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Weighted reverse order law for the weighted Moore-Penrose inverse
in rings with involution

Dijana Mosi¢ - Dragan S. Djordjevié

Received: 25.X.2012 / Accepted: 24.VI1.2013

Abstract We investigate some necessary and sufficient conditions for the reverse order law for the
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1 Introduction

The reverse order laws is one of the most important properties of Moore—Penrose
inverse. Necessary and sufficient conditions for the reverse order law (ab)t = bfal to
hold were studied by many authors (see [1,2,4]). In this paper we study equivalent
conditions for several generalizations of the reverse order law to hold for the weighted
Moore—Penrose inverse of elements in rings with involution. As a corollary, the usual
reverse order law for the weighted Moore-Penrose inverse follows.

Let R be an associative ring, and let a € R. Then a is group invertible if there is
a” € R such that

a?a=a, a"aa® =a”, aa® =a"a;

a? is a group inverse of a and it is unique, if it exists [4]. The group inverse a* double
commutes with «a, that is, axz = za implies a#x = Y
(see [3,4]). The set of all group invertible elements of R will be denoted by R#.

An involution a — ¢* in a ring R is an anti-isomorphism of degree 2, that is,

(@) =a, (a+b)*=a"+0b", (ab)*=b*a".

An element a € R is self-adjoint (or Hermitian) if a* = a.
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The Moore-Penrose inverse (or MP-inverse) of a € R is the element af € R, if the
following equations hold (see [5]):

(1) aa’a =a, (2) a'ad’ =a', (3) (aa')* =aa’, (4) (a'a)* =d'a.

There is at most one a' such that above conditions hold. The set of all Moore—Penrose
invertible elements of R will be denoted by R'. If a is invertible, then a' coincides
with the ordinary inverse of a.

Definition 1.1 Let R be a ring with involution and let e, f be invertible Hermitian
elements in R. The element a € R has the weighted MP-inverse with weights e, f if
there exists b € R such that

(1) aba =a, (2) bab=">b, (3') (eba)* =eba, (4') (fab)* = fab.

The unique weighted MP-inverse with weights e, f, will be denoted by ai’ f if it
exists [4]. The set of all weighted MP-invertible elements of R with weights e, f, will
be denoted by R} .

Define the mapping x ~ z*¢/ = e~1a* f, for all z € R. Notice that (*,e, f) : R = R
is not an involution, because in general (xy)*®/ # y*¢/z*¢f. Now, we formulate the

following result which can be proved directly by the definition of the weighted MP-
inverse.

Theorem 1.2 Let R be a ring with involution and e, f be hermitian invertible ele-
ments in R. For any a € RZ £ the following is satisfied:

)
) ¥ ;
(c) (a*e’fa)i,e — a;f(a;f)*f,e
(d) (aa*f)} = (al ) %al
e) a*e,f(ai’ )*f,e _ a;fa;
f) (aT7 )*f,ea*e,f _ aalj;
g) aref — a(];faa*e,f _ a*e,faa;f _ a*e,f(a;f)*f,ea*e,f;
h) al,f _ (a*e,fa);ea*e,f _ a*e’f(aa*e’f)}7f,'
)

(1 (a*e, )},e _ a(a*e’fa)l,e — (aa*e,f)Tf’fa.

In the following theorems, we extend to weighted Moore-Penrose inverse well known
results for the Moore-Penrose inverse of elements in ring with involution.

Theorem 1.3 Let e, f be Hermitian invertible elements in ring with involution R. If
a € ’RZ 7 then a**fa and aa*®! are group invertible and
ai — (a*e,fa)#a*e,f — a*e,f(aa*e’f)#.

46



Weighted reverse order law 3

Proof. Since a € Ri,f? by Theorem 1.2, we have a*¢fa € RLe and (a*e’fa);e =
a;f(a;f)*f’e. Using again Theorem 1.2, we get

a*e,fa(a*e,fa)lye _ a*e,faa(];f(a;f)*f,e _ a*e,f(a;f)*f,e _ (l;f(l

and
(a0 = ] o = g
implying a*evfa(a*e’fa)lye = (a*e’fa);ea*evfa. Thus, a**fa is group invertible and

(a*fa)# = (a**f a)] .. The equality al ;= (@I a)l ca*e7 gives al = (@ a)#a*e .
The second equality follows in the same way. O

Theorem 1.4 Let e, f be Hermitian invertible elements in ring with involution R,
a € Ri 7 and b € R. Then ab = ba and a*Tb = ba*>f if and only if al fb = bal P and

(al ;) b =b(a] )*Ie.
In addition, if ab = ba and a**fb = ba**f, then
(a;f)*f,eb*e@ _ b*f,f(al f)*f7e

)

and a*e,fb*f,f _ b*e,ea*e,f.

Proof. If b commutes with ¢ and a*®/, then b commutes with aa*®/. Since the
group inverse (aa*®/)# double commutes with aa*®/, we deduce that b commutes
with (aa*®/)#. From the assumption a € le and Theorem 1.3, we have alf =

a*®7 (aa*®")# which gives that b commutes with az f

Applying Theorem 1.2 and Theorem 1.3, we obtain

(al, )¢ = (@) = a(@a)l . = a(a™Ta)*.

,€

So, b commutes with (ai f)*f’e too.
Conversely, let b commutes with al s and (al f)*f . Now, by the first part of this
proof, b commutes with (al f)}e = g and [(ai f)Jr el = a*ef,

fe

Suppose that b commutes with @ and a**/. Then b commutes with ai 7 and

((IT f)*f,eb*e,e _ f_l(baivf)*e _ f—l(aLfb)*e _ b*f’f(ai f)*f’e'

e, >
The equality a*¢/b*F:f = p*eeq*ef follows in the same way. O

Now, we state a characterization of the weighted Moore—Penrose inverse in ring with
involution which be used later.

Theorem 1.5 Let e, f be Hermitian invertible elements in ring with involution R
and let a,b € R. Then the following statements are equivalent:

(a) b is the weighted MP-inverse with weights e, f;
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(b) a = ae ta*b*e and b* = fabf~'b* (or equivalently a = aa**fb*f¢ and b*¢ =
abb*f’e);

(c) a*= ebae™'a* and b = bf~'b*a* f (or equivalently a*f = baa*® and b = bb*/¢a*ef);
(d) a = f~'b*a*fa and b* = b*ebae™" (a = b*/ca*>fa and b*/¢ = b*Fba);

(e) a* = a*fabf~! and b= e ta*b*eb (a*T = a**Tab and b = a*Tb*1*b).

Proof. (a) = (b): Since b = a;f, then
a = aba = ae 'eba = ae”(eba)* = aela*b*e

and
b* = (bab)* = (bf ' fab)* = fabf 'b*.

(b) = (a): From the hypothesis a = ae"la*b*e and b* = fabf~1b*, we get
eba = ebae” 'a*b*e = ebae ™! (eba)*

and
(fab)* = b*a”f = fabf~'b*a* f = fabf~(fab)"

which yields that eba and fab are self-adjoint. Now, the equalities
a=ae 'a*b*e = ae!(eba)* = ae " 'eba = aba

and

b= (b*)" = (fabf'b*)* = bf ! fab = bab

imply b = a;f.
The equivalence (a) < (d) can be proved in the similar way as (a) < (b). Applying
involution, we verify that (b) < (c), (d) < (e). O

Necessary and sufficient conditions for the reverse order rule for the weighted MP-
inverse for matrices were recently given by SUN and WET in [6] in terms of the inclusion
of matrix ranges (column spaces). However, to the best of our knowledge, there are
so far no articles in the literature discussing the reverse order laws for the weighted
Moore-Penrose inverse in ring with involution.

Boasso [1] was proved the equivalent conditions for the reverse order law for the
Moore—Penrose inverse in C*—algebra to hold. In [2] several generalizations of the re-
verse order law for the Moore—Penrose inverse in rings with involution are investigated,
recovering the results of [1]. We extend these results to the reverse order law for the
weighted Moore—Penrose inverse in rings with involution. Notice that no additional
assumption such as the x-cancellation property for elements in ring is needed.
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2 Weighted reverse order laws

In the this section the weighted reverse order laws for the weighted Moore-Penrose
inverse in rings with involution will be studied. If ¢ = 1 in the following theorems,
then the equivalent conditions for the usual reverse order law for the weighted Moore-
Penrose inverse are obtained.

Let e, f, h be Hermitian invertible elements in ring with involution R, a € R},h

and b € Ri’f. Define s = a},ha, p= bb;f, q= a}’h(a},h)*h’f and r = bb*ef .
Theorem 2.1 Let e, f, h be Hermitian invertible elements in ring with involution R,

a€ R Fh b e R and ab € RT If ¢ € R such that ¢ commutes with b and b**7f,
then the followmg statements are equwalent

(1) (ab)e,h = Cbe,faf,m
(2) a(rscff — sr)(bl,f)*fve =0 and a(cpq — qp)(bgf)*f’ec*e’e =0,
(3) srspc*hl = srand sepgpe Tl = qperh T .
Proof. (1) = (2): Assume that (ab)gh = cbi’fa}vh. By Theorem 1.2, we have ab =
ab(ab)*e’h[(ab)i B¢ and [(ab)i B = ab(ab)i h[(ab)i L]*¢. Since ¢ commutes with b
and b*¢f by Theorem 1.4, then
asr(b;f)*ﬂe =ab= abeilb*a*(afh) (b]L )¢
_ abb*e,fa*f,h (a}h)*h’f[(b;f)*ﬂec*e’e]

= abb*e’fa?hac*f’f(blyf)*f’e = arsc*f’f(b:;f)*f’e

and
aap(B] )¢ = (al )T (0] )16 = (] a7 = [(ab)], )
b o L
= acpq(b} f) e,

Thus, the condition (2) is satisfied.
(2) = (3): The hypothesis (2) and Theorem 1.4 imply

srspc*hl = a arsbbT il = a} hars(bl f)*ﬁe(b*e’fc*f’f)
= a}vhars[(b;f)*f’ec*e’e]b*e’f = a}yh[arsc*ﬁf(b;f)*f’e]b*e’f
= a}vhasr(blyf)*f’eb*e’f = sr

and
sepapet = alacpa(b] )T ) =, facpa(B] e oS
_ a}’haqp(b;f)*f,e(c*e,eb*e,f) _ qp(b;f)*f,eb*e,fc*f,f _ qpc*f,f.

Hence, the statement (3) holds.
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(2) = (1): Because ¢ commutes with b, the condition (3) can be written as

al ,abb*f al  abb! . = al | abbes

and
al abedl ol (al )" Ivb] P = al (ol )T 0b] et
Multiplying each of these equality from the left side by a and from the right side by
(b;f)*f’e and using Theorem 1.4, we obtain
abb*e,fa*f,h(a; h)*h,f(bl,f)*f,ec*e,e —ab

)

and
abcbi y f h(a} )*h,f(bl,f)*f,ec*e,e _ (a}7h)*h,f(bi,f)*f,ec*e,e,
that is,
ab(ab) " (cb] ,al )™ = ab
and T h, T h
(cb afh)(cb afh)* ¢ = (cb} afh)* -,

So, by Theorem 1.5, we deduce that (ab)eyh = cbe,faﬁh. O

Similarly as Theorem 2.1, we get characterizations for reverse order law (ab)l h=

b; fa}hc in the following result.

Theorem 2.2 Let e, f, h be Hermitian invertible elements in ring with involution R,
a € RTfh, b e Rif and ab € Rih. If ¢ € R such that ¢ commutes with a and a*",
then the following statements are equivalent:

(1) (ab)},, = b jafpe
(2) b*?f (q}vfpc _quj‘,f)a},h =0 c]LLnd et (Tc*f’fsr}’f - r;ﬂ’fs)a;hc =0,
(3) pq; spsc=pq; ; and pc*f’fsrﬁfsc =7} pSC.
Proof. By Theorem 1.2, the equality (ab)Z b= bl fan ,C is equivalent to [(ab)*e’h]L =

e
[(ab);h]*h’e = (bT 19y hc)*h’e which can be written as
(b*e’fa*f’h)L,e _ c*h,h(a’*f,h);[%f(b*e,f);[c,e

Now, we can show that the previous equality is equivalent to the statements (2) and
(3) of this theorem in the same way as in the proof of Theorem 2.1. Notice that

q}f = a*/hg and T}J = (bl,f)*f’eb;f. m]

)

Using Theorem 2.1, the following generalization of the reverse order law for the
weighted Moore-Penrose inverse can be characterized.

Theorem 2.3 Let e, f, h be Hermitian invertible elements in ring with involution R,

a € R}h, be le and ¢ € R such that cab € th. If ¢ commutes with a and a*H",
then the following statements are equivalent:
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1) (cab)lh = bi fa}h’
2) bT (qu*ff —pg)a *hh =0 and bT (csr —rs)a wfhexrhh — ()
3) pqpsc*ff = pq and pesrscthf = rsc*ff

Proof. Observe that, cab € R;h and (cab);h = b;fajc’h if and only if b;fa}h € R;Le
and (bJr 1Ay h)Jr = cab, by Theorem 1.2.

If we denote by p1, q1, r1, s1 the elements of R corresponding to p, ¢, r, s defined
using bl ;€ R . and a}h € RL f instead of a and b, it follows p; = s, g1 = r, r1 = q,
s1 = p. Applying Theorem 2.1 to bi 2 a}h, bl fa;fc 5, and ¢, we prove this theorem. 0O

In the following theorem, the equivalent conditions for the reverse order law (abc)j5 =

bi fa} , are given.

Theorem 2.4 Let e, f, h be Hermitian invertible elements in ring with involution R,
a € R}h, be le and ¢ € R such that abc € th. If ¢ commutes with b and b*®f,
then the following statements are equivalent:

) (G?C);h N b%i ’fa}’m i f t i
2) (af’h)*h’f(rf’fsc —sry )b =10 and (aﬁh)*h’f(c*f’quf’f —qy sp)bc =0,
3) sr}yfspc = sr}’f and sc*f’qu})fpc = q}’fpc.

Proof. Notice that, (abc)l h:bi fa}h if and only if (bl fa} h);rw:abc which is equiv-

alent to [(b] ,al, )™, = (abe)*h, that is, [(a}, )™/ (o] ,)*e)l, = erecpredarlh,
Similarly as in the proof of Theorem 2.1, we can verify that this equality is satisfied
if and only if the conditions (2) and (3) of this theorem hold. O

In the previous theorems, we generalized the results [2] for the weighted reverse
order law for the Moore-Penrose inverse to the weighted reverse order law for the
weighted Moore-Penrose inverse.

For ¢ = 1, as a corollary of the previous results, we get necessary and sufficient
conditions related to the reverse order law for the weighted Moore-Penrose inverse in
ring with involution. In the following result, we extend the results [1] for the reverse
order law for the Moore-Penrose inverse in C*-algebra to the reverse order law for the
weighted Moore-Penrsoe inverse in ring with involution.

Theorem 2.5 Lete, f, h be Hermitian invertible elements in ring with involution R,
a € th, beR! ef and ab € Rl n- Then the following statements are equivalent:

1) (ab)e h= be fafh,
2) a(rs — sr)(bJr yhe =0 and a(pq — qp)(bi’f)*f’e =0,
3) srsp=sr and spgp = qp;
4) b*e f( qp P — pq}f)a}h =0 and b*® f(sr},f - r}fs)a}’h =0,
5) qu /s = quf and psrffs = rf £
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(6)
(7) pqps = pq and psrs =rs.

(8) (afy)™7 (r }Tfs - srffﬂ; =0 ond (a] (a} )™ (pgh ; — g p)b =0,
9) srf p8p = sy ¢ and spqg ;p = q; -

bl (gp — pg)a “fh =0 and bJr ( r—rs)a*ﬁh =0,
(al

As a consequence of Theorem 2.1, we obtain the following result in a complex C*-
algebra A. An element a € R is regular if there exists some b € A satisfying aba = a.
Recall that if a is regular in C*-algebra 4 then the unique weighted Moore-Penrose

inverse al 5 exists [4].

Corollary 2.6 Lete, f, h be positive invertible elements in a complex C*-algebra A,
a,b,ab € A are regular and X € C. Then the following statements are equivalent:

(1) (ab)!, = Ao
2
3

e, f f h’
) a(xrs — sr)(b] ;)1 = 0 and a(Apg — ap) (0] ;)< = 0,
)

Asrsp = sr and \spgp = gp.
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