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Meromorphic functions share two values with its difference operator
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Abstract In this paper, we investigate the uniqueness problem related to a meromorphic function
f(2) and its difference operator Af(z) = f(z +n) — f(z), and we prove that Af(z) and f(z) share
a,b CM, where f(z) is a meromorphic function with N(r, f) = S(r, f), then f(z+n) = 2f(z).
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1 Introduction and results

In this paper, we assume that the reader is familiar with the standard notations and
basic results of Nevanlinna’s value distribution theory (see [6,14]). For a meromorphic
function f(z), S(r, f) shall always denote a quantity o(T(r, f)), r — oo, outside a
set of finite linear measure of r € (0,00). A meromorphic function « is said to be
a small function of f provided that T'(r,«) = S(r, f). S(f) denote the family of all
meromorphic small function to f(z). As for the standard notion in the uniqueness
theory, two meromorphic functions f and g share a CM(IM) in C = CU {co} means
that f—a and g—a have the same zeros counting multiplicities (ignoring multiplicities).

The following two classical results, due to Nevanlinna [11], have prompted research
activity on shared value problems up until today.

Theorem A If two meromorphic functions f and g share five distinct values IM, then

f=g.

Theorem B If two meromorphic functions f and g share four distinct values CM,
then f =g or f =T og, where T is a Mobious transformation.
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Uniqueness of the entire function f sharing values with its derivative f’ was firstly
investigated by RUBEL and YANG [13], and MUES and STEINMETZ [9,10] and GUN-
DERSEN [4] improved their results.

Recently, many authors [1,2,7,8,12] started to consider sharing values of meromor-
phic functions with their shifts or difference operators.

HEITTOKANGAS ET AL. [7,8] proved the following theorems.

Theorem C Let f be a meromorphic function of finite order, and let ¢ € C. If f(z)

and f(z + ¢) share three distinct periodic functions ay, as, az € S(f) = S(f) U {oo}
with period ¢ CM, then f(z) = f(z+c¢) for all z € C.

Theorem D Let f be a meromorphic function of finite order, and let ¢ € C, and let
a1, as, ag € S(f) be three distinct periodic functions with period c. If f(2) and f(z+c)
share ay, ag CM and a3z IM, then f(z) = f(z + ¢) for all z € C.

It is well known that Af(z) = f(z+n) — f(2) (where n € C is a constant satisfying
f(z+n)—f(2) #0) is regarded as the difference counterpart of f’. So, we consider the
problem that Af(z) and f(z) share a,b CM, where f(z) is a meromorphic function
with N(r, f) = S(r, f), and prove the following theorem.

Theorem 1.1 Let f(z) be a nonconstant meromorphic function of finite order such
that N(r, f) = S(r, f), let n € C be a constant such that f(z+n) — f(z) £ 0, and let
a,b be two nonzero distinct finite complez constants. If Af(z) = f(z+n) — f(z) and
f(2) share a,b CM, then f(z+n) = 2f(2).

Ezample 1.1 Let Q(z) be a periodic entire function with period 1 such that o(Q) = 2,
and f(z) = W. Then Af(z) = f(2+1) — f(2) and f(z) share 1,2 CM, and

N(r,f) = S(r, f), hence f(z+n)=2f(z).

Corollary 1.2 Let f(z) be a nonconstant entire function of finite order, let n € C
be a constant such that f(z +n) — f(z) # 0, and let a,b be two nonzero distinct
finite complex constants. If Af(z) = f(z+n) — f(2) and f(z) share a,b CM, then

fz4+n) =2f(2).
2 Lemmas for proof of theorem 1.1

Firstly we need the following lemmas for the proof of Theorem 1.1.

Lemma 2.1 ([14]) Let f(z) be a nonconstant meromorphic function, a; (j =1, ...,
q) be q distinct complex numbers. Then we have

o E75) o) o

j=1 I

CHIANG and FENG [3], HALBURD and KORHONEN [5] investigated the value distri-
bution theory of difference expressions. A key result, which is a difference analogue of
the logarithmic derivative lemma, reads as follows.
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Lemma 2.2 Let f be a meromorphic function of finite order and let n be a non-zero
complex constant. Then

Lemma 2.3 Let f(z) be not constant meromorphic function in C. Let a1, az, -, ay,
be n > 1 distinct complex numbers. Then, we have

Zm(r,f_laj) < mfr, ?)4—5(7’ 1) (2.1)
Zm o) S ) S0 (22)

Proof. By Lemma 2.1 and the Lemma on the Logarithmic Derivative, we easily obtain
that (2.1) holds.
By Lemma 2.1 and Lemma 2.2, we have

n n

Yo () = (L 7 ) 00

Jj=1

R e R e

O

Lemma 2.4 ([3]) Let f(z) be a meromorphic function with order o(f) = o < oo, and
let n be a fized non-zero complex number,then for each € > 0,we have T(r, f(z+1n)) =
T(r, f) + O(ro= 1) + S(r, f).

3 Proof of theorem 1.1

By Nevanlinna’s second fundamental theorem and the assumption that Af(z) and
f(2) share a,b CM, we have

T(r, f) < N(r, f) + N (n fia) LN <7‘, fib> + S0 )

=N <rfia> +N <r, fl_b> +5(r, f) (3.1)
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=¥ gp=) + ¥ (i gpm) )

1
§N<T,Af_f>+5(r,f).

By the assumption that N(r, f) = S(r, f) and the first fundamental theorem, we see

that
N(r1>+5(rf)—N<r / >+S(7’f)
TAf- f ; Af — f

f
1

f) (f)+s<f> (33)

:T< Af >+S r f)= < A—
=N<TAff> < f) N(r,Af)+ S(r, f)
gN( ch>—|—2N(rf—|—Srf < >+Srf
<T(r,f)+S(r,f).
By (3.1) and (3.2), we obtain that
7(1) =N (3 ) + 50.5)
- N (r, fia> b N (r, fl_b> +S(r f). (3.4)
Lo o= 05—
m(r,¢) <m <7‘, A(?ji)/a) +m <r, ff/ ) +0(1)
= S(r, Af) + (1, ). (3.5)
Since

T(r,Af) =m(r,Af)+ N(r, Af)+ S(r, f)
<m(r. g+ S+ 2N 1)+ 50 ) (3.6)

<m(r,f)+m <7‘,Aff> +2N(r, )+ S(r, f)

we have S(r, Af) = S(r, f). Thus, by this and (3.4), we have m(r, ¢) = S(r, f). Since

Af{ ;‘l, the poles of ¢ derive from the zeros and poles

¢ is the logarithmic derivative of
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of Aff_ _aa. And since f, Af share the value a CM, then Aff_ _aa has no zeros, and has at

most N(r, f) poles. Thus N(r,¢) = N(r, f) = S(r, f). Combining this and (3.4), we
have T'(r, ¢) = S(r, f)

Af) 4 .
Suppose that ¢ # 0. Then from T % fA_fb - (f_a])cw, we obtain

" <r’ fl—b> - <’”;) *Am<r f?b> )
<m< 1>+m< (1”>((Af}—(w>+m<’“’f—fb>
Tarn) Yo

m<r;> < = (Afl—a Alf>>+m< fA—fb>
< a—b< s fib>>+0(1)

&)+ S(r,Af)+S(r, f) = S(r, f).

+m
<T

We have that m(r, ﬁ) = S(r, f). By the first fundamental theorem we obtain that

T(r f) = N <7’, fib> + S0 f). (3.7)

Thus, by (3.3) and (3.6), we have N(r, 1 +=—) = S(r, f). By the assumption that
Af(z) and f(z) share a CM, we have tha N(r, z7= “7—) = N(r, - ) = S(r, f). Hence
N(r,ﬁ) = S(r, f). Since Af(z) and f( ) share b CM by (3.5), (3.6) and the
first fundamental theorem, we have m(r, z7—) + N(r, 7= +75) =T(r,Af)+S(r, f) <

T(T,f)+S(T,f):N( fb)+S( f) N(aAf_b)+S( f) Hencem(ﬁﬁ):
S(r,Af) = S(r, f). By Lemma 2.3 we have that

m < A1f> +m < AJ}_g) tm ( Afl_b) <m < (Alf)) L8 )), (38)

1 1 1
S — ) <m .
n(ngm) +m(nyis) <m(nag) s &
By (3.3) and the previous equalities for the counting functions, we have
N o +N B N L +S(r, f) (3.10)
"Af—a "ar—s) "\ Ao " '

N <r, fia) N <r, fl_b> — T f) + S(r, f). (3.11)
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By (3.7)-(3.10), we obtain

1 1 1 1
T<7"’Af—a>+T<“Af—b>+T<“f—a>”<’”f—b>

<m <r, (A1f)> N (n Aflb> +T( f) + S(r, f) (3.12)
<7 <7’, (Alf)> 4T <r, Afl_b> T, f) + S(r, f).

By N(r, f) = S(r, f), we obtain

T ( ! ) — m(r, (Af)) + N(r, (Af)) + O(1)

(Ar)
Af

:m<r,Af- ) + N(r,Af) + N(r, Af) + O(1) (3.13)

(Af)
Af

—m(r,Af)—l-m(r, )—i—S(r,f)—T(r,Af)—!—S(T,f).

By (3.5), (3.11), (3.12) and the first fundamental theorem, we have that T'(r, f) =
S(r, f). A contradiction.
Therefore ¢ = 0, that is

an_r
AT T (3.14)
Integrating (3.13), we get
Af —a
P =y, (3.15)

where C; is some nonzero constant.
Using the same method as above, by the assumption Af(z) and f(z) share b CM,
we obtain

where C5 is some nonzero constant.
If C; =1 (or Cy =1 ), then by (3.14) (or (3.15)), we obtain f(z 4 ¢) = 2f(2), that
is the conclusion holds. If C; # 1 and C3 # 1, then by (3.14) and (3.15), we obtain

(C1—Cy) f(z)=—a+b+Cra—Csb. (3.17)

If C; # Cs, then f is a constant. A contradiction. Hence C; = C5. Thus, by (3.16),
we have a — b = C1(a — b). Thus C; = Cy = 1. A contradiction.
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