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Some Tauberian theorems for weighted means of bounded double
sequences
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Abstract In this paper we define double weighted generator sequence and prove some Tauberian
theorems under which the convergence of bounded double sequences follows from its summability by
weighted means.
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1 Introduction

Recently, the concept of weighted generator sequence of a single sequence, which is
the difference between the sequence and its weighted mean, has been introduced by
CaNAK and TOTUR [6]. They proved that certain conditions in terms of weighted
generator sequences are Tauberian conditions for the weighted mean method (see also
[14]). Tauberian theorems for double weighted mean summability method have been
examined by several authors such as BARON and STADTMULLER [2], CHEN and Hsu
[3], CHEN and CHANG [4,5], MORICZ and STADTMULLER [11], STADTMULLER [13].
The purpose of this paper is to introduce the double analogue of weighted generator
sequence and show that some conditions based on the double weighted generator se-
quence are Tauberian conditions that Pringsheim’s convergence of a bounded complex
(real) double sequence follows from its weighted summability.

Let p = (p]) q = (gx) be two sequences of nonnegative numbers such that py > 0,
qgo > 0 and P, Zjop]—>ooasm—>oan: zkoqk%ooabn%ooThe

weighted means O’mn of a given double sequence (u;j) are defined by

T
Umn' an Zzpﬂﬂcuﬁka Omn = ?2220 jUjns mn = Qn ZQkumk»

=0 k=0
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2 Cemal Belen

where m,n > 0. We say that (uj;) is (N, p, ¢; o, 8) summable to L if limy, y—c0 o =
L, where (o, 8) = (1,1), (1,0) or (0,1). Here we mean the convergence in the sense
of Pringsheim, i.e., m and n tend to infinity independently of each other. Under the
conditions P,, — oo (m — o0) and @, — oo (n — o), we have by a theorem of
Kojima-Robison (see, e.g. [7]) that for bounded double sequences the corresponding
weighted mean method is bounded regular (or RH-regular).

P
Let SV A4 be the set of all nonnegative sequences such that pg >0 and linl} inf |% -
1| > 0, for all A > 0 with X\ # 1, where A, := [Am] denotes the integral part of .
Lemma 1.1 ([3]) p € SV A, is equivalent to any of the following conditions:

P, P,
liminf 2= > 1 (A>1), liminf =" >1 (0<A<1),
m—oo P, m=oo L7y

P P,
lim sup —= < 1 (0<A<1), limsup —— <1 (A >1).
m—00 m m—00 A

We shall write throughout for simplicity in notation for all j,k that Ajguj; =
Ujk — Uj—1,k, Do1Ujk = Ujk — Uj k-1, and Apqujp = Ujk — Ujp—1 — Uj—1,k + Uj—1,k—1-
Now consider the difference w,, — oL . From the equation

m m m—+1 m
Y pittjn =Y (P = Pi1)tjn =Y Piauj1n— Y Piiujn
=0 j=1 =0

Pj—l (Uj—l,n - Uj,n) + P,

I
1

1

J
where P_; = Q_1 = 0, we have

1 Zm ©
Umn — 0'7},?” = 7P Pj,1A10an = Vrrlz(:z (Alou) .
m .
Jj=1
Similarly we have

1 - (0)
Umn — Omp = Q E Qr—1001Umk =: Vion (A()lu) .
" k=1

The sequences (V, 10(®) (Ajou)) and (ngil(o) (Ap1u)) are called weighted generator se-

mn

quence of (umy,) in the sense (1,0) and (0,1), respectively. By applying the Abel gen-
m n

eralized transformation for double sequences to Z Z Piqrujk (see [1]), we obtain
§=0 k=0
m n n m
S pigktiie = —Pm > Qk-1801tmk — Qn Y Pjo1A10ujn
§=0 k=0 k=1 j=1
n

m
+ Z P 1Qr—1A11ujk + PrnQnlmn.
j=1k=1
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Some Tauberian theorems 3

Then multiplying each side of the last equality by 1/P,,Q,,, we have the double Kro-
necker identity given by t,, — ol =: VAL (A} u) where

VI (Anu) = VIO (Argu) + VL (Agiu)

1 m n
— ZZPjAquAuujk.
Pan

j=1k=1

The sequence (V%};O)(Auu)) is called weighted generator sequence of () in the

@
sense (1,1). For each v > 0, we define o2 and V11" by

1 m n o)
11 11(”)(71) —{ P,Q Zzquka}]% (U), v>1
e mn

mn T Ymn 7=0 k=0

Umn,, v=20

and

1 m n o)
ZZPJ%V# (Aju), v>1

(v) (v)
anziz = anm}z (Anu) = Pn@n =0 k=0
(0)
VT}A}L (Anu) s v=20

respectively. Throughout the paper, we will use the notation 1! instead of o1

The following lemma gives us two different representations of the difference uy,, —

11 and it can be easily proved by Lemma 2 of [10] with suitable modifications.

Umn

Lemma 1.2 (i) For A > 1, Ay, > m and A\, >n

P Q
11 Am 11 11 An 11 11
Umn — Omn = P)\ ) (UA,,l,n - Umn) + Q)\ — Q (Um,/\n - Jm,n)
™m m n n
PAMQM 11 11 11 11
+ (JAm,/\n ~O0xun T Oma, T Jmn)

(Px,. = Pn) (Qx, = Qn)

Am A

1 n
T B @G 2 2 ().

j=m+1k=n+1

(7)) For0 < A <1, Ay <m and \, <,

P Q
11 Am 11 11 An 11 11
Umn = Omp = P, — Py (Jmn - ka,n) + Qm — Q» (Jmn - Um)\n)
m m m n
Py, Q)
¥ D (o3 oL b, i)

(P — Px,,) (@m — @n,)

m

1 n
* (Pm_PAm)(Qm_Q)\n) Z Z Piqk (Umn—ujk).

J=Am+1k=XA,+1
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4  Cemal Belen

2 Main results

In this section we state and prove Tauberian theorems for (N, p,¢;1,1) method.

Theorem 2.1 Let p,q € SVA, and

Pm 1 dn 1
—0O(= d =0(=). 2.1
P~ 0() and g = O() )
If a bounded double sequence of real numbers (umy) is (N, p, q; 1,1) summable to L and
P, n—
1A10Vn11}1(0) (Allu) 2 —H and &Amvnﬁ};o) (Allu) 2 —H, (22)
Pm dn

for some H > 0, then (umy) s convergent to L.

Proof. Assume that () is (N, p,q;1,1) summable to L and conditions (2.1)-(2.2)
hold. Since (o}l ) is convergent to L and the weighted mean method is bounded

regular, we obtain that (a}nlriz)) is convergent to L. It follows from the double weighted

1)
Kronecker identity that (V1L (Ajju)) is convergent to zero. If we replace wuy,, by
VAL (A11u) in Lemma 1.2 (i), we have

C) P e c) (e (c)
Vv = e (i )+ P (v - v
m m n n
Py, Qx, &Y ey e e)
+ (Px, —Pn) (Qx,—Qn) (Vklnll,/\n_ >\11n _an%l)\n +VT}'L}’L ) (2.3)
m m n n

Am A
- (PA —Pm)l(QA _Qn) Z Z Djdk (leklw)—vnlzlz(m)~

j=m+1k=n+1

Since p € SVA, we have by Lemma 1.1 that

i P, 1
im sup =
m—oo Pr, = Pm Jim inf (1 — Lu

m—00 Am

)<oo.

Hence P
. Mo (1) (1)
hm sup ﬁ <V)\17,1“TL - Vn%”l% = 0
m,n—o0 L'\, — LI'm

m

Similar conclusions can be obtained for the second and third terms in the right-hand
side of (2.3). Since

J k
(0) (0)
YIRS S
p=m+1 l=n+1
4 p i q
_H m + l 7
O

p=m-+1 l=n+1

11(® 11
‘/jk - an

v

118



Some Tauberian theorems 5

we have

(0) (0)
“ PP ><QA ~ 0 Z Z pias (Vi = vin")

j m+1 k=n+1

A A
< H, (logm —|—10gn) ,
m n

for some Hy > 0. Hence taking limsup,, ,, ,, and then limit as A\ — 17 of both sides
of (2.3), we obtain that

6
lim sup (anl};m — Vi ) <0. (2.4)

m,n—00

From Lemma 1.2 (ii), we have

11(0)— 1 Pi 11 )_ 11® Q)\ 11¢ 1@
e )
Py, Qx, 11¢ NCORC

+(P)\m—Pm) (Qn—Qx,) (V Vo, +V>\m,)\n) (2.5)

1 1(0) 11(0)
- itV —Viie )
(Pm*P)\m)(Qn*Q/\n Z Z ! )

F=AmA1 k=X, +1
Again by using Lemma 1.1, it is obvious that the first, second and third terms in the

right-hand side of (2.5) vanishes under the operator liminf. In addition, since
m,n—00

m n
11 11 Z 11 Z 1100
an - V?k = AlOV#k + AOlel

p=j+1 I=k+1
J
sy ey ),
pmi o1 5, Qi
we have
1 “ - (0) (0)
V11 0 VH 0 )
(Pm - P/\m) (Qn - Q)\n Z ek (

J=Am+1k=An+1
A A
>—-H <logm + log ") ,
m n

for some H; > 0. Hence taking liminf,, ,— o and then limit as A — 17 of both sides
of (2.5), we obtain that

lim inf (Vll(o) - Vll( )> > 0. (2.6)

m,n—00

e)
From (2.4) and (2.6) we have lim,, » 00 VAX” = lim, o0 V,}L}Ll = 0. Hence (umn)
is convergent to L by the double weighted Kronecker identity. O
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6 Cemal Belen

Corollary 2.2 Let p,qeSV A, and g~ = O(L) and & = O(3). If a bounded
double sequence of complex numbers (umn) is (N,p,q;1,1) summable to L and
%ANV#;O)(AHu) = O(1) and Q;7;1A01V%%(0)(A11u) = O(1) then (umy) is con-
vergent to L.

Following SCHMIDT [12] and also MORICZ (9], we say that a double sequence (u;)
is slowly decreasing with respect to the first index if

inf imsup min (u;, —u >0 or 2.7
A>1 m,n%olo) m<j<Am ( mn mn) B ( )

inf limsup min (u;, — win) > 0. 2.8
0<A<L1 mmﬁogxmqgm( m jn) o ( )

Note that conditions (2.7) and (2.8) are equivalent (see [5,10]).
Analogously we say that (z;) is slowly decreasing with respect to the second index if

infysq limsup min  (upmp — Umn) > 0. We also say that (u;i) is slowly decreasing in
m,n—oo N<k<A,

the strong sense with respect to the first index if infy~; limsup min  (ujr — i) >0
mn—oo0 M<j<An
n<k<Xin

and (uji) is slowly decreasing in the strong sense with respect to the second index if

infy~; Himsup,, ;oo Ming,<j<x,, (Wjk — wjn) > 0. In these definitions we can replace
n<k<\,

infys1 and infgcy<1 by limy_;+ and limy_,1-, respectively (see [5,10]). For A > 1 we

have

Am An
(P)\ — Pm)l(Q)\ _ Qn) Z Z Piqk (‘/jlkl(o) B VT}#;O))

j=m+1k=n+1
. 11(®) 11(0) . 11(0) 11(0)
> min (V» — ) + min (V -V ) .
= m<j<in, \ Ik mk n<k<, \ Mk mn
n<k<,

Hence, if (V2L (Ajqu)) is slowly decreasing with respect to the second index and
slowly decreasing in the strong sense with respect to the first index, then (2.4) holds.
Analogously (2.6) holds. Hence we have the following result which can be proved by
the same idea in proof of Theorem 2.1.

Theorem 2.3 Let p,q € SVA,. If a bounded sequence of real numbers (Umy) is

_ ©)
(N,p,q;1,1) summable to L and (Vﬁc1 (A11uw)) is slowly decreasing with respect to
both indices and, in addition, slowly decreasing in the strong sense with respect to one
of indices, then (Upy) is convergent to L.

Following HARDY (8] and also MORICZ [9], we say that a double sequence (ujz) of
complex numbers is slowly oscillating with respect to the first index if

lim limsup max |wj, — Umn| = 0 and (uji) is slowly oscillating in the strong sense
A—=11T mn—oco mM<j<Am

with respect to the first index if
lim limsup max |ujr — umk| = 0.

A=1F mn—oo M<Jj<Am
n<k<\,
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Some Tauberian theorems 7

Slowly oscillating property with respect to the second index can be defined analogous
to that of slowly decreasing property. Since

A A
1 m n Lo o
(P, — Pn) (Qx, — Qn) > D P (ij — Voon )

j=m+1k=n+1

(0) 11(0) 11(0) 11(®
< max |V — + max ’V -V
= m<ji<Am ik mk n<k<An mk mn ’
n<k<\,
. . © W
according to the proof of Theorem 2.1 we have limsup|VL" — Vi) <
m,n—00
S ©) © . . © o .
lim limsup max |V}1kl — VU7 + lim limsup max |[VAE — VLT if pg €
A—=1t mn—oo mM<j<An, A—=1t mn—oo <k,

n<k<,
SV A, and if the bounded sequence of complex numbers (u,,) is (N, p,¢;1,1) sum-
)
mable to some L. Also, if we assume that (lekl (Aq1u)) is slowly oscillating with
respect to both indices and, in addition, slowly oscillating in the strong sense with

respect to one of indices, we obtain from the last inequality that V21" (A1) = o(1).
Hence we proved the following result:

Theorem 2.4 Let p,qeSV A,. If a bounded sequence of complex numbers (umy) is

. (0)
(N,p,q;1,1) summable to L and (lekl ’ (Ajqu)) is slowly oscillating with respect to

both indices and, in addition, slowly oscillating in the strong sense with respect to one
of indices, then (umy) is convergent to L.

Consider the following two-sided Landau’s conditions for the complex case:

. (0) (0) .
i v s H G W) (2.9)

RVak” = Va2 < H (Gon> W) (2.10)

where N > 0 and H are suitable constants. For A > 1 and m,n > N, we have

J
0) (0) 1 (0) (0)
max |Vi5 -V < max E —| sup p|VET VI
m<jom | I m<j<hn | \mpzy | e
n<k<An n<k<i, SHEMT
J
H A
< — < Hlog ~™.
W m
p=m+1

This indicates that if (2.9) holds then (leklm) (Aq1u)) is slowly oscillating in the strong

sense with respect to the first index. Similarly (2.10) implies slow oscillation property
with respect to the second index. Hence (2.9) and (2.10) are Tauberian conditions for
convergence followed by (N, p,q;1,1) summability.
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8 Cemal Belen

Remark 2.1 Analogously to (N, p, ¢; 1,1) summability one can obtain Tauberian the-

orems for (N,p,q;1,0) and (N,p,q;0,1) summability of double sequences. In these
cases, our Tauberian conditions are replaced either by a Schmidt type slow decrease/
oscillation condition or a Landau type one/two sided boundedness condition for the
weighted generator sequences in the senses (1,0) and (0, 1), respectively.

Remark 2.2 In case of p; = 1 and ¢ = 1, for all j, k, our results are also valid for
Cesaro summability of double sequences.
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