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Abstract The main objective of this paper is to define some new kind of generalized convergent
sequence spaces with respect to a modulus function, and difference operator A™, m > 1 in a 2-
normed space. We also examine some topological properties of the resulting sequence spaces. Finally,
we have introduced a new class of generalized convergent sequences with the help of an ideal and
difference sequences in the same space.
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1 Introduction and background

The notion of statistical convergence has been introduced by FAST [9] in 1951 and later

developed by CONNOR [1], FRIDY [10], MADDOX [21], SALAT [30] and many others.
Furthermore, KOSTYRKO ET AL. [19] presented a very interesting generalization of
statistical convergence called as Z-convergence. The detailed history and development
in this regard can be found in [2], [3], [4] and [12].

In 1960, GAHLER [11] initially introduced the concept of 2-normed space as a gen-
eralization of normed linear space. Recently, many authors have started to study
summability, sequence spaces in these nonlinear spaces (see, for instance [13]). In
[28], SAHINER discussed ideal summability in these spaces and defined a new type of
sequence spaces.
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Kizmaz [18] introduced the notion of difference sequence spaces as follows A(X) =
{zx = (z1) : (Axy) € X}, for X = U, ¢ and ¢p, where Az = (x — zp41).

Continuing on this way, the notion was further generalized by ET and CoLAK [5]
by introducing the sequence spaces as follows A™(X) = {z = (zy) : A™xy € X},
for X = ls,c and cp, where m € N, A"z = (A" 1g; — A" 1z;,.1), and so that
A"z = 30 o (=1)Y(2)xg 4. More applications of the difference sequences can be
seen in [6], [7], [23] and [33].

The following inequality will be used throughout the paper. Let p = (px) be a
positive sequence of real numbers with 0 < pp < sup,pr = H, C = max(l,ZH’l).
Then for ay, by, € C, we have

|ak+bk|p’“ SC{|ak|pk+|bk|pk}, for all Kk € N. (1.1)

We recall [25] that a modulus function f is a function from [0, 00) to [0, 00) such
that

(i) f(z) =01if and only if x = 0, ii) f(x +y) < f(z)+ f(y) for all z,y > 0, iii) f is
increasing, iv) f is continuous from right at 0.

It follows that f must be continuous everywhere on [0,00). A modulus function
may be bounded or unbounded. Subsequently, modulus function was used to define
sequence spaces by GURDAL [15], PEHLIVAN [26] and SAvAs [31].

Let A = (\,) be a non-decreasing sequence of positive numbers such that A,11 <
A+, M=1, X >c0casn—ooand I, =[n— A, + 1,n].

In [24], MURSALEEN introduced the idea of A-statistical convergence by extending
the concept of [V, \] summability of [20]. Further, SAVAS [32] unified the two ap-
proaches and gave a new concepts of Z-statistical convergence, Z-Sy-convergence and
Z-[V, A] convergence.

Quite recently, many authors including [8], [22], [27] and [31] have constructed some
sequence spaces by using modulus function, difference sequences and investigate their
properties. In the present work, we also construct some sequence spaces defined by
a modulus function, generalized difference sequences with the help of an ideal in a
2-normed space.

2 Preliminaries

Throughout the paper, N will denote the set of all positive integers.

Let (X, ].]]) be a normed linear space. We recall that a sequence z = (x) € X is
called statistically convergent to L € X if for each € > 0, the set A(e) = {k € N
|lzx — L|| > €} having its natural density zero.

A family of sets Z C P(N) is called an ideal in N if and only if:

(i) 0 € Z;
(ii) For each A, B € 7 we have AU B € T;
(iii) For A € Z and B C A we have B € 7.
A non-empty family of sets 7 C P(N) is called a filter on N if and only if:
(i) 0 ¢ F;
(ii) For each A, B € F we have AN B € F;
(iii) For A € F and B D A we have B € F.
An ideal 7 is called non-trivial if Z # () and N ¢ Z.
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It immediately implies that Z C P(N) is a non-trivial ideal if and only if the class
F=FZ)={N—-A:Ae€T}is afilter on N. The filter F = F(Z) is called the filter
associated with the ideal 7.

A non-trivial ideal Z C P(N) is called an admissible ideal in N if and only if it
contains all singletons i.e., if it contains {{n} : n € N}. Throughout the paper, T is
considered as a non-trivial admissible ideal.

Let X be a real vector space of dimension d, where 2<d<oo. A 2-norm on X is
a function ||.,.]] : X xX—R, which satisfies: (i) ||z,y|| = O, if and only if x and y
are linearly dependent, (ii) ||z, y|| = ||y, z||, (iii) ||e.z,y|| = |&|.|z, y|,@ € R and (iv)
|z, y + z|| < ||z, y|| + ||z, || Then the pair (X, |.,.]|) is called 2-normed space.

Using the above terminology, GURDAL [14] defined Z-convergence in 2-nomed space
which were further investigated in [17], [29] and [34].

Let Z ¢ P(N) be a non-trivial ideal in N and (X, ||.,.||) is a 2-normed space. A
sequence © = (xp) in X is said to be Z-convergent to L € X if for each ¢ > 0 and
nonzero z € X, the set A(e) = {k € N: ||z, — L, z|| > €} € Z. In this case, we write
7 — limg o0 ||z, 2|l = || L, 2|

Definition 2.1 ([8]) A sequence x = () is said to be N -statistically convergent to
the number L if, for every € > 0, limy o0 = |{k € I, : || A™x), — L|| > €}| = 0. In this
case, we write Sy(A™, X) — limg_,o 1 = L.

Recently, SAVAS ET AL. [32] combined the ideas of A-statistical convergence and
ideal convergence to introduce new concepts of Z — Sy-convergence, Z — [V, A] conver-
gence and later some pioneer works have been extended in this direction by numerous
authors such as [2] and [16].

Definition 2.2 ([32]) A sequence x = (xy) is said to be T — [V, A] summable to L, if
for any 6 >0, {n e N: %Zkeln lxx — L|| > 6} € Z, where I, = [n — A, + 1,n].

Definition 2.3 ([32]) A sequence x = (xy,) is said to be T — A-statistically convergent
or I—S8)y convergent to L, if for everye >0 and 6 > 0, {r € N: %\{k €l ||lzp—L| >
e}| > 6} € Z. In this case, we write x, — L(Z — S)) or T — Sy —limg_,o0 x = L.

The following well-known lemma is required for establishing a very important result
in our article.

Lemma 2.4 Let f be a modulus function and let 0 < § < 1. Then for each x > § we
have f(z) < %

3 Main results

In this section, we introduce a certain type of sequence spaces using modulus function
and generalized difference operator A™ in a 2-normed space, where S?{ stands for the
space of all sequences defined over 2-normed space (X, ., .||)-

Definition 3.1 Let T C 2" be an admissible ideal, f be a modulus function and p =
(pr) be a bounded sequence of positive (strictly) real numbers, then for each € > 0 and
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z € X, we define the following sequence spaces:
VfI[”7 ”7 Ama Aap]O

~{o=(@ ek e L S ana s 2 s e,

" kel,
VE Il A™, X, pl

= {x:(:rk) € 5% : {neN: )\i Z[f(||Amxk—L,z||)]p’“25}el'}, for L >0,

" kel,
Vfl—[”a ”a A™, Aap]oo

:{m:(xk) € 5% : {neN: )\i Z[f(HAmmk,zH)]p’“zK} GI}, for K > 0.

" kel,

We can write it as z = (zj) € VfZ[H7 Al A™ X p| or xy — L(VfI[H., Al A™ N p.
Remark 3.1 If we take f(z) = z in the above definition, then we obtain VZ{||., .||, A™,
A, plo, V||, -|l, A™, A, p] instead of VfI[H, Al A™, A, plo and VfI[H, Al A™, X, p] respec-
tively.

Theorem 3.2 VfI[||.,.||,Am,)\,p]0, VfI[H.,.H,Am,)\,p} and VfI[H,H, AN, ploo are
linear spaces over C.

Proof. We will prove the assertion for VfI[H, I, A™ X, plo only and the others can be
proved similarly.

We assume z = (z), y = (yr) € VfI[H.,.H,Am,/\,p]O and o, € C. Then for any
0 > 0 and for each z € X, the sets

1 5
a5 = {ne s - YA P > 3 . (3.1)
" kel,
1 m .
Bs(A) = qneN: D LA™y, 2| = 3 (3-2)
" ke,
belong to 7.
Since f be a modulus function and ||.,.|| is a 2-norm function, then the following

inequality holds

= Yl A"+ 5 ATy

" kel,
1
< 5 2 [fal A, ) + £(B11A™ e, 2
" kel,
< O ST (AT 2 )
" kel,
1
+ C(Mp)" = DA™y, 2™, by (11)
" ke,
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where M, Mg are positive integers such that |a| < M, and |3| < Mg. For given 6 > 0
and for all z € X, we have the following containment

{” eN: - S [f(la AT+ 5.4y, 2P > 5}

" kel,

1 )
 {nems ik Sutara > gl

" kel,

U{neNer[ (1 A™ gy, 2P 20(‘5)}
" kel,

By using (3.1) and (3.2), the set {n € N : ﬁZkeIn[f(Ha.Amxk + B.AMyy, z|)]P
> 6} € Z. This completes the proof. O

Theorem 3.3 Let p = (pi) be a sequence of strictly positive real numbers, then for
m > 1 the inclusion VfI[H, A, AN plocse C VfZ[H, Al A™, A ploso is strict.

Proof. We will prove the result for VfI[H7 I, A™=1 X, plo only. The others can be

proved similarly.
Suppose x € VfZ[H.,.||,Am_1,)\,p}0, by definition for every § > 0 and z € X, we

have

{n €N: A Z (J|A™ Ly, 2|)]PE > 5} €T (3.3)

kel,
By the property of modulus function, we have

1 m— m— k
- S lrlAma )P PS5, DA w4 1A v D
kEI el,

< C~7 D LA™ My, 2D + +C+ Z[ FUIA™ g, 2] by (1.1).

" kel, " kel,

Now for given § > 0, we have

{n eN: = S U(IAm AP 2 5}

" kel,
cnen: & YA a2 > 2
- " ’ 2C
kel,
ofnen: LS rplam a2 L
An A = 2C
kel,
for each z € X.
Since x € VfI[H, Al AN plo, it follows that the sets on the right hand side in
the above containment belong to Z. Hence x € VfI[H, Al A™ X, plo. To show that the

inclusion is strict, we give the following example:
11
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We take f(x) = z, A, = n and consider a sequence ¥ = (x) = k™!, then z €
VEl Nl A™, X, plo but does not belong to VF[.,.|l, A", A, plo for pp = 1, k € N,
This shows that the inclusion is strict. 0O

!
t
Theorem 3.4 Let f', f” are modulus functions. If limsup ]J:”((t)) = P > 0, then
t—o0
VfI’[H»||7 Am; /\7 p] C VfI”[||7||7 Am7 )‘7p]

Proof. Let limsup,_, . ]{P,/—((?) = P, then there exists a constant M > 0 such that

f/(t) > M.f"(t), for all t > 0. Therefore for each z € X, we have

= S IP AT L2 > (S S A~ L Z])p

" kel, " keI,

Then for every 6 > 0 and z € X, we have following relationship

{nen: & Sirane - Ly 2 o}

" kel,
1
C {n eN: 3 S I (lA™ g, — L, 2P > 5.(K)H}.
kel,
Since z € V]%[H, I, A™ A pl, it follows that the set on left side of the above contain-
ment belong to Z. Which gives that = € VZ][||.,.||, A™, \,p]. O
Theorem 3.5 If f, f' and f” are modulus functions, then:
(@) VAUl A™ A pl € VE L Il A A
(i) VEl-l A™ Xl OVETL A7 X p) € VE gl A™ X, ).
Proof. (i) Let x = (xy,) € V]%[H, Al A™ X, pl, then for every e > 0 and for some L > 0
such that
neN: = Y[ (|Ame - L) > cf €T (3.4)
An kel 7 - 7 .

for each z € X. For given € > 0, we choose § € (0,1) such that f(t) < e for all
0 <t < 4. On the other hand, we have

= S0 f(l A — L2l

" kel,
1
= > [f o f'(1A™ 2k — L, 2|))]P*
" kEL&If! (| Amar—L,2|])]Pe <5
1 m
1w > [f o £/ (| A", — LI
" kel &lf (| Am e, —Lz|)]Pr 25
i FONTY 1 Am "
< ()" +max | 1, 2.T W Z[f (|A™zy, — L, z||)]P* by Lemma 2.4.
" kel,
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By using (3.4), we obtain z € Vﬁf,[H., Al A™ A pl.

(ii) The result of the theorem is proved by using the following inequality

1 m C m
= 2+ WA = Loz < = ) 1 (1A — L 2|

" kel, " kel,

C m

t o UlA™ ey, — L 2|
" kel,

where supy, pr = H and C = max(1,28-1). O

Theorem 3.6 Let [ be a modulus function and p = (px) be a sequence of positive real
numbers, then VI[||.,.||, A™, \,p] C VfI[H, Al A™OA pl.

Proof. This can be proved by using the techniques similar to those used in Theorem
3.4 (). O

t
Theorem 3.7 Let f be a modulus function. If lim supg =M > 0, then VfI[H, A,

t—o0
A™ X, pl CVE]., |l A™, A, p).

Proof. Suppose © = (xj) € VfI[||.,.||,Am,)\,p] and limsuptﬁoo@ = M > 0, then
there exists a constant K > 0 such that f(¢) > K.t, for all ¢ > 0. Which implies that

1 1
= YA = Lz = (K)o 3 1A, — L2l

" kel, " kel,
for each z € X. Which gives the result. O
Theorem 3.8 If 0 < pp < gy and (I*) be bounded, then VfI[H.,.H,Am, Aq] C

VELL Il A™, A, p).

Proof. The proof of this theorem is omitted. O

4 58" (|| .||, Z)-convergence

In this section, we define a new class of generalized statistical convergent sequences
with the help of an ideal and difference sequences. Furthermore, we also establish a
strong connection between this convergence and the sequence space VfI -, -1, A™, A, p).

Definition 4.1 Let Z C P(N) be a non-trivial ideal and X = (\,) be a non-decreasing
sequence. A sequence x = () € X is said to be S/\Am (Z)-convergent to a number L
provided that for every e >0, § > 0 and z € X, the set {n € N : )%Hk: el :||A™xy —
L,z|| > €}| > 6} € T. In this case, we write S (T) — limg—so0 |7k, 2| = || L, 2||. Let
SE"(Il., -1, Z) denotes the set of all S&™ (T)-convergent sequences in X.

Theorem 4.2 Let f be a modulus function and 0 < infypr = h < pp < sup,pr =
H < oo, then VfI[H.,.H,Am,)\,p] c S£"(||., I, T).

13
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Proof. Suppose x € VfI[H, I, A™ A p] and € > 0 be given. Then for each z € X, we
obtain
1 m 1 m K
YHZU(HA mk—LaZH)]p’“:/\*n > f([A™zy — L, 2|))]P
kel, kel ||Amz,—L,z||>€
1 m
+ > [f([[A™ 2y — L, 2[)]P*
" kel &||Amay,—L,z||<e
1 . 1 ‘
2 > [f(|A™zg — L, 2|)]P* Z/\*Z[f(G)]p"
" kel &|| Az, —L,z||>e " kel,

> = 3w [FOF) 2 Koy l{h € L A = L2 2 ),
" kel, "

where K = min([f(¢)]", [f(¢)]¥). Then for every § > 0 and z € X, we have
{n EN: Ik € Iy |4 — Lo > ¢} > 5}
1 m )
C{neN: o S (A — L, 2| > K6}
kel,
Since xy, — L(VE|[., [l A™, A, p]) so that S (Z) — limg 0 ||z, 2] = [|L, 2] O

Theorem 4.3 Let p = (pi) be a sequence of strictly positive real numbers and f e
a bounded modulus function. If 0 < infypr, = h < pr < supppr = H < oo, then
SYT Ul ILZ) € VAL LA™ A pl.

Proof. Using the same technique of [8, Theorem 3.5], it is easy to prove this theorem.
O

Theorem 4.4 If f be bounded and 0 < infypr = h < pp < supgpr = H < oo, then
SN, -1,7) = VfI[H, Al A™ X, pl if and only if f is bounded.

Proof. This part can be obtained by combining Theorems 4.1 and 4.2. O

Conversely. Suppose f is unbounded defined by f(k) = k for all k € N. We take a
fixed set A € Z, where Z be an admissible ideal and define x = (z},) as follows:

Emtl forn— [V +1<k<n,n¢A,
xp =L kMt forn— A\, +1<k<n,nécA,
0, otherwise.

For given e > 0 and for each z € X, we have limy, o0 s |{k € I, : ||A™2} — 0, 2]| >

e} < [A@ — 0 for n ¢ A. Hence for 6 > 0, there exists a positive integer ny such
that )\i|{kz €I, : ||[AMxp — 0,z|| > €}| < dforn ¢ Aandn > ng. Now, we have
14



Generalized sequence spaces in 2-normed spaces 9

{neN: kel |A™x, —0,2]| > e}| > 6} € {AU(1,2,---ng — 1)} . Since T be

an admissible ideal. It follows that S5 (Z) — limy—, ||k, 2| — O for each z € X.

On the other hand, if we take px = 1, for all k = 1,2,---, then zy ¢ VfZ[H7 Al A™,
A, p]. This contradicts the fact S{ (|.,.||,Z) = VfI[H, I, A™ X, p], so our supposition
is wrong.
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