, = %, i.e. Cesaro
matrix, the series Y a,, is said to be summable |C, 1|x, k > 1 (see [1]).



186 H.N. OZGEN 2

Given any sequences (), (yn), it is customary to write y, = O(x,),
if there exist 7 and N, for every n > N, [ < 5. For any matrix entry

Ay DOy = Ay — an,v+1-

2. Known results

Given a normal matrix A = (any), we may associate two lower semi-
matrices A = (@) and A = (ap,) as follows:

n
(2.1) Ay = E Gni s, =0,1,...,
1=v
(22) app = apo = apo; Any = Gny — an—l,va n= 1; 27 cee

It may be noted that A and A are the well-known matrices of series-to-
sequence and series-to-series transformations, respectively. Then, we have

n

(2.3) Ap(s) = Zn:am)sv = Zn:am Zv:ai = Zai Zn:am) = Zn:amai
v=0 v=0 =0 =0

=0 V=t

n n—1 n—1
AAy(s) = E i — E Qp—1,i0; = Gpply + E (Ani — An—1,i)a;
i=0 i=0 i=0
n—1 n
(2.4) = Upnln + E niQi = E Qi Q-
i=0 i=0

The aim of this paper is to prove the following main theorem. For this
we need the following lemma.

Lemma 2.1 ([2]). Under the conditions

(2.5) |AN,| < B,
Bn — 0, n — oo,
(2.7) > n|AB| Xy < o0,
n=1

where (X,,) is a positive non-decreasing sequence, we have that

(2.8) nBn X, = 0(1), n — oo,

(2.9) i BpXn < 00.

n=1
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3. The main result

Before we state our main result, we show A = (ay,) is said to be of class
31 if the following hold;
A is lower triangular

(3.1) Ay >0, n,v=0,1,...;
On—1p 2 Any forn >v+1;

ano=1,n=0,1,....

A given by Ay(z) = z1 and A, (z) = w for n > 1 is an example of a
matrix of class .

Theorem 3.1. Let A € U satisfying

(3.5) Un,p+1 = O(V|Aylny|)

and let there be sequences (Xy,), (Bn) and (Ay) such that the conditions taken
in the statement of Lemma 2.1 be satisfied. If
(3.6) Z nn|sn|” = O(X,n), m — oo,
n=1
(3.7) [An| Xn = O(1), n = o0,
then the series Y apXy, is summable |Alg, k > 1.

Proof. Let (7)) be the n—th term of the A—transform of the series
Yoo aidi. Then, by means of (2.3), we have T), = > 7' GpoayAy. Applying
Abel’s transformation we have that

n n—1 n—1
AT, = g Unply Ay = E AyUnyApSy + § an,v+1A)\v5v + AnnAnsn
v=0 v=0 v=0

=T,(1) +T,(2) + T,(3), say.

To complete the proof of the Theorem, it is sufficient to show that

o0
(3.8) > 0T (r)|F < oo, forr=1,2,3.
n=1
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Firstly, since

Aylny = Uy — Appt+l = Gpy — Gp—1,0 — Aputl T Gn—10+1
(3.9) = Qpy — Ap—1, < 0.

By using (3.2) and (3.3), Y02 |Avine| = 32" (@n—1,0 — Gny) = @np. Using

Holder’s inequality with indices k& and k/, where £ > 1 and % + % =1, we
have that

m+1 m+1 n—1 k
= Z nk_1|Tn(1)|k < Z nk! (Z |Avanv||)‘v|5v|>

v=0
m+1 n—1 k—1
an 1 (Zm o | Ao |sv|k> X (vaamy)
m+1 m+1
= O(l)Z(nann)kilz|Avaan)‘v|k|5v|k Z|/\ ‘ |5v’k Z | Ayl
n=1 v=0 n=v+1
By (3.1) and (3.9),
m+1 m+1
Z ‘Avam)| = Z (anfl,v - anv) = Qyy — OGm+1v < Qyyp-
n=v+1 n=v+1
Thus, we have
m
I = Z‘)‘ |k 1|)‘ ||3v|kavv =0(1 ZP\ ’avv|5v‘

3

=0(1) A|)\]Za“|sz|k+0 |)\m|Zaw\sv|

=1

3 e
1ol
= o

= 01) S AN Xy + O) | A Xom

M

T
LL

= 0(1) 3. BuX, + O1) A X = O(1), m = 50

]
[en]

by virtue of the hypotheses of Theorem 3.1 and Lemma 2.1.
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Since nf, = O(1/X,) = O(1) by (2.8), we have that

m+1 m+1
L=Y n"T,2)F < Z nF1 (Z 1] AN Hsv]>
n=1
m+1 n—1 k
=0(1) Y nM! (vavamyﬁv\svo
n=1 v=1
m—+1 n—1 n—1 k—1
an ! (Z vwmvamusvvf) X (Z\Avam)
v=1 v=1
m m—+1
= 0(1) > _(08,)"[s0]" Y [Avinl
v=1 n=v+1
=0(1) Z(Uﬂv)k_l(vﬁv)‘3v|kavv =0(1) ZU6U|5v|kavv-
v=1 v=1

Applying Abel’s transformation, we get that

m—1 v m
1Y AW Y aiilsilF + O(M)mBm Y~ avlsy|*
v=1 i=1 v=1

m—1 m—1
=0(1) > v|AB,|X, +0(1 Z Bus1Xor1 + O(1)mBa X,
v=1

=0(1), m = o©

by virtue of the hypotheses of Theorem 3.1 and Lemma 2.1.Finally, we have

an 1|T anlk ‘)\||5n‘k

1) Zann|/\n\|sn\k =0(1), m —
n=1

as in the proof of I7.
Thus, we obtain (3.8). This completes the proof of the Theorem.

4. Corollaries

Setting an, = %’J and an, = % in the Theorem 3.1, the following co-

rollaries can be stated.
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Corollary 4.1. Let (X,,) be a positive non-decreasing sequence and let
there be sequences () and (A,) such that the conditions (2.5)-(2.7) and
(3.7) are satisfied. If

(4.1) np, = O(P,), n — oo,
(4.2) P, =O(npp), n— oo,
(4.3) nzl %:]sn|k — O(Xn), m — 00,

then the series Y anA, is summable |R, py|k, k > 1.

Corollary 4.2 ([3]). Let (X,,) be a positive non-decreasing sequence and
let there be sequences (By) and (A,) such that the conditions (2.5)-(2.7) and
(3.7) are satisfied. If

(4.4) > %]3n|k = O(Xp), m — oo,

n=1

then the series Y anA, is summable |C, 1|, k > 1.
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