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Abstract Let R be an arbitrary ring with identity. An element a € R is strongly J-clean if there
exist an idempotent e € R and element w € J(R) such that @ = e + w and ew = ew. A ring R
is strongly J-clean in case every element in R is strongly J-clean. In this note, we investigate the
strong J-cleanness of the skew triangular matrix ring 7, (R, o) over a local ring R, where o is an
endomorphism of R and n = 2, 3, 4.
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1 Introduction

Throughout this paper all rings are associative with identity unless otherwise stated.
Let R be aring. J(R) and U(R) will denote, respectively, the Jacobson radical and the
group of units in R. An element a € R is strongly clean if there exist an idempotent
e € R and a unit v € R such that a = e + u and eu = ue. A ring R is strongly clean
if every element in R is strongly clean. Many authors have studied such rings from
very different points of view (cf. [1-9]). An element a € R is strongly J-clean provided
that there exist an idempotent e € R and element w € J(R) such that a = e + w and
ew = ew. A ring R is strongly J-clean in case every element in R is strongly J-clean.
Strong J-cleanness over commutative rings is studied in [1] and deduced the strong
J-cleanness of T, (R) for a large class of local rings R, where T,,(R) denotes the ring
of all upper triangular matrices over R.

Let o be an endomorphism of R preserving 1 and T,,(R, o) be the set of all upper
triangular matrices over the rings R. For any (aij;), (bij) € Tn(R,0), we define (a;;) +

(b”> = (aij +bij)7 and (aij)(bij) = (Cij) Where Cij = EZ:z aikUkii (bk]) Then Tn<R, O')
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2 Yosum Kurtulmaz

is a ring under the preceding addition and multiplication. It is clear that T,,(R, o) will
be T,,(R) only when o is the identity morphism. Let a € R and the maps [, : R — R
and r, : R — R denote, respectively, the abelian group endomorphisms given by
lo(r) = ar and r4(r) = ra for all r € R. Thus, I, —1y is an abelian group endomorphism
such that (I, — 7p)(r) = ar — rb for any r € R.

Strong cleanness of T, (R, o) for several n was studied in [3]. In this article, we
investigate the strong J-cleanness of T, (R, o) over a local ring R for n = 2,3,4 and
then extend strong cleanness to such properties. In this direction we show that T»(R, o)
is strongly J-clean if and only if for any a € 1+ J(R),b € J(R), la — 750 : R = R
is surjective and R/J(R) = Zy. Further if I, — r54) and I, — 74(q) are surjective for
any a € 1+ J(R),b € J(R), then T5(R, 0) is strongly J-clean if and only if R/J(R) =
Zs. The necessary condition for T3(R, o) to be strongly J-clean is also discussed. In
addition to these, if lq — 75 and I — 74(q) are surjective for any a € 1+ J(R),
b€ J(R), then Ty(R, o) is strongly J-clean if and only if R/J(R) & Zs.

2 The case n = 2

By [Theorem 4.4, 2], the triangular matrix ring T5(R) over a local ring R is strongly
J-clean if and only if R is bleached and R/J(R) = Zy. We extend this result to the
skew triangular matrix ring T5(R, o) over a local ring R.

Remark 2.1 will be used in the sequel without reference to.

Remark 2.1 Note that if for any ring R, R/J(R) = Zo, then 2 € J(R), 1 + J(R) =
U(R) and 1+ U(R) = J(R). For if, f is the isomorphism R/J(R) = Zs then f(1 +
J(R)) = 1+2Z. Hence f(2+J(R)) = 2+2Z = 0+2Z. So 2+ J(R) = 0+ J(R), that is
2 € J(R). 1+ J(R) C U(R). Let u € U(R). Then f(u+J(R)) = 14+2Z = f(1+.J(R)).
Hence u—1 € J(R) and sou € 1+J(R). Thus, U(R) C 1+ J(R) and U(R) = 1+ J(R).

Lemma 2.1 Let R be a ring and let o be an endomorphism of R. If T,(R,0) is
strongly J-clean for some n € N, then so is R.

Proof. Let e = diag(1,0,...,0) € T,,(R,0). Then R = eT,,(R, o)e. From Corollary 3.5
in [2], R is strongly J-clean. 0O

Theorem 2.2 Let R be a local ring, and let o be an endomorphism of R. Then the
following are equivalent:

(1) Tr(R, o) is strongly J-clean.
(2) Ifa € 1+ J(R),b € J(R), then lo — @) : R — R is surjective and R/J(R) = Zs

Proof. (1) = (2) From Lemma 2.2, R is strongly J-clean and by Lemma 4.2 in [2],
R/J(R) = Zy. By Remark 2.1, 1+ J(R) = U(R). Let a € 1 + J(R),b € J(R),v €

R. Then A = g;) € T5(R,0). By hypothesis, there exists an idempotent F =

<8 ;) € Ty(R,0) such that A — E € J(T2(R,0)) and AE = EA. Since R is local,

all idempotents in R are 0 and 1. Thus, we see that e = 1, f = 0; otherwise, A —
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Strongly J-clean skew triangular matriz rings 3

E & J(Tx(R,0)). So E = (0 0 . As AE = EA, we get —v + zo(b) = ax. Hence,

ar — xo(b) = —v for some x € R. As a result, [, — 7o) : R — R is surjective.

(2) = (1) Let A = (O b) € Ty(R, o).

Case 1. If a,b € J(R), then A € J(T2(R,0)) is strongly J-clean.

Case 2. If a,b € 1+ J(R), then A — I, € J(T2(R,0)); hence, A = I, + (A— L)) €
T>(R, o) is strongly J-clean.

Case 3. If a € 1 + J(R),b € J(R), by hypothesis, I, — 753 : R — R is surjective.
Thus, az — xo(b) = v for some x € R. Choose E = (1)€> € T»(R,0). Then E? =
E € T5(R,0), AE = EA and A— E € J(T3(R,0)). That is, A € T>(R, o) is strongly
J-clean.

Case 4. If a € J(R),b € 1+ J(R), then a+1 € 1+ J(R),b+1 € J(R) and by

hypothesis, lo11 — 7541y : B — R is surjective. Thus ax — zo(b) = —v for some
x € R. Choose E = 8? € Ty(R,0). Then E? = E € Ty(R,0), AE = EA and

A—F € J(T>(R,0)). Hence, A € T3(R, o) is strongly J-clean. Therefore A € T>(R, 0)
is strongly J-clean. 0O

Corollary 2.3 Let R be a local ring, and let o be an endomorphism of R. Then the
following are equivalent:

(1) To(R, o) is strongly J-clean.

(2) R/J(R) = Zy and To(R, o) is strongly clean.

Proof. (1) = (2) It is clear.
(2) = (1) Let a € 1+ J(R),b € J(R),v € R. Then A = (0 _bv> € Ta(R,0). By

hypothesis, there exists an idempotent F = <8 ?) € Ty(R,0) such that A — E €

J(TQ(R,U)) and AE = FA. Since R is local, we see that e = 0, f = 1; otherwise,

0z
A—E ¢ J(Tx(R,0)). So E = (0 1
and so ax — v = zo(b). Therefore I, — 754 : R — R is surjective. By Theorem 2.3,

T»(R, o) is strongly J-clean as R/J(R) = Z,. O

). It follows from AE = EA that v 4+ zo(b) = ax,

Corollary 2.4 Let R be a ring, and R/J(R) = Zy. If J(R) is nil, then To(R,0) is
strongly J-clean.

Proof. Clearly R is local. Let a € 1 + J(R),b € J(R). Then we can find some n € N
such that o™ = 0. For any v € R, we choose x = (la—l +ly-2rp+ -+ la—nrbn—l)(v). It
can be easily checked that (Io — 1) (2) =(la — 75) (lg=1 + lg-27p + - -+ + lg=nTpn-1) (V) =
(v+a b+ + a‘”*lvbn_l) - (a_lvb 4+ -+ a_”vb") =wv. Hence, I, — 71, : R— R
is surjective. Similarly, I, — 7, is surjective since o(b) € J(R). This completes the
proof by Theorem 2.3. O
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Ezample 2.1 Let Zon = Z/2"Z,n € N, and let o be an endomorphism of Zg~. Then,
T5(Zan, 0) is strongly J-clean. As Zs- is a local ring with the Jacobson radical 2Zqx.
Obviously, J (Zgn) is nil, and we are through by Corollary 2.4.

Ezample 2.2 Let Zy4 = 7./47Z, let

b
R_{<8a> | a,b € Zy},

and let 0 : R — R, <8 2) — 8 _ab) Then T»(R, o) is strongly J-clean. Obviously,

o is an endomorphism of R. It is easy to check that J(R) = {<8 Z) | a € Zo,b € Zys},

and then R/J(R) = Zs is a field. Thus, R is a local ring. In addition, (J(R))4 =0,
thus J(R) is nil. Therefore we obtain the result by Corollary 2.4.

3 The case n = 3

We now extend Theorem 2.2 to the case of 3 x 3 skew triangular matrix rings over a
local ring.

Theorem 3.1 Let R be a local ring. If lo — ro@p) and ly — rg(q) are surjective for any
a€l+J(R),be J(R), then T5(R,0) is strongly J-clean if and only if R/ J(R) = Z,.

Proof. (<) We noted in Remark 2.1, in this case we have o(J(R)) C J(R), c(U(R)) C
UR), 1+ JR) = U(R) and 1 + U(R) = J(R) and we use them in the sequel
intrinsically. Let A = (ai;) € T3(R,0). We divide the proof into six cases.

Case 1. If aj1, age, a3 € 1+ J(R), then A = I3+(A—1I3), and so A—1I5 € J(T3(R,0)).
Then A € T5(R, 0) is strongly J-clean.

Case 2. If a1; € J(R), asz,a33 € 1+ J(R), then we have an e15 € R such that aj1e10—

6120’((122) = —a12. Further, we have some e13 € R such that a11€13 — 61302(a33) =
e120(asz) — a13. Choose
0ez e
E=(01 0 |eTsR, o).
00 1

Then E? = E,and A= E + (A — E), where A — E € J(T3(R, 0)). Furthermore,

<0 e120(az2) e120(as3) + 61302((133)>
EA=(0 a2 a23 ;
0 0 ass
(0 aiieis +aiz arie1s + a13>
AE =10 a2 a3 )
0 0 ass

and so EA = AFE. That is, A € T3(R, o) is strongly J-clean.
Case 3. If a;; € 1+ J(R),a22 € J(R),a33 € 1+ J(R), then we have an e1n €
R such that aj1e12 — e120(ase) = aja. Further, we have some ez3 € R such that
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Strongly J-clean skew triangular matriz rings 5

agzes3 — €230 (ag3) = —ags. Thus —aq1e120(ea3) + a120(e23) = —eiz0(aze)o(es) =
6120’(@23) — 6120’(623)0’2(a33). ChOOSG

1 e —e120(e23)
E=(00 €23 GTg(R,U).
00 1

Then E? = E, and A= E + (A — E), where A — E € J(T3(R,0)). Furthermore,

a1 a2 + 6120(a22) a13 + 6120(6123) - 6120(623)02(633)
EA= < 0 0 e230(azs3) ) ,
0 0 ass
(au ajieiz —ai1e120(ea3) + ar20(e23) + a13>
AE=1[ 0 0 G22€23 + 23 ;
0 0 as3

and so EA = AE. Thus, A € T3(R, o) is strongly J-clean.
Case 4. If a11,a22 € 1+ J(R),a33 € J(R), then we find some ez3 € R such that
agee23 — ea30(asz) = agz. Thus, there exists e;3 € R such that ajjeis — ej302(asz) =

a13 — a120(e23). Choose
10 €13
E=(01eo3 GTg(R,O’).

00 0
Then E? = E, and A= E + (A — E), where A — E € J(T3(R, 0)). Furthermore,

a1 ai2 a13 + 61302(a33)
EA= | 0 ag as +eso(ass) |,

0 0 0
a1 a2 arieis + a120(e23)
AE =1 0 ago a22€23 )
0 0 0

and so EA = AE. Therefore A € T5(R, o) is strongly J-clean.

Case 5. If a11 € 14 J(R),a22,a33 € J(R), then we have some e13 € R such that
a11€12 *6120’(@22) = a12. Further, there exists €13 € R such that a11€13 *61302(0,33) =
a13 + e120(ea3). Choose

Leis e

E=(00 0 )ecTyR,o0).
00 O

Then E? = E, and A= E+ (A — E), where A — E € J(T3(R, 0)). Hence

(au a2 + e120(age) aiz + e120(ass) + 61302((133))
0 0 0
(an ai1€e12 (111613>
AE=[0 0 0 |,
0 0 0
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and so EA = AE. Thus A € T3(R, o) is strongly J-clean.
Case 6.Ifa1; € J(R),a22 € 1+J(R),a33 € J(R), then we find some ea3 € R such that
agoe23 — €230 (a33) = ag3. Hence there is e12 € R such that aj1e12 — e120(a22) = —a12.
It is easy to verify that

e120(azs) + 6120(623)02(a33) = e120(ag2e23) = arre120(e23) + a120(e23).
Choose

00 0
Then E? = E,and A= E + (A — E), where A — E € J(T3(R,0)). In addition,

0 e12 e120(e23)
E=|01 €23 GTg(R,O’).

0 e120(az2) e120(as3) + e120(ea3)o?(ass)
FEA = (0 ag? azs + e230(ass) ) ;
0 0 0
(0 aiieiz + aiz areino(ess) + a120(€23)>
AE =10 a22 a22€23
0 0 0

and so EA = AFE. Consequently, A € T3(R, o) is strongly J-clean.
Case 7. If a11,a90 € J(R),a33 € 1+ J(R), then we find ea3 € R such that asseas —

e230(as3) = —ags. Further, we have an ej3 € R such that ajjei3 — e1302(asz) =
—a13 — a120(ea3). Choose
00 €13
E=(00e23 GTg(R,O').
00 1

Then E? = E, and A= E + (A — E), where A — E € J(T3(R,0)). Furthermore,

00 6130’2(a33)
FA=100 6230’(@33) 5

00 ass
00aiie1s3 + (112(7(623) + a3
AE={00 Q22€23 + 23 )
00 ass

and so EA = AE. As a result, A € T5(R, o) is strongly .J-clean.
Case 8. If a11,a90,a33 € J(R), then A = 0+ A, where A € J(T5(R,0)). Hence,
A € T3(R,0) is strongly J-clean.

Thus, T5(R, o) is strongly J-clean.

(=) Similar to Theorem 2.2, we easily complete the proof. O
Corollary 3.2 Let R be a ring, and R/J(R) = Zs. If J(R) is nil, then T3(R,0) is
strongly J-clean.
Proof. Obviously R is local. Let a € U(R),b € J(R). Then we can find some n € N
such that " = 0; hence, (O’(b))n = 0. For any v € R, we choose = = (laq Flg-2Tg@m) +
c+ o lg-nro(pyn-1) (v). It can be easily checked that (I — o)) (@) = (la — 7o) (la-1r +
la-2To@) + - Fla-nTopy-1) (v) = (v+a tvo(b)+- - +a " oo (b)" 1) — (e tvo(b) +

~+a "o (b)") = v. Thus, la—7,@p) : R — Ris surjective. Likewise, l,—75(q) : R — R
is surjective. Consequently, T3(R, o) is strongly J-clean by Theorem 3.1. O
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4 A characterization

We will consider the necessary and sufficient conditions under which the skew trian-
gular matrix ring T3(R, o) is strongly J-clean.

Lemma 4.1 Let R be a local ring. If T3(R,0) is strongly J-clean, then l, — T4,
la = To2(b), Ib = To(a) and ly — r42(q) are surjective for any a € 1+ J(R),b € J(R).
Proof. Let a € 1+ J(R),b € J(R). Clearly, To(R, o) is strongly J-clean. By Theorem
2.2, 1y —ry(p) is surjective. As1—b € 1+ J(R) and 1 —a € J(R), we get [; _p —75(1—q) :
R — R is surjective. For any v € R, we have an 2 € R such that (1—b)z —zo(1—a) =
—v. Thus, bx — zo(a) = v and so I, — r4(q) : R — R is surjective.

Let v € R and let
bOwv
A= <0b0> € T3(R,0).
00a

We have an idempotent E = (e;;) € T3(R, o) such that A—E € J(T3(R,0)) and EA =

AE. This implies that e;1, €22, e33 € R are all idempotents. Asa € 1+ J(R),b € J(R),
we have e;; = 0,e90 = 0 and eg3 = 1; otherwise, A — E ¢ J(T5(R,0)). As ETE, we

have
00613
E = 00623 s
00 1

for some e;3,ea3 € R. Observing that

00 beis + v 00 e130%(a)
00 b€23 =AEFE=FA=1(00 6230'((1) N
00 a 00 a

we have bej3—e1302(a) = —v. Thus, l,—742(a) : R — R is surjective. Since 1—a € J(R)
and 1—-b € 1+ J(R), we have, [;_q —752(1_p) : R — R is surjective. Thus, we can find
some x € R such that (1 —a)x —x0%(1 —b) = —v. This implies that ax — ro?(b) = v,
hence I, — r,2(p) is surjective. O
Theorem 4.2 Let R be a local ring and let o be an endomorphism of R. Then the
following are equivalent:
(1) T3(R,0) is strongly J-clean.
(2) R/J(R) = Zy, and lq — ro@p)y and ly — rq(q) are surjective for any a € 14+ J(R),b €
J(R).
Proof. (1) = (2) is obvious from Lemma 4.1.
(2) = (1) Clear from Theorem 3.1. O

Corollary 4.3 Let R be a local ring and let o be an endomorphism of R.Then the
following are equivalent:
(1) T>(R, o) is strongly J-clean.
(2) T3(R, o) is strongly J-clean.
(3) R/J(R) = Zy and l, — 7o) is surjective for any a € 1+ J(R),b € J(R).
Proof. (1) < (3) is proved by Theorem 2.2.

(2) < (3) is obvious from Theorem 4.2. O
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5 The case n = 4

We now extend the preceding discussion to the case of 4 x 4 skew triangular matrix
rings over a local ring.

Theorem 5.1 Let R be a local ring. If la — 7o) and ly — 744 are surjective for any
a€l+J(R), be J(R), then Ty(R,0) is strongly J-clean if and only if R/ J(R) = Zs.

Proof. (<) As R/J(R) 2 Zs, o(J(R)) C J(R). Let

aii a2 a13 a4
0 a2z a3 azs
0 0 a33 a34
0 0 0 aq4

A= € Ty(R, o).

We show the existence of

€11 €12 €13 €14

| 0 e2ze23€24
E = 0 0 es3es S T4(R, 0’),

000644

such that E? = E, AE = EA and A — E € J(Ty(R,0)). One can easily derive from
E? = E that

(a) e12 = er1e12 + e120(ea2)
(b) e13 = er1e13 + e120(e23) + e1302(e33)
(c) e23 = eazeaz + ea30(e33)

and from AE = F A that

(d) aiieiz —ei20(ass) = er1a12 — a120(e22)
(e) airers — e130”(ass) = e11a13 + €120 (ags) — a120(e23) — a130”(es3)
(f) agoeas — eaz0(ass) = eanags — azzo(ess)

Case 1. If ags € J(R), a;1 € 1 + J(R) then ess = 0, e1; = 1. Hence, (d) implies
that ajje;s — e120(a22) = ai2 and by assumption there exists e;a € R such that
(lau - TU(GZQ))(e:lZ) = a12.

(A) If ass € 14 J(R), then €33 — 1. From (f), a22€23 — 6230’(&33) = —as3 and (b)
implies that €13 = —6120’(623).

(B) If azs € J(R), then es3 = 0. By (c), ea3 = 0. From (e), we have ajje;s —
e130%(asz) = a3 + e120(az3) — aj20(e23) and by assumption there exists ej3 € R such
that (lau — Tg(a33))(613) = a3+ 6120(&23) — a120(623).

Case 2. If ags € 1+ J(R), a11 € 1+ J(R), then ez =1, e17 = 1. By (a) implies that
€12 = 0.

(C) If azz € 1+ J(R), then eg3 = 1. From (b), we have e;3 = 0 and (c) implies that
€23 — 0.

(D) If ags € J(R), then ez3 = 0. By (f), we have ageess — eago(ass) = aqs, and
(e) gives rise to aj1e13 — e130°(as3) = a13 + e120(az3) — aj20(e23) and by assumption
there exists e;3 € R such that (la,, — ro(ass))(€13) = a13 + €120 (a23) — a120(e23).
Case 3. If ay € 1 + J(R), ai; € J(R), then egy = 1, e;7 = 0. By (d), a11€12 —
e120(az2) = —ay2 and there exists e;o € R such that (la,, — To(as0))(€12) = —a12.
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(E) If azz € 1 + J(R), then es3 = 1. From (c), we have ea3 = 0. Then from (e), we
have ajie13 — 61302(a33) = 6120(a23) — ai3

(F) If ags € J(R), then ez = 0. From (f), we have agseas — eago(ass) = ass
and there exists ep3 € R such that (la,, — 75(ass))(€23) = a23. Then (b) implies that
€13 = 6120<€23)~
Case 4. If ags € J(R), a11 € J(R), then eg; = 0, e;; = 0. Hence, (a) implies that
€12 = 0.

(G) If ass € 1+ J(R), then €33 = 1. From (f), a922€23 — 6230’(@33) = —Aa9g3 and there
exists eg3 € R such that (lay, —To(ags)) (€23) = a2s. So (€) gives us ayie13—e130°(ass) =
—a120(e23) — ay3. Hence there exists e;3 € R such that (la,, — ro2(as))(€13) =
—a120(623) — ais.

(H) If ass € J(R), then eg3 = 0. From (c), we have ea3 = 0 and by (b) we obtain
€13 — 0.

Similar to preceding calculations from E? = E we have

) €14 = er1€14 + €120 (e24) + €1302(e34) + €140°(€4s)
) €24 = ean€aq + €230(€34) + €240 (€44)
) €34 = e33e34 + €340(e44)

and from AEF = FA we have

) aiieis — 61403(044) = —a120(€e24) — 01302(634) — a1403(e44) + er1a14 + €120(azq) +
e1302(asy)

) ag2e24 — 62402(a44) = —ag30(e3s) — a2402(e44) + e92a24 + €230 (asa)

) aszess — €340 (aaa) = —a340(€44) + €33034 + €340 (a44)

To complete the proof we only need to show the existence of e14,e04 and egy in R
satisfying preceding conditions (1)-(6).
Case 1. If ayq € J(R), ags € 1 + J(R), then eqq = 0 and e33 = 1, otherwise A — E ¢
J(T4(R,0)). By (6), assess — e340(a44) = azq4 and by hypothesis there exists eg4 such
that (lay, — To(au))(€34) = aza. Then by (5), agsezs — €240 (asa) = —anzo(esqs) +
€92a24 + €230 (asq). There are two possibilities:

(A) If agy € 14 J(R), then ezy = 1 otherwise A — E & J(T4(R,0)). Then there
exists ezq € R such that (la,, — 762(a4y))(€24) = G214 — a230(e34) + €230 (az4). From (4),

arrers — e1403(ags) = —ara0(e2s) — a130%(e34) + e11a14 + €120 (az4) + e1302(asq). If
a11 € U(R), then e;; = 1, otherwise A— E ¢ J(T4(R,0)). Hence, there exists e14 € R
such that (lq,, —7¢3(a.))(€14) = —a120(e24) —a1302(e34) +ars+ei20(azy) +e1302(azy).

If ail € J(R), then €11 = 0 and by (1), €14 = 6120’(624) + 6130’2(634).

(B) If ase € J(R), then egs = 0 otherwise A — F ¢ J(T4(R,0)). By (2), eas =
e230(e34). From equation (4), aj1e14 —e140°3(aqq) = —aja0(eas) —a1302(e34) +er1a14+
e120(az4)+e130%(azs). If a1; € U(R), then eq; = 1. By hypothesis, there exists e14 € R
such that (lan —T0-3(a44))(614) = —CL120’(€24)—a130'2(€34)+a14+€120'(a24)+€1302(a34).
If 11 € J(R), then e;; = 0 and by (1), e14 = e120(e24) + e130%(e34).

Case 2. Ifayy €1+ J(R),CL33 cl+ J(R), then eqy = e33 = 1. Then by (3), esq = 0.
Again there are two possibilities:

(C) If ags € U(R), then ey = 1 and by (2), ey = 0. If 11 € U(R), then e;; =1
and by (1), e;4 = 0. If a;; € J(R), then e;; = 0. Then by equation (4), ajie1q4 —
e140°(a44) = e120(az) + e130%(az4). Hence, there exists ey4 € J(R) such that (I,,, —
ToS(a44))(€14) = e120(az4) + e1302(aza)
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(D) If a92 € J(R), then €99 — 0 and by (5), a922€24 — 62402(a44) = —a24 +€230(a34).
So, there exists eaq € R such that (lg,, — rg(a34)(624) = —agq + e230(azq). If a11 €
J(R), then €11 = 0. From equation (4), a11€14 — 6140’3(a44) = —a120'(624) — a4 +

e120(agq) + €130(az4). By assumption, there exists ey4 € R such that (Ig,, — T )) =
aqq

—a120(e24) — a14 + €120(ag4) + e130(asq). If a1; € U(R), then e;; = 1. By equation
(1), e14 = —eq120(e24).

Case 3. If ayy € 1+ J(R),a33 € J(R). In this case es3 = 0 and eqqy = 1. By (6),
a33esq —e340(aa4) = —agq. Hence, there exists eg4 € R such that (lg,, —ra(a44))(e34) =
—Aas4. Using (5), a922€24 —62402 (a44) = 622a24+6230'(a34) —a230(634) —ag4. Then there
are two possibilities:

(E) If ags € 14+ J(R), then ezs = 1 and from (2), eas = —ea30(e34). Then by (4),
ar1e14 — e140°(ags) = €11014 + €120 (az4) + €130%(as4) — a120(e24) — a130>(e34) — a14.
If a;; € J(R), then e;; = 0. So there exists ej4 € R such that (la,, — 763(au))(€14) =
6120’(@24) + 6130’2(a34) — a120'(624) — a130'2(€34) —ai4. If a1l € U(R), then €11 = 1 and
by (1), e14 = —e120(e24) — e130°(e34).

(F) If age € J(R), then esy = 0 and by hypothesis there exists eaq € R such that
(lags = To2(au))(€24) = —a24 + e230(aza) — azzo(ess). From equation (4), aijrers —
1403 (ass) = er1a14 + €120 (a24) + e130%(aza) — a120(e21) — a1302(eza) — ara. If a1y €
J(R), then e;; = 0 . From (4) and by hypothesis, there exists e;4 € R such that
(layy, = To3(ass))(€14) = €120 (a24) + €130%(ass) — a120(e24) — a130%(e34) — a14. If ayy €
U(R), then €11 = 1 and by (].), €14 = —6120’(624) — 6130’2(634).

Case 4. If ayq € J(R),a33 € J(R). In this case ezg3 = eqq4 = 0. By (3), e34 = 0.

(G) If age € J(R), then egy = 0. By (2), eoq = 0. If ay1 € J(R), then e;; = 0
and from (1), e;q = 0. If @17 € U(R), then e;; = 1. Hence, equation (4) becomes
ajie1s —e140°(agq) = a14+e120(azs) +€130%(azs). By hypothesis there exists e14 € R
such that (lau — Tga(a44))(614) = a14 + 6120'(a24) + 6130'2(a34).

(H) If aze € 1+ J(R), then esy = 1 and from (5), ageaq — €240%(as4) = aoq +
e230(a34). By assumption, there exists ey € R such that (la,, — 752(au))(€24) =
agy + eazo(azs). If a;y € U(R), then e;; = 1 and by (4), arrers — e1a03(aqq) =
—a120(e24) + a14 + e120(agq) + 61302((134)-

Hence, there exists e;4 € R such that (la,, — 743(au,))(€14) = —a120(€24) + a14 +
e120(azq) + €1302(azq). If a;; € J(R), then e;; = 0 and from (1), e;q4 = e120(eaq).
Thus, we always find eq4, €24 and ezq in R.

(=) Analogous to Theorem 2.2 we easily obtain the result. O
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