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Abstract In this paper, we study the strong regularity of left SF' rings and obtain the following
results: Let R be aleft SF ring. If R satisfies one of the following conditions, then R is a strongly regular
ring: 1) R is a left WPZI ring; 2) R is a right W PZI ring; 3) R is a right weakly semicommutative
ring; 4) R is a semicommutative ring; 5) R is a reversible ring.
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Introduction

All rings considered in this paper are associative rings with identity, and all modules
are unital. The symbols N(R), Z;(R) and Z,(R) will stand respectively for the set
of all nilpotent elements, left and right singular ideal of R. For any nonempty subset
X of R, r(X) = rr(X) and I(X) = [r(X) denote the set of right annihilators of X
and the set of left annihilators of X, respectively. In particular, if X = {a}, we write
I(X)=I(a) and r(X) = r(a).

A ring R is called (von Neumann) regular (cf. GOODEARL [2]) if for every a € R
there exists b € R such that a = aba. A ring R is strongly regular (cf. REGE [6]) if
for every a € R there exists b € R such that a = a?b. A ring R is called reduced
(cf. RAMAMURTHI [5]) if R has no nonzero nilpotent elements. It is well known that
R is a strongly regular ring if and only if R is a reduced regular ring. A ring R is
called MELT (resp., MERT) if every maximal essential left (resp., right) ideal of R
is an ideal. According to RAMAMURTHI [5], a ring R is called left (resp., right) SF
if each simple left (resp., right) R—module is flat. It is known that regular rings are
left and right SF rings. RAMAMURTHI [5] initiated the study of SF rings and the
question whether an SF ring is necessarily regular. For several years, SF' rings have
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been studied by many authors and the regularity of SF rings which satisfy certain
additional conditions is showed (cf. RAMAMURTHI [5], REGE [6], YUE CHI MING [9-
11], ZHANG and Du [14,15], ZHANG [12,13], ZHOU and WANG [17,18], ZHoUu [19]).
But the question remains open. YUE CHI MING [11] proved the strong regularity of
right SF rings whose complement left ideals are ideals, and he proposed the following
question: Is R strongly regular if R is a left SF rings whose complement left ideals
are ideals? ZHANG and Du [14] affirmatively answered the question. ZHOU and WANG
[17] proved that if R is a right SF rings whose all maximal essential right ideals are
GW —ideals, then R is a regular ring. ZHANG [13] proved that if R is an M ELT and
right SF rings, then R is a regular ring. ZHOU [19] proved that if R is a left SF rings
whose complement left (right) ideals are W—ideals, then R is a strongly regular ring.

Following ZHOU and WANG [17], a left ideal L of a ring R is called GW —ideal, if
for any a € L, there exists a positive integer n such that a"R C L. Clearly, every
ideal is GW —ideal, but the converse is not true, in general, by ZHOU and WANG ([17],
Example 1.2).

According to ZHOU [19], a left ideal L of a ring R is called a weakly ideal (W —ideal),
if for any 0 # a € L, there exists n > 1 such that a” # 0 and a"R C L. A right ideal
K of a ring R is defined similarly to be a weakly ideal. Clearly, ideals are W —ideals
and W —ideals are GW —ideals, but the converses are not true, in general, by ZHOU
[19].

According to COHN [1], a ring R is called reversible if ab = 0 implies ba = 0 for
a,b € R, and R is said to be semicommutative (ZHAO and YANG [16]) if ab = 0 implies
aRb = 0.

A ring R is called left (resp., right) WPZI if for any 0 # a € R, there exists n > 1
such that a™ # 0 and [(a™) (resp., 7(a™)) is a W —ideal of R.

Clearly, semicommutative rings are left and right W PZI rings.

The first purpose of this paper is to study the (strong) regularity of left SF—rings
in terms of WPZI rings. We obtain the following main results:

1) Left WPZI left SF—rings are strongly regular;

2) Right WPZI left SF—rings are strongly regular.

So some known results appeared in REGE [6] are extended.

1 Some properties of WPZI rings

According to HWANG, JEON and PARK [3], a ring R is called NCT if N(R) = 0 or
there exists a nonzero ideal of R contained in N(R). Clearly, NT rings (that is, N(R)
forms an ideal of R) are NCI, but the converse is not true, in general, by HWANG,
JEON and PARK [3].

Following WEI and CHEN [8], left R—module M is called nil—injective if for any a €
N(R), every left R—homomorphism Ra to M extends to R. Evidently, Y J—injective
modules are nil—injective, but the converse is not true, in general, by WEI and CHEN
[8].

Proposition 1.1 (1) Left or right WPZI rings are Abelian.

(2) Left or right WPZI rings are NCI.

(3) Let R be a left or right WPZI ring. If every singular simple left R—module is
nil—injective, then R is a reduced ring.

(4) If R is a left or right WPZI ring, then No(R) = {a € R|a®> = 0} C P(R).
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Proof. (1) Let R be a left WPZI ring and e € E(R). Then there exists n > 1 such
that I(e) = l(e™) is a W—ideal of R. Since 1 — e € [(e), there exists m > 1 such
that (1 —e)™ # 0 and (1 — e)™R C I(e). Therefore we obtain (1 — e¢)Re = 0 for each
e € E(R), so R is an Abelian ring.

Similarly, we can show that right WPZI rings are Abelian.

(2) If N(R) # 0, then there exists 0 # a € N(R). Let n > 1 be such that " = 0
and a”~! # 0. Since R is a left W PZI ring, there exists m > 1 such that a™ # 0 and
I(a™) is an W —ideal. Clearly, n > m and 0 # o™~ ™ € I(a™). Since [(a™) is a W —ideal,
there exists [ > 1 such that (a""™)! # 0 and (a®™)!'R C I(a™). If (n —m)l > m,
then Ra(™ ™R is a nonzero nilpotent ideal of R. If (n — m)l < m, then Ra™R is a
nonzero nilpotent ideal of R. Hence R is a NCT ring.

Similarly, we can show that right WPZI rings are NCI.

(3) Let a®> = 0. If a # 0, then there exists a maximal left ideal M of R such
that {(a) € M. If M is not essential in gR, then M = I(e) for some e € E(R).
Thus ae = 0 because a € I(a) C M. By (1), R is an Abelian ring, so ea = 0. This
gives e € l(a) C I(e), a contradiction. Hence M is an essential left ideal of R, so
R/M is a singular simple left R—module. By hypothesis, R/M is a nil—injective left
R—module. Let f: Ra — R/M defined by f(ra) =r 4+ M. Then f is a well defined
left R—homomorphism, so there exists a left R—homomorphism g : R — R/M such
that g(a) = f(a). Hence there exists ¢ € R such that 1+ M = f(a) = g(a) = ag(1) =
ac+ M. Since R is a left or right WPZI ring, aRa = 0. Thus ac € l(a) € M. This
leads to 1 € M, which is a contradiction. Hence a = 0.

(4) It follows from the proof of (3). O

A ring R is called directly finite if ab = 1 implies ba = 1 for a, b € R. It is well known
that Abelian rings are directly finite. Hence left or right W PZI rings are directly finite
by Proposition 1.1. According to HWANG, JEON and PARK [3], NCI rings need not
be directly finite. Hence NC1I rings need neither be left nor right WPZI.

A ring R is called left NV if every singular simple left R—module is nil—injective.
Clearly, left V —rings and reduced rings are left NV. Since reduced rings are reversible
and reversible rings are semicommutative, by Proposition 1.1, we have the following
corollary.

Corollary 1.2 The following conditions are equivalent for a ring R:
(1) R is a reduced ring;
(2) R is a reversible left NV ring;
(3) R is a semicommutative left NV ring;
(4) R is a left WPZI left NV ring;
(5) R is a right WPZI left NV ring.

Kim, NaMm and Kim ([4], Theorem 4) proved that if R is a semicommutative ring
whose every simple singular left module is Y J—injective, then R is a reduced weakly
regular ring. Hence, by Corollary 1.2, we have the following corollary.

Corollary 1.3 Let R be a left or right WPZI ring. If every singular simple left
R—module is Y J—injective, then R is a reduced weakly regular ring.

WEI ([7], Theorem 16) proved that a ring R is a strongly regular ring if and
only if R is a semicommutative M ELT ring whose singular simple left modules are
Y J—injective. Hence, by Corollary 1.2, we have the following corollary.
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Corollary 1.4 A ring R is a strongly regular ring if and only if R is a MELT left
or right WPZI ring whose every singular simple left module is Y J—injective.

It is well known that a ring R is a reduced ring if and only if R is a semiprime
semicommutative ring. On the other hand, semiprime left (right) WPZI rings are
reversible (in fact, if ab = 0, then (ba)? = 0. If R is a left WPZI ring, then I(ba)
is a W—ideal, so baRba = 0. Since R is a semiprime ring, ba = 0). So, we have the
following proposition:

Proposition 1.5 The following conditions are equivalent for a ring R:
(1) R is a reduced ring;
(2) R is a semiprime left WPZI ring;
(3) R is a semiprime right WPZI ring.

2 Strong regularity of SF—rings

REGE ([6], Remark 3.13) pointed out that if R is a reduced left (right) SF ring, then
R is a strongly regular ring. We can extend this result to right WPZI rings.

Proposition 2.1 Let R is a left SF ring. If R is right WPZI, then R is strongly
regular.

Proof. Assume that a € R. If a = 0, we are done. If a # 0, then there exists n > 1
such that a" # 0 and r(a™) is a W—ideal of R because R is a right WPZI ring. If
Ra+r(a"R) # R, then there exists a maximal left ideal M of R containing Ra+r(a"R).
Since R is a left SF ring, R/M is a flat left R—module, so there exists b € M such
that a = ab because a € M. Hence 1 —b € r(a™). If 1 —b=0,then 1 =b € M, a
contradiction. Therefore 1 — b # 0. Since r(a™) is a W—ideal of R, there exists m > 1
such that (1-b)™ # 0 and R(1—b)™ C r(a™). Hence (1—-b)™ € r(a™R), which implies
(1-b)™ € M. Since 1 —(1-b)" = (14+(1=b)+(1—b)%+---+(1-b)™ Hb e M,1 € M,
which is a contradiction. Hence Ra + r(a"R) = R, which implies Ra +7(a") = R. Let
1 = ca+z, where ¢c € R and z € r(a™). So a" = a"ca. Write d = a® ! —a" ca. Then
d? = 0. If d # 0, then similar to the proof mentioned above, we have Rd + r(d) = R,
so there exists u € R such that d = dud. Hence there exists y € R such that a" ! =
a" lya. If d = 0, then a® ! = a" 'ca. Repeating the process above, we obtain that
a = awa for some w € R. So R is a regular ring. By Proposition 1.1(1), R is an
Abelian ring, so R is a strongly regular ring. O

A ring R is called right weakly semicommutative, if for any a,b € R, ab = 0
implies aRbV™ = 0 for some n > 1. Clearly, semicommutatve rings are right weakly
semicommutative and right weakly semicommutative rings are Abelian.

Theorem 2.2 If R is a right weakly semicommutative left SE ring, then R is a
strongly regular ring.

Proof. Assume that a € R. If Ra+ r(aR) # R, then there exists a maximal left ideal
M of R containing Ra + r(aR). Since R is a left SF' ring and R/M is a simple left
R—module, R/M is flat. Hence a = ab for some b € M. Since R is a right weakly
semicommutative ring, there exists n > 1 such that aR(1—b)" = 0, hence (1—b)" C M.
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Thus 1 € M, a contradiction. Therefore Ra + r(aR) = R, which implies a € aRa.
Therefore R is a regular ring. Since R is an Abelian ring, R is a strongly regular ring.
O

Lemma 2.3 If R is a left SF ring and left WPZI ring, then Z;(R) = 0.

Proof. If Z;(R) # 0, then there exists 0 # a € Z;(R) such that a® = 0. If Z)(R) +
r(aR) # R, then there exists a maximal left ideal M of R containing Z;(R) + r(aR).
Since R is a left SF ring, R/M is a flat left R—module. Since a € Z;(R) C M, a = ab
for some b € M. So b # 1 and a € (1 —b). Since R is a left WPZI ring, there exists
n > 1 such that (1—56)" # 0 and {((1—b)"™) is a W—ideal of R. Hence aR C I((1—-5)"),
which shows that (1 — b)" C r(aR) C M, which implies 1 € M. This contradiction
leads to Z;(R) + r(aR) = R. Let 1 = x + y where z € Z;(R) and y € r(aR). Thus
ay = 0and a = ax. Since z € Z;(R), [(1—x) = 0, which implies a = 0, a contradiction.
Therefore Z;(R) =0. O

Lemma 2.4 Let R be a left SF ring. If R is a left WPZI ring, then R is a right
weakly semicommutative ring.

Proof. Assume that a,b € R with ab = 0. If b = 0, then aRb = 0, we are done. If b # 0,
then there exists n > 1 such that b # 0 and [(b"™) is an W—ideal of R. If aRbV"™ # 0,
then ach™ # 0 for some ¢ € R. By Lemma 2.3, Z;(R) = 0, so there exists a nonzero
left ideal L of R such that L N{(acb™) = 0. Let 0 # « € L. Then xzab = 0 because
ab=0.If za = 0, then xach™ = 0, which implies x € LNI(acb™). Thus z = 0, which is
a contradiction. Hence za # 0. Since [(b") is a W—ideal of R, there exists m > 1 such
that (za)™ # 0 and (za)™Rb™ = 0. Hence (za)™ 'z € l(acb™) N L, so (xa)™ tx = 0,
which implies (za)™ = 0, a contradiction. Hence aRb" = 0, we are done. 0O

Using Theorem 2.2 and Lemma 2.4, we have the following theorem:

Theorem 2.5 If R is a left SF ring and left W PZI ring, then R is a strongly reqular
ring.

By Theorem 2.5, we obtain the following two corollaries which are generalization of
REGE ([6], Remark 3.13).

Corollary 2.6 If R is a left SF ring and semicommutative ring, then R is a strongly
regular ring.

Corollary 2.7 If R is a left SF ring and reversible ring, then R is a strongly reqular
ring.

Acknowledgements Project supported by the Foundation of Natural Science of China (11471282,
11171291) and Natural Science Fund for Colleges and Universities in Jiangsu Province (11KJB110019).
I would like to thank the referee for his/her helpful suggestions and comments.

References

1. ConN, P.M. — Reversible rings, Bull. London Math. Soc., 31 (1999), 641-648.
2. GOODEARL, K.R. — Ring Theory. Nonsingular Rings and Modules, Pure and Applied Mathemat-
ics, 33, Marcel Dekker, Inc., New York-Basel, 1976.

149



6 Junchao Wei

o

S g

11.
12.
13.
14.
15.
16.
17.
18.
19.

Hwang, S.U.; JEoN, Y.C.; PARK, K.S. — On NCI rings, Bull. Korean Math. Soc., 44 (2007),
215-223.

Kimv, N.K.; Nam, S.B.; KM, J.Y. — On simple singular G P-injective modules, Comm. Algebra,
27 (1999), 2087-2096.

RAMAMURTHI, V.S. — On the injectivity and flatness of certain cyclic modules, Proc. Amer. Math.
Soc., 48 (1975), 21-25.

REGE, M.B. — On von Neumann regular rings and SF-rings, Math. Japon., 31 (1986), 927-936.
WEL, J.-C. — On simple singular YJ-injective modules, Southeast Asian Bull. Math., 31 (2007),
1009-1018.

WEL, J.C.; CHEN, J.H. — Nil-injective rings, Int. Electron. J. Algebra, 2 (2007), 1-21.

YUuE CHI MING, R. — On von Neumann regular rings. V, Math. J. Okayama Univ., 22 (1980),
151-160.

YUE CH1 MING, R. — On von Neumann regular rings. VII, Comment. Math. Univ. Carolin., 23
(1982), 427-442.

YUuE CHi MING, R. — On von Neumann regular rings. XV, Acta Math. Vietnam., 13 (1988), 71-79
(1989).

ZHANG, J.L. — SF-rings whose mazimal essential left ideals are ideals, Adv. in Math. (China), 23
(1994), 257-262.

ZHANG, J. — A note on von Neumann regular rings, Southeast Asian Bull. Math., 22 (1998),
231-235.

ZHANG, J.L.; Du, X.N. — Left SF-rings whose complement left ideals are ideals, Acta Math.
Vietnam., 17 (1992), 157-1509.

ZHANG, J.L.; Du, X.N. — von Neumann regularity of SF-rings, Comm. Algebra, 21 (1993), 2445—
2451.

ZHAO, L.; YANG, G. — On weakly reversible rings, Acta Math. Univ. Comenian. (N.S.), 76 (2007),
189-192.

Zuou, H.Y.; WANG, X.D. — von Neumann regular rings and right SF-rings, Northeast. Math. J.,
20 (2004a), 75-78.

Zuou, H.Y.; WaANG, X.D. — von-Neumann regular rings and left SF-rings, J. Math. Res. Expo-
sition, 24 (2004b), 679-683.

Zuou, H. — Left SF-rings and regular rings, Comm. Algebra, 35 (2007), 3842-3850.

150





