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Abstract In this paper we prove some Tauberian theorems for the product of Borel and Hoélder
summability methods which improve the classical Tauberian theorems for the Borel summability
method.
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1 Introduction

A number of authors including LORD [13], HARDY and LITTLEWOOD [9,8], JAKI-
MOVSKI [1], RAJAGOPAL [15], ZELLER and BEEKMANN [18], PARAMESWARAN [14],
KWEE [12], and BORWEIN and MARKOVICH [2] obtained some results related to the
Borel summability method. In [3] CANAK and TOTUR have investigated conditions
under which Borel summability implies convergence (see Section 2 below for the defi-
nition and notations).

In this paper our object is to prove some new Tauberian theorems for the product of
Borel and Holder summability methods which improve classical Tauberian theorems
of HARDY and LITTLEWOOD [9].

Our results are based on the following theorems.

Theorem 1.1 ([7]) If s, — s(B) and nAs, = o(y/n) (n — o0), then (s,) converges
to s.

Theorem 1.2 ([7]) If s, — s(B) and nAs,, = O(y/n) (n — o0), then (s,) converges
to s.

The generalization of Theorem 1.1 above is given by HARDY and LITTLEWOOD [10].
For another proof, we refer the reader to HARDY and LITTLEWOOD [8].
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2 Ibrakim Canak

2 Definition and notations

A sequence (s;) is said to be summable by Borel’s method to s and we write s, —
5 (B) if the corresponding series ) ° | 222" converges for all z and e™* 3~ | S2z" —
s, * — o0o. Borel summability method is regular; that is, if s, — s as n — oo, then
sp — s(B).

The Holder summability method was introduced by HOLDER [11] as a generalization

of the limitation method of the arithmetical averages. For a sequence (s,), we define

07(11) = %H Z?:o sj for all n > 0. Repeating this averaging process, we define O'T(Lk)

for all k > 0 by 07(10) = s, and 07(1]”1) = T-lu Z?:o aj(k). A sequence (s;,) is said to be
summable by the Holder’s method (H, k) to s and we write s, — s (H, k) if o s
as n — oo.

Note that (H,0) summability of a sequence means that it converges in the ordinary
sense and (H, 1) method is the limitation method of the arithmetical averages. The
Holder method (H, k) are regular for any k. It is well known that if s, — s (H, k),
where k > 0, and k' > k, then s, — s (H, k") (see [7]).

It (O’T(Lk)) is Borel summable to s, we say that (s,) is (B)(H, k) summable to s and
we write s, — s (B)(H, k).

We use the symbols s, = o(1) (n — o0) and s, = O(1) (n — 00) to mean that
sp — 0 as n — oo and that (s,) is bounded for large enough n, respectively. The
backward difference of a sequence (s,) is defined for all n > 0 by Asg = sp and
ASpy1 = Spt1 — Sp. For any k > 0, the identity

o) — g+ — k) (2.1)
where
LNt
n+1 Z Yi LES
vk — =0
] > jAs; k=0,
j=0

is frequently used in the proofs of our results.
(k+1)

Since oy, can be expressed in the form
n_ )
07(Lk+1) =50+ Z R (2.2)
=1 7
: (k) (k) no v o
we may rewrite (2.1) as on’ = Vo' + 30 =5 + s0. A sequence (sp) is said to be

slowly oscillating (see [5,6]) if limy_,1+ lim sup,,_, o, max, {1<x<[n] |k — $n| = 0, where
[An] denotes the integer part of An.

A sequence (sy) is said to be moderately oscillating (see [5,6]) if for A > 1,
lim sup,, _, oo MaXy 4 1<k<[An] [sk — sn| < 0.

It can be easily seen that if (s,,) is moderately oscillating, then VO = 01) (n — )

ﬁf)) is slowly oscillating (see Dik [5]).
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Tauberian theorems 3

We now recall what we mean by Tauberian conditions and Tauberian theorems.

If a sequence is convergent, then it is summable by any regular summability method.
However, the converse is not true in general. The converse may be valid under some
conditions which are called Tauberian conditions. Any theorem which states that
convergence of a sequence follows from a summability method and some Tauberian
condition(s) is called a Tauberian theorem.

3 Lemmas

We need the following lemmas required in the proof of our theorems in the next
section.

Lemma 3.1 For any k > 0, V,Sk) = nAa,(lk+1).
Proof. Take the backward difference of (2.2) and then multiply by n. O
Lemma 3.2 For any k > 0,
nAVEFD = yk) kD), (3.1)
Proof. We have
Vi — D = Ao — o)) = nAVEHD (3.2)
for all k. O

Lemma 3.3 ([4]) If s, — s(H,1) and (sy) is slowly oscillating, then (s,) converges
to s.

Lemma 3.4 ([16]) If s, — s (B), then s, — s(B)(H,1).

Lemma 3.5 ([5,17]) If (sn) is slowly oscillating, then (Vn(o)) is bounded and slowly
oscillating.

Proof. Let (s,) be slowly oscillating. For A > 1, we define

wp(s,A\) =  max Z As; (3.3)

n+1<k<| /\n]

and rewrite the finite sum »;_; kAsy as the series

)
SO ks (3.4)
J=0 T <k<yj
Hence
n ] oo n
k=1 J=0 | 5 <k<3s j=0
1
<n012f = 2nC, =nC
j=0
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4 Ibrahim Canak

where C' > 0. Consequently, we have VO = O(1) (n — o0). Therefore (07(11 ) =
)
(so+> 51 V"T) is slowly oscillating. Thus (V,SO)) is slowly oscillating. O

As a consequence of Lemma 3.5, we note that if a sequence (s,,) is slowly oscillating,
then (Vrfk)) is bounded and therefore (aflk)) is slowly oscillating for all k.

4 Main results

We state and prove the following Tauberian theorems for (B)(H,k) summability
method.

Theorem 4.1 If s, — s(B)(H,k + 1) for some k > 0 and
Vi = 0(vn) (n — c0), (41)
then s, — s (H,k+1).

Proof. By hypothesis we have

oD 5 (B). (4.2)
By (4.1) and Lemma 3.1 we have
V) = nAcFHY = O(v/n) (n — o). (4.3)

We obtain o* ™ s from Theorem 1.2, which means that sp—s(H,k+1). O

From Theorem 4.1 we deduce the following corollary.

Corollary 4.2 If (s,) — s (B)(H, k+1) for some k > 0 and (sy,) is slowly oscillating,
then (sy,) converges to s.

Proof. Slow oscillation of (s,) implies both ViR = O(1)(n — o0) and slow os-
cillation of (a,(f)) for all £ > 1 as a consequence of Lemma 3.5. Hence, we have
Vi = nAsttY = O(v/n)(n — o0). Since (s,) is (H,k + 1) summable to s,
afﬁ*” — s by Theorem 1.2. It follows by the slow oscillation of (oﬁf)) that ogk) — s,

Continuing in this vein, we obtain o) — s. By Lemma 3.3, (sn) converges to s. O

Remark 4.1 If we replace slow oscillation of (s;,) by moderate oscillation of (s,) in
Corollary 4.2, we recover convergence of (o)) from (B)(H, k+1) summability of (s,).

Parallel with the Hardy and Littlewood Tauberian condition nAs,, = O(y/n) (n —

o0) for Borel summability method, the condition nAVH = O(y/n) (n — o0) suffices
to recover (H, k) summability of (s,) from its (B)(H, k) summability for some k£ > 0.

Theorem 4.3 If s,, — s (B)(H, k) for some k>0 and
nAV® = O(\/n) (n — o), (4.4)

then (sy) is (H, k) summable to s.
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Tauberian theorems 5

Proof. By hypothesis, o) = s (B). By Lemma 3.4, we have

o) 5 5 (B). (4.5)
It follows by (2.1) that
o)~ ) V50 () (16

If we apply Theorem 1.2 to (Vyfk))7 we conclude from (4.4) that

V) = o(1) (n — o0). (4.7)
By Lemma 3.1, we have
V&) = nAcFHD = o(1) (n — o0). (4.8)
It follows from (4.8) that
nAc*F+Y = o(v/n) (n = o). (4.9)
(k+1)

If we apply Theorem 1.1 to (o5, ), we conclude that
o) (4.10)

Substituting (4.7) and (4.10) into (2.1), we obtain o = s which means that s, —
s(H, k). O

If condition (4.4) is replaced by the condition nAVHETY = o(yv/n) (n — ), we
recover (H, k) summability of (s,) from its (B)(H, k+ 1) summability for some k£ > 0.

Theorem 4.4 If s, — s(B)(H,k+ 1) for some k >0 and
nAVE+H) = 5(1) (n — o0), (4.11)
then s, — s (H, k).
Proof. By hypothesis, oF Y s (B). By Lemma 3.4, we have
o2 5 5 (B). (4.12)
Replacing k by k + 1 in (2.1), we obtain
okt _ 5k+2) — (kD) o (B). (4.13)
It follows from (4.11) that
nAVED) = o(y/n) (n — o0). (4.14)
If we apply Theorem 1.1 to (V,SHI)), we obtain

VD — 5(1) (n — o0). (4.15)
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Replacing k by k£ + 1 in Lemma 3.1, we have
V.EFD = nAck+2) = 5(1) (n — o). (4.16)
It follows from (4.16) that
nAcF*2 = o(v/n) (n — o). (4.17)

By (4.12) and (4.17), we get
o2 s (4.18)
from Theorem 1.1. Replacing k by k4 1 in (2.1), we have

g+ _ G Ut2) (kD) (4.19)

By (4.15), (4.18) and (4.19), we obtain

SEINN (4.20)
By Lemma 3.2 we have
V) k) = Ay (D), (4.21)

By (4.11), (4.15) and from identity (4.21), we have

V. = o(1) (n — o). (4.22)

n

From (4.20) and (4.22), we obtain o = s by (2.1), which means that s, — s(H, k).
O

Also we have Theorem 4.4 when condition (4.11) is replaced by the condition VP =

o(1) (n — o0) for some k > 0.
Corollary 4.5 If s,, — s (B)(H,k + 1) for some k > 0 and
V.E) = o(1) (n — o), (4.23)
then s, — s (H, k).
Proof. The proof easily follows from (3.1) and the regularity of the Hélder’s method

of summability. O
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