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Infinitely many solutions for a perturbed quasilinear two-point
boundary value problem
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Abstract In this paper we deal with the existence of infinitely many weak solutions for a perturbed
quasilinear two-point boundary value problem. More precisely the existence of an exactly determined
open interval of positive parameters for which the problem admits infinitely many weak solutions is
established. Our proofs are based on variational methods.
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1 Introduction

Consider the following perturbed quasilinear two - point boundary value problem on
a bounded interval [a,b] in R (a < b)

—u’ = ()\f(.’E, U) + ,up(a:, u) + g(x,u))h(x,ul) in (a’ b)’
{u(a) =u(b) =0. -y

In the statement of the problem (1.1), f,p: [a,b] x R — R are two L!-Carathéodory
functions, ¢ : [a,b] x R — R is a continuous function such that there exists a constant
L > 0 provided |g(.,t1) — g(.,t2)| < L[t — to], for all ¢1,t5 € R satisfying g(.,0) = 0,
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2 Shapour Heidarkhani, Johnny Henderson

h : [a,b] x R —]0,+o0] is a bounded and continuous function with m := inf h > 0,
and A is a positive parameter and p is a non-negative parameter. Denote M := sup h
and suppose that the constant L > 0 satisfies LM (b — a)? < 4.

Employing a smooth version of Theorem 2.1 of [7] which is a more precise version
of Ricceri’s Variational Principle [30, Theorem 2.5] (see Theorem 1.2), under some
appropriate hypotheses on the behavior of the potential of f, under some conditions
on the potentials of p, g and h, at infinity, we establish the existence of a precise interval
of parameters A such that, for each A € A, the problem (1.1) admits a sequence of
weak solutions which are unbounded in the Sobolev space W, *([a, ]); this is done in
Theorem 2.1. We also list some special cases of Theorem 2.1. Further, replacing the
conditions at infinity of the potentials of f, p, g and h, by a similar one at zero, the
same results hold and, in addition, the sequence of weak solutions uniformly converges
to zero; this is done in Theorem 2.8.

To the best of our knowledge, no investigation has been devoted to establishing the
existence of infinitely many solutions to such a problem as (1.1).

For a discussion about the existence of infinitely many solutions for differential
equations, using Ricceri’s Variational Principle [30] and its variants ([7] and [27]),
we refer the reader to the papers [3,4,8-11,13-15,18,19,21,25,31]. We also refer the
reader to the papers [26,28,29] where the existence of infinitely many solutions for
some boundary value problems has been studied by using different approaches.

We mean by a (weak) solution of the problem (1.1), any u € Wy"*([a, b]) such that:

x,T)

b pu(a) b
/ l( / h(ldr)v’(I)—g(x,u(w))v(I)l o= [ o ua)ola)ds

b
- ,u/ p(x, u(z))v(z)de = 0, for every v € Wy*([a,b]).

A special case of our main result is the following theorem.

Theorem 1.1 Let f : R — R be a non-negative continuous function and h : R —
10, +00[ be a bounded and continuous function, with m := infh > 0. Put F(t) =

fg f(&)d¢ for eacht € R and H(t) = fg fOT ﬁd&h for each t € R. Assume that

F(§)

52

lim inf =0

E—+o00

and

lim sup F(&)

P Hag T H(—ag)

Then, the problem
—u" = f(u)h(u), n (0,1),
u(0) = u(1) =0,
admits a sequence of pairwise distinct positive classical solutions.

Our main tool is the celebrated Ricceri’s Variational Principle [30, Theorem 2.5]
that we now recall as given by BONANNO and MoLIcA BiIscI in [7]:

90



Perturbed quasilinear two-point boundary value problem 3

Theorem 1.2 Let X be a reflexive real Banach space, let ®,¥ : X — R be two
Gateaux differentiable functionals such that @ is sequentially weakly lower semicontin-
uous, strongly continuous, and coercive and ¥ s sequentially weakly upper semicon-
tinuous. For every r > infx @, let us put

SUPyed-1(J—ooy]) ¥ (V) — ¥(u)

o(r) = inf

ued=1(]—o0,r() r—&(u)
and
ve=liminfo(r),  §:= Tjifgfing)+ o(r).
Then:
(a) For every r > infx @ and every A €]0, ﬁ[, the restriction of the functional

Iy =®—-\V to &~ 1(] —oco,r]) admits a global minimum, which is a critical point (local
minimum) of I in X.
(b) If v < +o0 then, for each X €]0, %[, the following alternative holds:
either
(b1) Iy possesses a global minimum, or
(bo) there is a sequence {un} of critical points (local minima) of Iy such that
limy,— 400 P(up) = +00.
(¢) If § < 400 then, for each A €]0, %[, the following alternative holds:
either
(c1) there is a global minimum of ® which is a local minimum of I, or
(c2) there is a sequence of pairwise distinct critical points (local minima) of I
which weakly converges to a global minimum of ®.

For other basic notations and definitions, and for a thorough account on the subject,
we refer the reader to [1,2,5,12,16,17,20,22-24,26, 32].

We recall that a function f : [a,b] xR — R is said to be L!-Carathéodory if:

(k1) © — f(x,t) is measurable for every ¢ € R;

(k2) t = f(x,t) is continuous for almost every x € [a, b];

(k3) for every o > 0 there exists a function I, € L'([a, b]) such that:

sup | f(z,t)] < lo(x)
[t|<e

for almost every z € [a, b].

2 Main results

Let f,p: [a,b] x R — R be two L!-Carathéodory functions, g : [a,b] x R — R be a
continuous function such that there exists a constant L > 0 provided

l9(-st1) — g(. t2)| < Lt — taf, (2.1)

for all t1,t2 € R satisfying g(.,0) = 0. Let h : [a,b] x R —]0, +00[ be a bounded and
continuous function with m := inf h > 0. Denote M := sup h and suppose that the
constant L > 0 satisfies LM (b — a)? < 4.
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4 Shapour Heidarkhani, Johnny Henderson

We introduce the functions F': [a,b] xR - R, P : [a,b] xR - R, H : [a,b] xR — R
and G : [a,b] x R — R, respectively, as follows

F(x,t) = /Otf(m,f)df, for all (z,t) € [a,b] X R,

P(x,t) = /tp(m,ﬁ)df, for all (z,t) € [a,b] X R,

0
t T 1
H(x,t) = dddr, for all (z,t) € [a,b] x R
@o= [ [ s (,) € [a}]

and

Gla,t) = — /Otg(a:,f)df, for all (z,1) € [a, 5] x R.

Now, we state our main result.

Theorem 2.1 Assume that there exist two positive constants p and v with p+v < b—a
such that:
(Al) F(z,t) > 0 for each (z,t) € ([a,a+ p] U [b—1,b]) x R;
f: sup F(z,t)dx
.. te[_¢47u\i€(ifa)2’ ¢4—L]\z/lf(i—u.)2 ]
(A2) liminfe, 4 2

: win F(z,8)de a
< ey HSUPe 4 o0 g where K1(6) := [} [G(x, (e —a)+H(z, })lda+

a
b—v b
Jorr G(@,&)dx + [, [G(a, S(b— )+ H(z,—5))dz.
Then, for each X €)1, Aa, [ where Ay := 1fb_”F(z.§)dm and
lim SUP¢ s oo 7a+*;<1(5)’

2
M(b—a)
b )
L SuPtE[i\/ 462 \/ 462 F(z,t)dz

.. _ a2’ — a2
hmlnf§%+oo 4-LM(b—a) . 4-LM(b—a)

)\2 =

for every non-negative L*-Carathéodory function p : [a,b] x R — R such that:

fb sup 5 5 P(z,t)dx
a te[—\/ a¢ \/ a¢

4-LM(b—a)2’ 4-LM(b—a)? ]

52

Poo = lime_ 1 oo < 400 (2.2)

and for every p € [0, pp [ where

2
Ho2 = 2 (b — a)poo

b

/) sup e e P(x,t)dx
M(b— te[~ —LM(b—a)2’ “LM(b—a ]
P AMO=) g iz | :
§—r+o0 52

the problem (1.1) has an unbounded sequence of weak solutions in Wy ([a, b]).
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Perturbed quasilinear two-point boundary value problem 5

Proof. In order to apply Theorem 1.2 to our problem, we take X = I/VO1 2([a, b])

equipped with the norm
b 1/2
wn=(/w@W¢Q .

Fix A €]A1, A2[ and let p be a non-negative L!-Carathéodory function satisfying the

condition (2.2). Arguing as in [6], we follow the proof in the case p > 0. Since, A < )z,
one has

2
Ho X = Mo — a)poo

b
I supte[_\/ e \/ e | P(x,t)dz

4—LM(b—a)2’ 4—LM(b—a)2

MO=a) e >0.

1—
E—+o00 52

Fix 1z G]O,upj[ and put v1 := A\ and vy := A pse = 0, clearly, vy = Aq,

Ay
1 MO B nop.
vo = Ao and \ €]y, vof. If poo # 0, since @ < [y 50 W obtain

A Mb—a)_
S, < 1,
)\2+ 5 HPoo <
and so
Ao —

— > ),
1+ W%)\ono

namely, A < vo. Hence, bearing in mind that A > \; = vy, one has X €]vy, vs[. We
now introduce the functionals @,¥ : X — R given by

b
D(u) :/ [G(x,u(x)) + H(z,u' (x))]dz (2.3)

and
b _
= R pz, u(z)))ds )
!P(U)—/a [F(fv,U(w))JrXP( ;u(2))]d (2.4)

for each u € X. It is well known that ¥ is a Gateaux differentiable functional and
sequentially weakly lower semicontinuous, whose Gateaux derivative at the point u €
X is the functional ¥'(u) € X*, given by

b _
www=/mmmmw+ﬁmmmww,

for every v € X. We claim that ¥’ : X — X* is a compact operator. Indeed, for fixed
u € X, assume u, — u weakly in X as n — +o0o. Then u, — u strongly in C([a,b]).

Since f(z,.) is continuous in R for every z € [a, b], we get that f(z,un) + §p(z, un) —
fla,u)+ %p(:r, u) strongly as n — 4o00. By the Lebesgue control convergence theorem,
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6  Shapour Heidarkhani, Johnny Henderson

' (uy,) — ¥ (u) strongly, which means that ¥’ is strongly continuous, so that it is then
a compact operator. Hence the claim holds true.

Moreover, @ is a Gateaux differentiable functional whose Géteaux derivative at the
point v € X is the functional ¢'(u) € X*, given by

b
& (u)(v) = / H' (2, 4/ (2))/ (z) — g(, u(2))o(e)]da

b u (x)
:/ [(/0 h(ldr)v’(a:) — g(z,u(x))v(z)| d,

)

for every v € X. Furthermore, @' is a Lipschitzian operator. Indeed, for any u,v € X,
taking (2.1) into account since

— a2
max u(z)) < LD

2.5
max fu(a)| < 2 ul, (25)

for each v € X, it holds that

19" (u) = @' (0)l|x- = HSLJI;I < @' (u) = &' (v),w > |

v'(x)
——dr||vw'(z)|dx
w|<1/ /um h(z,7) i)

4+ sup / 9z u(@)) — g(z, v(@)) |w()|de

Hw|\<1

<Gt aP)lu ol

In particular, @ is continuously Gateaux differentiable. Bearing (2.1) in mind, and
using (2.5), we obtain

b u'(x)
<®(u) - P (W), u—v>= / (/ #dr)(u/(aj) —'(z))dz

"(z) h(fE,T)
b
- [ (glavute)) - glavia)) ula) — v(o))dz
> (17— 20— ),

for u, v € X. Due to the assumption LM (b — a)? < 4, it follows that @' is a strongly
monotone operator, so @' is uniformly monotone, then we get that @ is convex and
continuous, and so is sequentially weakly lower semicontinuous.

Put I := & — M. Clearly, the weak solutions of the problem (1.1) are exactly the
solutions of the equation I}(u) = 0. Now, we want to verify that v < 4o0. Let {§,}
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Perturbed quasilinear two-point boundary value problem 7

be a sequence of positive numbers such that &, — +0o0 as n — oo and

b _
[, sup 2 = [Pz, t) + £P(z,t)]dz

. te[7\/47LM(27<,)27 \/4—LM(71;—<1)2

lim
n—00 &2

b _
J, sup e e [F(z,t) + £P(z,1)]dz
te[7\/4fLM(bfu,)2’ \/4—L1\/I(b—u,)2 ]
= lim inf 5
£—+o00 5

Put r, = %, for all n € N. Moreover, for each u € X, since h is bounded away

from zero and ¢ is a continuous satisfies (2.1) with g(.,0) = 0, and bearing (2.5) in
mind, from (2.3), we obtain

(b—a)})||ul|?, forallue X, (2.6)

which yields
(] — oo, ) = {u € X;0(u) <1y}

_ AL L ayne
{uGX,Q(M 4(b a)?)||ul] <rn}

2M (b — "
c {u € X; fu(z)| < \/(I”‘L)’"2 for all o € [a,b}},

A—LM(b—a)
Hence, taking into account that ¢(0) = ¥(0) = 0, for every n large enough, one has

(SUPyeg-1(]—oor,)) Z(v)) — ¥(u)

@(Tn) - ueqf"ll(?—oo,rn D Tn — @(u)
< SUPyed—1(]—co,rn]) Lp(v)
= o
b _
S sup vy vy [F(x,t) + %P(x,t)]da:
te[_\/4—LM(b—a)2’ \/4—LM(b—a)2
= 22
M(bo—a)
b
[ sup F(z,t)dz
¢ tE[*\/47LJ$£(%7a)2, \/4—LJ§I£(%—0.)2
= 2
M(b—a)
b
/. sup v v P(x,t)dx
I te[_\/él—LM(b—a)z’ \/4—LM(b—a}2
+ by 262
M(b—a)
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8 Shapour Heidarkhani, Johnny Henderson

Moreover, from Assumption (A2) and the condition (2.2) one has

b
/., sup v v F(x,t)dx
. te[_\/4—LJ\/I(b—a)2’ \/4—L1W(b—a)2 ]
lim 5E
ey n
e M(b—a)
b
/) sup e e P(x,t)dx
. I te[_\/4—L1v1(5—a)2’ \/4—L1»1(5—a)2 ]
+ h_>m X 7e2 < +o0,
n oo n
M(b—a)
from which follows
b _
1, sup v v [F(z,t) + £P(z,t)]dx
. €l 4-LM(b—a)2’ 4-LM(b—a)? ]
lim 5 < 4o0.
n—00 gn
Therefore,

~v < liminf p(ry,) < (

n—-+00

M((b—a)

)

162

R

42 ]
4-LM(b—a)2’\/ 4—LM(b—a)2

- lim
n—oo

Since

&

[F(x,t)+ %P(m,t)]d;z:

b
fa Supt 1¢2 42
el 4-LM(b—a)2’ \/ 4—LM(b—a)2
262
M(b—a)
b
[ sup e e F(x,t)dx
te[— a—LM(b-a)2’ \| 4= LM (b—a)2
= 262
M(b—a)
b
/., sup v v P(z,t)dx
ﬂ tel= 4—LM(b—a)2’ 4-LM(b—a)2 ]
+ i 252 9
M(b—a)

taking (2.2) into account, one has

[F(z,t) + %P(m, t)]dx

oo,

4¢2 \/ 4¢2

4—LM(b—a)2’

4—LM(b—a)2 J

lim inf
I o e
b
I sup_ e e F(z,t)dx B
< liminf €l 4—-LM(b—a)2’ 4—LM(b—a)?2 ] i I
117 11 =
T fotoo &2 )\poo

96

(2.7)
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Perturbed quasilinear two-point boundary value problem 9

Moreover, since p is nonnegative, from Assumption (A1) we obtain

S PP (2,€) + EP(x,6)]da Juva P, €)de

lim sup =2 5 > lim sup =X (2.9)
&—400 5 &—+o00 5
Therefore, from (2.8) and (2.9), we observe
X el ;
V1, v _
D= [P NP (@) + EP(x8)ld
limsupg_, | )
2
M(b—a)
[ sup = 3 [F(zt)+EP(x,t))da
te[— 3 ; 4¢
lim inf€ﬁ+oo \/4—LM(b—a)2 \/4—5151\1(1)—(1)2

Assumption (A2) in conjunction with (2.7), implies

1

. JULUF(2,8)+ EP(@,6))da
lim supg_, | o =+ 116

2
= M (b—a) FaDTEPGEN - }O, — [
o SUP 262 1e2 ) xat)jar Y
te[,\/ ¢ ¢ c

.. 4-LM(b—a)2’ \[4—LM(b—a)2
liminfe | ) e )

For the fixed A, the inequality (2.7) implies that the condition (b) of Theorem 1.2
can be applied and either I5 has a global minimum or there exists a sequence {uy,} of
weak solutions of the system (1.1) such that limg_, ||un|| = +o0.

The other step is to show that for the fixed A the functional I3 has no global
minimum. Let us verify that the functional I5 is unbounded from below. Since

1 SO F(,€)da JPF(,€) + EP(, €))da
il li a-+p li a+p A
SIS TR s Ki(©) ’

we can consider a real sequence {d,} and a positive constant 7 such that d,, — 400
as n — oo and

1 . JL Pz, dn) + EP(x, dy))de
= < 7 < limsup
A £—+o0 Kl(dn)

for each k € N large enough. Let {w,} be a sequence in X defined by

(2.10)

do(z—a), fa<z<a+p,
wp(z) = < dy, ifat+tpu<z<b-—y, (2.11)
Gup—a), ifb—v<az<b



10 Shapour Heidarkhani, Johnny Henderson

For any fixed n € N, it is easy to see that w, € X and, in particular, one has
D(wy,) = Ki(dy). (2.12)

On the other hand, bearing Assumption (A1) in mind from the definition of ¥, we
infer

b—v _
() > / ) (F(z.dn) + £ PG d,)do (2.13)

So, according to (2.10), (2.12) and (2.13) (note Ki(d,,) > 0), we obtain

b—v

L(w) < Ky (dy) — A/

[F(z,dy) + EP(2, dy)lde < Ki(dy)(1 = A7),
a+p A

for every n € N large enough. Hence, the functional I5 is unbounded from below, and
it follows that I has no global minimum. Therefore, applying Theorem 1.2 we deduce
that there is a sequence {u,} C X of critical points of I3 such that limj o ||un| =
+00. Hence, the conclusion is achieved. O

Remark 2.1 Arguing as in [4, Remark 3.3] we notice that instead of Assumption
(A2) in Theorem 2.1 we are allowed to suppose the following more general condition:

(A3) There exist two sequence {a,} and {f,} with Ki(a,) < % for every
n € N and lim,, s By, = 400 such that:

F(a,t)de — [77 F(x,o,)dz

b
fa supt 152 452 a+p
. €l- 4-LM(b-a)2’ \/ a—LM(b—a)2
lim T
n——+oo M(bza) _ Kl (an)

b—v
F(z,&)dx
< lim sup —I‘HM ( )
E—+o0 K1(¢)

Obviously, from (A3) we obtain (A2), by choosing «,, = 0, for all n € N. Moreover,

2
if we assume (A3) instead of (A2) and set r, = %, for all n € N, by the same
argument as in Theorem 2.1, we obtain

(SUPyea-1(j—oc,r,)) T (V) — ¥ (u)
Tp) = inf >
SO( ) ueP—1(]—o0,r,[) Tn — @(U)
~ SWPuco(—oor,)) V() = Jo Fle, wn(x))dz
rn— [[G(x, w(z)) + H(z,w'(z))]de

F(z,t)dx — f;_;; F(z,ap)dx

b
fa Supte[\/ 482 \/ 482
TV atm—a)2) \ a— LM (b—a)2
<

= 262
ey — Kilan)

98




Perturbed quasilinear two-point boundary value problem 11

where wy,(z) is defined as given in (2.8), for = € [a, ], with «, instead of d,,. We then
have the same conclusion as in Theorem 2.1 with A; replaced by

N, = !
2 ®su F(x,t)dz—[*7" F(x,00)dz
= %P 153 4573 ] et
li 4a—LM(b—a)2 \a—LM(b—a)2
1Mp—+o00 267
M(b— a) 1(an)

The following result is a special case of Theorem 2.1 with p = 0.

Theorem 2.2 Assume that all assumptions of Theorem 2.1 hold. Then, for each

1
A€M = | - [oih F(z.&)dz
lim SUP¢ s 400 W
2
M (b—a)
sup 5 3 F(z,t)dx
o tel- \/4 L]\4[§(P— )2’ \/47L1C§£(”*“'>2 :
hmmfgﬂjLoo
the problem
—u" = (\f(z,u) + gla,u)h(z, ), in (a,b), (2.14)
u(a) = u(b) = 0, |

has an unbounded sequence of weak solutions in W,*([a,b]).
Here we point out the following consequence of Theorem 2.2.

Corollary 2.3 Assume there exist two positive constants p and v with p+v < b—a
such that Assumptz'on (A1) in Theorem 2.1 holds. Furthermore, suppose that
sup F(z,t)dz
tel- ¢4 chlf(?f )2’ \/4—L]3[§(i—u)2

(A4) liminfe o < wro=ay;

(A5) limsupg_, 4 o % > 1 where K1(€) is given as in Assumption (A2).

Then, the problem (2.14) has an unbounded sequence of weak solutions in X.

Remark 2.2 Theorem 1.1 in the Introduction is an immediately consequence of
Corollary 2.3 by setting [a,b] = [0,1], f(z,t) = f(t), g(t) = 0 and h(z,t) = h(t),
for all z € [0,1] and ¢ € R.

It is of interest to list some special cases of Theorem 2.1.

Let f and F be as before, and let ¢ : R — R be a Lipschitz continuous function
with the Lipschitz constant L > 0, i.e. [g(t1) — g(t2)| < L|t1 — tof, for all t1,t2 € R,
satisfying g(0) = 0. Let h : R —]0, +00[ be a bounded and continuous function with
m := inf h > 0. Denote M := sup h and suppose that the Lipschitz constant L > 0
satisfies LM (b — a)? < 4. We introduce the functions H : R — R and G : R — R,

respectively, as follows
/ / d5d7’ forallt € R
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and

t
Glt) = — /O g(€)de, for all ¢ € R.

Then, we have the following result:

Theorem 2.4 Assume there exist two positive constants p and v with p+v <b—a
such that Assumption (A1) in Theorem 2.1 holds. Furthermore, suppose that:

F(z,t)d:
Ja buptG[ ¢ 462 \/ 462 (@t)dz

4-LM(b— a)Q 4-LM(b—a)2

(A6) liminfe 4

. N (,8) v
< mhmsupgﬁ_,_oof[(i@ where Ky(&) := ’H' fo (t)dt+(b—a—p—v)G(&)+

,uH(g) + yH(—%). Then, for each

1

. Jooy F(z,8)dz’
lim Sup§*>+oo U(T

)\EAQZZ

2
M(b—a)
I, ® sup 22 22 F(zt)de |’
tely/ 1o LM (b— a)2 4-LM(b—a)?

liminfe_, o

for every non-negative L*-Carathéodory function p : [a,b] x R — R such that:

4—LM(b—a)2’ 4—LM(b—a)2

Poo = liMe 40 & < +00

b
I supte[_\/ e \/ e P(x,t)dx

and for every p € [0, pp [ where

2
/le’/\ M(b - a)poo
fab sup - . P(x,t)dx
R e el et
1—)\ lim inf ’
E—+o0 52
the problem
" = (\f(2,u) + pple,u) + gu)h(e) in (a,b),
(2.15)

u(a) = u(®) = 0,

has an unbounded sequence of weak solutions in X.

Proof. Setting g(x,t) = g(t) and h(z,t) = h(t), for all (z,t) € [a,b] x R, then from
Theorem 2.1 we have the conclusion. O
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Perturbed quasilinear two-point boundary value problem 13

Now, we consider a special situation of the result. Set p(z,¢) = 0 and g(¢) = 0, for
all z € [a,b] and ¢ € R. Then, we have the following consequence of Theorem 2.4.

Theorem 2.5 Assume there exist two positive constants p and v with u+v < b—a
such that Assumption (Al) in Theorem 2.1 holds. Furthermore, suppose that:

.. absu 11<¢ Fz,t)dx . fabi: F(z,8)dx
(A7) liminfe_, o, L Pize Wo=a) WM SUPe - yoo 775 rpri—gy - Then, for
each
2
1 M(b—a)
A€ Az = )
ar L FeOn e s Fadds
1N SUPe_s 4 oo pH(5)+vH(=%) &—+o0 2

for every non-negative L*-Carathéodory function p : [a,b] x R — R such that:

b

/., sup e e P(x,t)dx
. te[_\/él—LM(b—a)Q’ \/4—L1W(b—a)2 J

Doo = liMe 40 & < 400

and for every p € [0, up x[ where

2
Ho2 = 2 — a)poo

b
P(x,t)d
fa Supte[_\/ 462 \/ 4¢2 ] (I’ ) x

4-LM(b—a)2’ 4-LM(b—a)2

M@ —a)

1-A lim inf

E—+o00 52 ’

the problem

" = (A, u) + o, u) (e in (a,), 210
u(a) = u(b) =0, '
has an unbounded sequence of weak solutions in X.

We now exhibit an example in which the hypotheses of Theorem 2.5 are satisfied.

Ezample 2.1 Let f : [a,b] x R — R be the function defined by
fH(@)te!(2 +t — cos(In([t])) — (2 +¢) sin(In([¢]))),
)= i (0,0 € [a,6] x (R— {0}),
0, if (z,t) € [a,b] x {0},

1
2—siny

where f*: [a,b] — R is a non-negative continuous function, and let h(y) = for

each y € R. A direct calculation shows
F(Qj t) _ f*(x)tzet(l - Sln(ln(‘ﬂ)))’ if (x7t) € [CL, b} X (R - {O})a
0, if (x,t) € [a,b] x {0},
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and H(y) = y? — y + siny for each y € R. So,

b
I, supyy<¢ F(x,t)dx

lim inf =0
imint =
and .
U F(x,€)dx
lim sup fa+“ (¢) = +00

for some positive constants pu and v with u 4+ v < b — a. Hence, using Theorem 2.5,
the problem (2.16), in this case, with p(z,t) = e~ (t7)7 where t+ = max{t,0} and
«v is a positive real number, for all (z,t) € [0,1] X R for every (\, u) €]0, +00[%[0, +00]
has an unbounded sequence of weak solutions in X.

Set h(t) = 1, for all t € R. Then, we have the following consequence of Theorem
2.5.

Theorem 2.6 Assume there exist two positive constants p and v with u+v < b—a
such that Assumption (A1) in Theorem 2.1 holds. Furthermore, suppose that

.. b su t<e Fz,t)d . :7: F(2,6)dn
(A8) lim infe oo — LEE — (b—;)lfz-&-u) lim supg_, | o f+§72 Then, for
each
pty 2
b—a)
AE /14 = 2py (
b—v d ? . . b s Fzt)d 5
lim supe_, 4 o W liminfe 4o w

for every non-negative L*-Carathéodory function p : [a,b] x R — R such that:

b
I supte[_\/ o \/ e P(x,t)dz

4—LM(b—a)2’ 4—LM(b—a)2 J

52

Poo = liMe 40 < 400

and for every p € [0, up x| where

2
AT MG = apes

b
/) sup e " P(x,t)dx
1— )\M(b — CL) lim inf te[_\/4—LM(b—a)2’ \/4—LJVI(b—a)2 ]
E—+o0 52

the problem

o0 = M) ko, i (w0 (2.17)

u(a) = u(b) =0,
has an unbounded sequence of weak solutions in X.

We end this paper by giving the following consequence:
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Corollary 2.7 Let g1 : R — R be a non-negative continuous function, and denote

that G1(t) = fot g1(&)d€ for allt € R. Assume there exist two positive constants j and

v with p+v < b—a such that:
(A9) liminfe 400 “HE < +o0 ;
G1(§)

pH(S)+vH(—5) — 1O

(A10) lim supg_, 4 o

Then, for every oy € L*([a,b]) for 1 <i < n, with mingepgp{ai(z); 1 <i<n} >0
and with ay # 0, and for every mon-negative continuous g; : R — R, for 2 < i < n,
satisfying

max{sup G;i(&)dt; 2<i < n} <0
£ER
and o
min{liminf IONP n} > —o0,
E—+o0 62
where G;(t) = f(f 9i(&)de, for allt € R for 2 <i < n, for each
2
A€ A5 = 0, b G |
(M(b—a) [, ai(z)dz) liminfe, 4o 5>
for every non-negative L*-Carathéodory function p : [a,b] x R — R such that:
b
o Sup 5 2 P(x,t)dx
. f tE[i\/él—Ll\ji(b—a)Z’ \/47“\445(1)7(1)2 ] ( )
Poo = liMe_ 4 o0 & < 400
and for every p € [0, pp [ where
o 2
Fe2 T M = ajpee
b
) sup 2 - P(x,t)dz
M(b — CL) L. te[f\/47LAi£(b7(l)2, \/4—L1€[€(b—u)2
1—A——=liminf 5 ,
E—+o00 f
the problem
—u" = Mo(u') 300 ai(@)gi(u) + pp(w,u)  in (a,b),
(2.18)
u(a) = u(b) =0,

has an unbounded sequence of weak solutions in W&’Q([a, b]).

Proof. Set f(x,t) =Y i, a;(x)gi(t), for all (z,t) € [a,b] x R. The assumption (A10)
together with the condition

Gi(§)

52

min { lim inf
E—+o0

;2§i§n}>—oo
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yields
ff;; (0.9de S (Gi(€) [irY cilw)dx)

lim sup = lim sup z = +400.
Etoo pH(E 2+ vH(=3)  eo+oo ,uH(ﬁ)—ﬁ—VH(—;)

Moreover, the assumption (A9) in conjunction with the condition

max { sup G;(§)dt; 2 <i < n} <0
£ER

implies

F(z,t)dx b
hmlnff Supyise (2, ) < (/ oq(:r)dx) lim inf G1() < 400

E—+o00 §2 {—4o00 52
Hence, applying Theorem 2.5 we have the result. O
Arguing as in the proof of Theorem 2.1, but using conclusion (¢) of Theorem 1.2
instead of (b), the following result holds.

Theorem 2.8 Assume there exist two positive constants p and v with p+v <b—a
such that Assumption (A1) in Theorem 2.1 holds and
Ir F(x,t)dx

a sup - ¢ ¢ 162 |
te
A a— a)2’ \4-LM(b—a)2
(B1) liminfe_,o+ D Lty

v d:
< m lim supg_, o+ f“*%(éf)m where K1(€) is given as in Assumption (A2). Then,

for each

1

. [ F(ag)da
lim Sup£_>0+ _F[(T

AE A; =

M(b—a)
9’
supte[ \/ 12 \/ 12 F(z,t)dz

4—LM(b— a)2 4-LM(b—a)? I

liminfe_,o+
for every non-negative L*-Carathéodory function p : [a, bl x R — R such that:

b
1, sup e e P(z,t)dx
. €l 4-LM(b—a)2’ 4-LM(b—a)? ]
po = limg_,o+ e < 400

and for every p € [0, pp [ where

02 = M= an

b
Pz, t)d
fa SuPte[—\/ 262 \/ o2 ) (x,t)dx

4-LM(b—a)2’ 4—LM(b—a

£-0+ &2 ’
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Perturbed quasilinear two-point boundary value problem 17

the problem (1.1) has a sequence of weak solutions, which strongly converges to 0 in
X.

Proof. We take @, W and I, to be as before. By a similar way as in the proof of
Theorem 2.1 we verify that § < +oo For this, let {£,} be a sequence of positive
numbers such that &, — 07 as n — +oc and

4—-LM(b—a)2’ 4—LM(b—a)2

b
fa supt€[7¢ e \/ e [F(z,t)dx + %P(x, t)]

lim < +o0.

n—00 fr%
Put r, = M(b oy for all n € N, arguing as in the proof of Theorem 2.1, it follows that
0 < 4o00. Fix A € A;. We claim that the functional I does not have a local minimum

at zero. Let {d,} be a sequence of positive numbers and 7 > 0 such that d,, — 0" as
n — 0o and

[P F(z,dy)da

a-+p
- A 2.19
N <7< Ko (d) (2.19)
for each n € N large enough. Let {w,, } be a sequence in X defined as given in (2 8). Ac-
cording to (2.12), (2.13) and (2.19), we obtain I)(w,) < K;(d )\f n)dx <

Kq(dn)(1 — A1) < 0, for every n € N large enough. Since I)\(O) =0, thls derlves our
claim. Hence, the part (c) of Theorem 1.2 ensures that there exists a sequence {uy,}
in X of critical points of Iy such that ||u,| — 0 as n — oo, and the proof is complete.
O

Remark 2.3 We explicitly observe that in Remark 2.1 and Corollary 2.3, by Theorem
2.8 and replacing £ — +oo with £ — 0T, by the same reasoning, we have that the
problem (1.1) for every A € Aj, in this case, and the problem (2.14), respectively, has
a sequence of weak solutions, which strongly converges to 0 in X. Also, we notice that
in Theorems 2.2- 2.6 by Theorem 2.8 and replacing £ — +o0o with & — 0T, by the
same argument, we deduce that the problem (2.14) for every A € Ay, in this case, the
problem (2.15) for every A € A, in this case, and the problem (1.1) for every A € As,
in this case, and the problem (2.16) for every A € Ay, in this case, and the problem
(2.17) for every A € As, respectively, as well as Corollary 2.7, replacing & — +oo with
& — 07, for every A € Ag, has a sequence of weak solutions, which strongly converges
to 0 in X.

Finally, we give an application of Theorem 2.8.
Ezample 2.2 Let f : [a,b] x R — R be the function defined by

_ (@)1 = cos(In(|t])) — sin(In(|t]))), if (x,t) € [a,b]x (R — {0}),
flat) = {0, if (2, 1) € [a,b] x {0},

where f* : [a,b] — R is a non-negative continuous function, and let h(y) = m for
each y € R. A direct calculation shows

A (@)t(1 = sin(In([t]))), if (z,t) € [a,b] x (R —{0}),
F(z,t) = {0, if (2,¢) € [a,b] x {0},
105



18 Shapour Heidarkhani, Johnny Henderson

I;SUPMS& F(z,t)dx
52
= 400, for some positive constants p and v with

and H(y) = y* — cosy + 1 for each y € R. So, liminfe o+ =0

[l F(@,8)de
HH(f)-‘rVH(—%)
u+ v < b— a. Hence, using Theorem 2.8, and taking Remark 2.3 into account, the
problem (2.14), in this case, for every A €]0,+o0], has a sequence of weak solutions,

which strongly converges to 0 in X.

and limsupg_,o+
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