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Abstract In this paper, a bivariate generalization of a general sequence of Meyer-Konig and Zeller
(MKZ) operators based on g-integers is constructed. Approximation properties of these operators are
obtained by using either Korovkin-type statistical approximation theorem or Heping-type convergence
theorem for bivariate functions. Rates of statistical convergence by means of modulus of continuity
and the elements of Lipschitz class functionals are also established.
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1 Introduction

The classical Meyer-Konig and Zeller (MKZ) operators are defined by

(=2 3 f (k) (Pt iz el
k=0

M, (f,ili): (1.1)

for f € C'[0,1], n € N (see [10]).
These operators were modified by CHENEY and SHARMA in [3] as follows:

(1— z)"H! kijof (ﬁ) ("HR)ak, itz e [0,1)
ra, it = 1.

Hy, (f,x) = (1.2)
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2 H. Gul fnce, Esma Yildiz Ozkan

In [3], CHENEY and SHARMA obtained monotonicity of the sequence of the operators
defined by (1.2), for n, when the function f is convex.

The ¢-type generalization of positive linear operators was originated by PHILLIPS
[16]. He introduced the ¢-type generalization of the classical Bernstein operators and
obtained the rate of convergence and Voronovskaja-type asymtotic formula for these
operators. PHILLIPS, GOODMAN and ORUG ([10], [14]) studied similar problems in
detail. Using similar idea, TRIF [18] defined the MKZ operators based on the g-integers
as follows:

n

S S [k]q n .
Fo(fiq0) = sl;lo(1 ~ @) kz::of (["+k]q> [ :k]qu’ if z €[0,1)
F), ifx=1.

(1.3)

Then, TRIF [18] studied the approximation properties and obtained the rate of
convergence by using the modulus of continuity and monotonocity properties of the
operators F,, (f,q,x), for ¢ € (0,1] and = € [0, 1).

Here, we recall some definitions about g-integers. For each non-negative integer k
and ¢ € (0, 1], the ¢g-integers, [k}q , and the g-factorial, [k] !, are defined by [1]:

q”

EVLR

], = { o HaAl
a k, ifg=1,

K k=1, 1], ik >
Ha = {1, itk =0,

respectively.
For the integers n, k, n > k > 0, the ¢-binomial or the Gaussian coefficient is defined

by [1]:

In [5], DOGRU and DUMAN introduced the following different kind of ¢-MKZ oper-
ators and studied statistical approximation properties of such operators:

i ) S "kl \ .
Ry (f.q.2) = sl;[o(l —aw) kz::of (El”urk]q) [ Zk]qu’ if z€[0,1)
f@), T

(1.4)

Statistical convergence was first introduced by FAST [8] nearly fifty years ago and
it has become an area of active research.

Now, we give concepts of statistical convergence.

Let K be a subset of N, the set of all natural numbers. The density of K is defined
by § (K) := lim, 00 = [{k € K : k < n}| provided the limit exists [13]. So the sequence
x = (z1) is said to be statistically convergent to a number L means that if for every
€>0,0{k:|xxy— L] >¢e} =0 and it is denoted by st — limy_, xx = L. It is easy to
see that every convergent sequence is statistically convergent but converse is not true.
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Approximation properties of bivariate generalization 3

Recently, combining (1.3) and (1.4) OzaRSLAN and DUMAN [15] also introduced the
following modification of ¢-MKZ operators:

n s = an( )[k}q
[T -a) > f () [t 5
Ty (.fa q, .’L‘) = h=0 : (15)
if x €10,1)
f, ifx=1,

where (ay, (t)) is a function sequence defined on the interval [0, 1] such that 0 < ay, (t) <
1 for all n € N. They obtained a Korovkin-type approximation theorem and computed
the rates of convergence of these operators by means of modulus of continuity and the
elements of Lipschitz class functionals using the following results:

T, (eO;Q»x) =1,
T, (61;Q>$) = Gn (Q)«T7 2 (16)
a2 () 2* < Ty (e234,2) < qa3 () 2 + 47,
where n € N, z € [0,1] and ¢ € (0,1].
Replacing ¢ in (1.6) by a sequence (g,) € (0,1] for all n € N so that

nh_)r{)lo an (qn) = nh_)rglo ¢n = 1 and nh_}n(f)l() [n], =00 (1.7)

and using (1.7), we realize that the Korovkin-type approximation properties are ob-
tained for the operators (1.5). OzZARSLAN and DUMAN gave such a sequence in [15].
Now, we recall some definitions. As usual, Cla, b] denotes the space of all real valued
continous functions defined on [a,b]. Then the space Cla,b] is a Banach space with
the usual norm ||.|| given by [|f|| = supgeia 4 |f ()|, f € Cla,b]. As usual, throughout

the paper we use the test functions e; (z) = 2% for i = 0,1, 2.

In this paper, firstly we obtain statistically approximation properties of the (1.5)
operators for f € C[0,b], 0 < b < 1, with the help of Korovkin-type theorem proved
by GADJIEV and ORHAN [9] and estimate the rate of statistically convergence of the
sequence of the operators to the function f.

Secondly, we consider the following questions related with convergence of the (1.5)
operators for x € [0,], 0 < b < 1 and positive answer to this question is given with
the help of a Heping-type theorem proved by DOGRU and GUPTA [6].

If we choose a sequence (ay, (¢5)) instead of a fixed ¢ € (0,1] such that 0 < ¢, <1
and the following conditions:

lim (an(gn)) =¢, (c€R) and lim ¢, =1, (1.8)
n—oo n—oo
can the approximation properties of the (1.5) operators still be obtained for = € [0, b],
0<b<l

For instance, if we choose (an (¢n)) = 47, (gn) = (1—21), then the conditions
(1.8) are satisfied ¢ = e~1. On the other hand, the conditions in (1.8) guarantee that
lim,,—s 0o [n]q = 00.

Finally, the aim of this paper is to construct a Stancu-type bivariate extension of
the (1.5) operators, to give either the statistical or Heping-type convergence of these
operators to the function f and also to compute the rate of statistical convergence of
these operators.
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4 H. Gil fnce, Esma Yildiz Ozkan

2 Heping-type convergence

In [6], DOGRU and GUPTA proved the following Heping-type theorem given by HEPING
in [11] for any sequence of positive linear operators.

Theorem A ([6]). Let the sequence (Ly,) of positive linear operators on C' [0, b] satisfy:

(i) The sequence (L, (e;)) converges to a function Lo (e;) for i =1,2 in C[0,].

(13) (L, (f;x)) is non-increasing for any convexr and increasing function f and for any
x € [0,b].
Then there is an operator Lo, on C0,b] such that ||L,(f) — Loo(f)llcjoe — 0 as
n — oo, for every f € CI0,b].

Theorem 1. Let a, (g,) be a real decreasing sequence such that 0 < g, < 1, for all
n € N satisying the conditions in (1.8). Then, there is an operator Ts, on C'[0,b] such
that |Tn (f, an) — Too (f,an)llcjoy — 0 @s n— oo, for all f € C'[0,8], (0 <b<1).

To obtain the proof of Theorem 1, we need the following results.

andﬂ:—%. Then a4+ 8 =1 and

[n+1],
Lemma 2. ([6]) Let o := = Torktl,

T [ntk+1],
[F]

M, W,
k=1,

-1,
[n+Fk],

(2.1)

Theorem 3. If f:[0,b] = RT is a conver and increasing function, a, (q) is a real
decreasing sequence, for all ¢ € (0,1], then the sequence (T, (f,q,x)) is non-increasing

in n, for all g € (0,1] and z € [0, b].
Proof.

T (fiq,2) — Tog1 (f3 ¢, 2)

. s [+, an (q) [K],
=[[a-2)> [n+k+1]qf<[n+k]q> (2.2)

s=0 k=1
an+1(q) [K], q" (K], ant1(q) [k —1],
_f<m+k+1h +_[n+k+1]qf< [n+ k], >}
r+k+1 K
k q

By choosing o and § as in Lemma 2 and substituting (2.1) into (2.2), we arrive that

n

To(f3¢,7) = Tupr (f30,2) > [[ (1 = ¢°2) Y _{af (21) + Bf (22)
k=1

5=0

—f (axy + Bxa)} ¥ [

n+k+1 k
x )
k q

an+1(q)[k], _ ant1(q)[k-1],
B P U P
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Approximation properties of bivariate generalization 5

Because of convexity of f, we say that (T, (f; gn, z)) is non-increasing in n.

Proof of Theorem 1. From (1.6), we get that (T}, (e2;qn,x)) converges to Too(€2; qn,
r) = x2c%in C'[0,b], (0 < b < 1). Thus we have established the property (i) of Theorem
A. In addition to, (ii) of Theorem A follows from Theorem 3, so the proof is complete.(]

3 Statistical approximation properties

In this section, we obtain statistical approximation properties of the operators defined
by (1.5) with the help of the following statistical Korovkin-type theorem proved by
GADJIEV and ORHAN [9].

Theorem B ([9]). If the sequence of the positive linear operators A, : Cla,b] —
C'la,b] satisfies the conditions st —limy o0 [|An (€53 .) = €illoqp = O then, for all f €
C [a,b], we have st —limyse0 [[An (f52) = fllopan = 0,1 =0,1,2.

Now, in the definition of the operators T,, we consider a sequence ¢ = (g,) instead
of a fixed ¢ € (0, 1] satisfying the following expression

st— lim ay, (¢,) = st — lim ¢, =1 and st — lim [n] = occ. (3.1)
n—o00 n—o00 n—o00 "

Existence of such a sequence was shown by DOGRU in [4].

Theorem 4. Let (T),) be the sequence of the operators (1.5) and the sequence q¢ =
(qn) satisfies (3.1) for 0 < @, < 1, then for all f € C[0,b], 0 < b < 1, st —
limp, o0 [|T0(f5 @) — fllciop = 0

Proof. By (1.6) for ¢ =0, T}, (eo; qn,x) = 1. Then we have
st — Tim [T, (€03 gn, ) = €ollojo = 0- (3.2)
By (1.6) for i = 1, we can write
1T (e15qn,-) — 61”0[0,1;} <1—an(qn)- (3.3)
For a given & > 0, define the following sets: U = {n : [|T.(e1;qn,-) — €1llo0, =
etand U :={n:1—a,(gq,) > ¢}.
It is clear that U C U’. Then 6{k < n : [|T(e15qn,-) — €1ll oy = € < 0H{k < n:

1 —an(gn) > ¢€}. (3.1) yields that st — limy, 00 (1 — @y (gn)) =0
So

st — nh_)ngo 1T (€13 an, -) — €1||C[0,b] =0. (3.4)

Finally, for ¢« = 2 by (1.6) we get

1T (€25 qn ) = €2llgo < 1= qnar, (gn) + (3.5)
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6 H. Gil fnce, Esma Yildiz Ozkan

From (3.1), we have

n—oo n—oo

st— lim (1— gua2 (gn)) = st — lim (“i (q")> — 0. (3.6)

Now, given ¢ > 0 define the following sets: U := {n : [|[Tn(e2; qn,.) — €200, > €}

Up:={n:1-qua(qn) > 5} and Uy := {n : %Zf‘) > 5t

It is obvious that from (3.5) U C U; UUs. Then we obtain that 6{n : || T,(e2; ¢n,.) —
2llooy =€} < 0{n:1—qnai(gn) > 5} 4 0{n: a[n(]q" > 5} So the right hand side of
the last inequality is zero by (3.6), then

st — 7}1_{{)10 1T (€25 an, -) — 62”0[0,()] =0. (3.7)
Now using (3.2), (3.4) and (3.7), the proof follows from Theorem B. O

4 Construction of the bivariate operators

In this section, we aim to construct a bivariate extension of the operators defined in
(1.5) by following technique of BARBOSU in [2].

Let 12 = [0,b] x [0,b], 0 < b < 1 and ay, (t) be a function satisfying 0 < ay, (t) < 1,
for all n € N and t € [0,1]. We consider a bivariate extension of the operators (1.5)
for f € C(I?) and 0 < ¢1,g2 < 1 as follows:

ni n2
Ty (Fravs @2 m,y) = [ (1 —gi'2) [] (1 —5y)
$1=0 §2=0
anl kl] Qny (qZ) [k2]q

X : . (4.1)

klzo kzZO ( e
.| + k| |no+ ke PRy

kl q1 kQ q2

It is clear that the operators (4.1) are linear and positive. By choosing ap, (¢1) =
any (2) = 1 = g2 = 1in (4.1), we have a Stancu—type generalization of classical MKZ
operators [12] and by choosing an, (1) = ", @n, (g2) = ¢3° in (4.1), we have also the
bivariate extension of ¢-MKZ operators from DOGRU and DUMAN in [5].

Lemma 6. We have

(1) Tnhnz (qulan,mvy) = Tg (T;LJZ (f q2,%, y))?
(1) Ty mo (f5 01,02, 3,y) = T, (TF, (fiq1,2,y)), where

I = Qn, 1 kl

S1=0 k1=0
k
x [”1+ 1] ki (4.2)
ki1,
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Approximation properties of bivariate generalization 7

and

na an, ko
TY, (Frazey) = [T - a3y Zf( n2+)k[2]]>

S2=0 ko=0

" [nz + k2:| >y (4.3)
kQ q2

Proof. We obtain (i) as follows:

r . Qny (42 k2

S$2=0 ko=0

« |:77/2 + kz} ykz
k2 q2

= > an, (q2) (k2
=[] a-a2v) > T2 (f (fv, m> ;q1,a¢,y>

S2—0 ko=0
5 |:n2 + k2:| ykz
k2 q2
no 9] ni
== > [J]-g=
S2=0 ko=0 S1=0
y f: £ { (q1) [k1lg, Gna (q2) [k2],,
P W T Y PR (T Y

" {nl + /ﬁ} " [”2 + k2] e
kl q1 k2 q2
= Tn1,n2 (fa q1, 492, x7y) .

In a similar way, property (ii) can be proven. O

5 Approximation properties of the bivariate operators

In order to obtain Heping-type convergence of the operators (4.1) we need the following
Lemma.

Lemma 7. Let e;; = I? > 1, €ij = xiyl, be the two-dimensional test functions. Then
the following results hold for the operators (4.1):

() ’rL1,’rL2 (600;q17q27x7y) =1
(i) Ty ms (€103915 G2, 2,Y) = an, (@1) @
(111) TTL1,TL2 (601; q1,42, 2, y) = Qn, (qQ) Y.
) a7211 (g1)x

(iv) a2, (q1) #* < Ty oy (20501, 02,7, y) < quad, (q1) 2% + [l
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8 H. Gil fnce, Esma Yildiz Ozkan

a?_(q2)y
(v) a2, (q2) ¥* < Ty ny (€025 G1, G2, @, y) < q2a2, (¢2) y* + [22];2 .

Proof. By using Lemma 6 and (1.6), the results (i)-(v) can easily be proven as in [2].00

Theorem 8. If the sequence (qn,), (qny), (@ny (@ny)) and (an, (gny)) in the interval
(0,1] satisfy the conditions (1.7), then the sequence of operators (4.1) converge uni-

formly to f (x,y) on I%, for any f € C (12).

Proof. Using the linearity of the operators (4.1) and combining the items (iv) and (v)
of Lemma 7, we obtain

a’l2’L1 (qnl) xZ + a7212 (qTLQ) y2

S T’I’L1,7’L2 (620; dnysqnas T, y) + Tnl,ng (602; Adnisqno > T, y) (51)

2 2

ar (gn,)z  ap, (qns)y

S qnlaZLl (qnl) I2 + qn2a7212 (QTLQ) y2 + n[l 1]n1 + TL[Q Z]nz
Iny

Gny
Using (1.7) and (5.1), we see that
Ty s (€20 + €023 Gy s Gy T, Y) — %+ y2 as np — oo and ny — 0o (5.2)

uniformly. By using (5.2) and (i)-(iii) of Lemma 7, the proof is complete from Volkov’s
theorem (see [19]). O
In view of Theorems 1 and 8, we can give the following result.

Theorem 9. Let (qn,) and (gn,) be the sequences satisfying the conditions (1.8) and
(T, my) be sequence of linear positive operators defined by (4.1). Then, for all f €

o(r?), M, o —00 (| Ty na (f) — ToopO(f)”C(F) =0.
Now, we give the following theorem which we shall use for the statistical convergence
of the (4.1) operators.

Theorem E ([7]). Let (L,) be a sequence of positive linear operators from C (K)
into C (K), where K = [a,b] x [¢,d], for a,b,c,d € R. Then, for all f € C(K),
st —limy o0 || Ln (f,.) — f||c(K) = 0 if and only if, the followings hold:

st — 7}1_)120 |Ln (€5, -) = €illoxy =0, 7= 0,1,2.

Let (gn,) and (gn,) be the sequences that converge statistically to 1 but are not
convergent in ordinary sense, so it can be written as for 0 < gn,, ¢n, < 1,

st— lm ap, (gn,) = st — lim gp,

niy—o0 ny—0o0
= st — nlgnoo n, (qnz) = st — nllinoo q,, = 1. (5.3)

Now under the condition in (5.3), let us show the statistical convergence of the
bivariate operators (4.1) with the help of the proof of Theorem 4.
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Approximation properties of bivariate generalization 9

Theorem 10. If the sequence (qn, ), (Gny)s (any (Gny)) and (any(q,.)) in the interval

no

(0, 1] satisfy the conditions (5.3), and (Ty, n,) be the sequence of linear positive oper-
ators defined by (4.1). Then, for all f € C(I?)

st — lim HTnl,nz (fv dn1 5 dna s ) - f||C(]2) =0.

n1,N2—00

Proof. By using Theorem 4, Lemma 6 and Theorem E, the proof can be obtained. [J

6 Rate of convergence of the bivariate operators

Recall that the modulus of continuity for the bivariate functions is defined by w(f; 01,
?2)])= sup{[f(t,s) — f(z,y)| : (t,5), (z,y) € I?, |t — 2| < b1, [s — y| < 02} (see [2] also
17]).

It is clear that, if f € C (I1?), then w(f;d1,d2) — 0 for 1 — 0 and 5 — 0.
Also by the monotonicity of w (f;d1,d2), we obtain

|f(t,8) = f (@, y)| Sw (filt — 2/, [s —y])
Sw(f;(il,éz)(té_lw +1> ('85_2y|+1>. (6.1)

Recall that OzARSLAN and DUMAN obtained the following inequality for the (1.5)
operators in [15];

T (f;q,7) = f(2)] < 2w (f;0n(2,q)), f€C0,1] and n €N, (6.2)
where
2@z
O (2, q) = {(3 — 2a, (q) — qa’ () 2* + ”[n]} : (6.3)

Theorem 11. If the sequence (qn,) , (qn,) 5 (an, (qnl)) and (an, (qn,)) in the interval
(0,1] satisfy the conditions (1.7), then

1 Tosins (F g ) = Fllerey < 40 (F361 (0my) 252 (40) (6.4)
where
1/2
5n1 (qnl) = (3 - 2CLn1 (qnl) — qny a?L (Qn1)> b2 + M ) (65)
' [ul,,
1/2
s () = (3= 20 () — s, ) 12+ 22282 L )
? [na,,

Proof. Using the Cauchy-Schwarz inequality in (6.1), we see that, in view of (6.2) and
(6.3), the proof immediatelly follows.
Recall that the Lipschitz class for the bivariate functions is defined as Lipys(f; ) =
{f : |f(t>8> - f(way)| < MHt - CL‘|2 + |8 - y|2]a/2(t7‘9)7 (x,y) € 12}7 where 0 < « < 1.
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10 H. Giil fnce, Esma Yildiz Ozkan

In [15], recall that OZARSLAN and DUMAN obtained the following inequality for the
(1.5) operators

|Tn (f?‘LI) - f (ZC)| < M{an (wuq)}aa f € LZPM (O[) and n € N? (67)
where 6, (z,q) is defined as in (6.3). O

Theorem 12. Let the sequence (gn,),(Gny), (any(qny)) and (an,(qn,)) satisfy con-
ditions (1.7) in the interval (0,1]. If f € Lipy(f; ), then ||Tn, no(f;@nysna,-) —
f”C(IQ) < M[62‘1 (qnl) + 57%2 <Qn2)]7 where (5TL1 (th)) and ((5TL2 (CInz)) are defined as in
(6.5) and (6.6).

Proof. By using (i) of Lemma 7, we have

|TTL1,YL2 (f;Q'maqnzaxay) - f (xay)|

ni n2
<[ 0 =gie) [T 0 —g2v)
S1=0 S2—=0
S An, (qnl) [kl]q Qny (qnz) [kQ]q
< / a5 -2 (6.8)
klz::o kzz::(] < [ + kl]qnl [n2 + kQ]qw
ny+k ng + k
S| I [ S
L g 2 g,

Anq (qnl)[kl]qnl

Let us first add and drop the function f( ,y) inside the absolute value

[n1+k1]q,
sign on the right-hand side of (6.8). Using the trianglle inequality and the fact that
f € Lipy (f; ), finally applying Holder’s inequality, with p = % and r = ﬁ such

that ;1) =+ % = 1, to the resulting term, we reach to
T ma (f3 s oo 2,y) — f (2, 9)]
< MA{[T, (=230 2)] " + [T (6= )% 100009)] "} (69)
=M [(@nl,z)a/z + (%2,2)&/2} ;

where @, 2 and ¢y, » are the second central moments of the operators (1.5). By (1.6)
can be obtained as follows:

a721 (qn)

]

n

Then ”9077«172 (QJ)H < 6’21 (qnl) and H<107L2,2 (I)H < 57212 (qn2)7 where 577«1 (qnl) and 6"2 (qnz)
are defined as in (6.5) and (6.6) , respectively.

If we take supremum over (z,y) € I? from the right hand side of (6.9), the proof
follows. O

Pn,2 (x) =T, ((t - m)Q 5 4n, I) < [3 — 2an (qn) — Qnai (qn) x2] +

Remark. Using (5.3), it is easily verified that st — lim,, ,__ dn, (¢n,) = 0 and st —
limy,, . On, (qn,) = 0. Hence this result helps us to estimate rate of statistical approx-
imation of the operators (4.1) by means of modulus of continuity and the elements of
Lipschitz class.
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