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Abstract A Banach space operator T' satisfies property (Bgw) if the complement in the approxi-
mate point spectrum o,(7") of the semi-B-essential approximate point spectrum Tspry (T') coincides
with the set of isolated eigenvalues of T' of finite multiplicity E°(T). We find conditions for Banach
Space operator to satisfy the property (Bgw). We also study the stability of property (Bgw) under
perturbations by nilpotent operators, by finite rank operators, by quasi-nilpotent operators and by
Riesz operators commuting with 7.
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1 Introduction and preliminaries

Let B(X) denote the algebra of all bounded linear operator T" acting on a Banach space
X.ForT € B(X),let T, ker(T), R(T), o(T), op(T) and 04(T") denote respectively the
adjoint, the null space, the range, the spectrum, the point spectrum and the approximate
point spectrum of T. Let C denote the set of complex numbers. Let us denote by «(T)
the dimension of the kernel and by §(7") the codimension of the range. Recall that the
operator T' € B(X) is said to be upper semi-Fredholm, T € SF,(X), if the range of
T € B(X)isclosed and o(T') < oo, while T € B(X) is said to be lower semi-Fredholm,
T € SF_(X), if B(T) < oco. An operator T' € B(X) is said to be semi-Fredholm if
T e SF(X)USF_(X) and Fredholm if T" € SF, (X)NSF_(X). If T is semi-Fredholm
then the index of T is defined by ind (T) = a(T) — 5(T).
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2 M.H.M. Rashid, T. Prasad

Recall that the ascent, a(T), of an operator T' € B(X) is the smallest non negative
integer p such that ker(T?) =ker(T?*!) and if such integer does not exist we put
a(T) = oo. Analogously the descent, d(T'), of an operator T' € B(X) is the smallest
non negative integer ¢ such that R(79) = R(T9!) and if such integer does not exist
we put d(T) = oc.

A bounded linear operator T' acting on a Banach space X is Weyl if it is Fredholm
of index zero and Browder if T is Fredholm of finite ascent and descent. The Weyl
spectrum ow (T) and Browder spectrum op(T) of T are defined by ow (T) = {\ €
C: T — Xis not Weyl} and op(T) = {\ € C: T — Al is not Browder}, respectively.
According to COBURN [14], Weyl’s theorem holds for T if A(T) = o(T) \ ow(T) =
E°(T), where E%(T) = {\ € isoo(T) : 0 < (T — \) < oo}. Here and elsewhere in
this paper, for K C C, iso(K) is the set of isolated points of K.

Let SF(X) ={T € SFy :ind(T) < 0}. The Weyl essential approximate spectrum
is given by ogp- (T)={AeC:T—-X¢ SF_(X)}. According to RAKOCEVIC [23], an
operator T' € B(X) is said to satisfy a-Weyl’s theorem if o,(T) \USF; (T) = EX(T),

where EX(T) = {\ € is00,(T) : 0 < a(T—\I) < oo}. It is known [23] that an operator
satisfying a-Weyl’s theorem satisfies Weyl’s theorem, but the converse does not hold
in general.

For T € B(X) and a non negative integer n define T}, to be the restriction T' to
R(T™) viewed as a map from R(T™) to R(T™) (in particular Tjg) = T'). If for some
integer n the range space R(T") is closed and T}y is an upper (resp. lower) semi-
Fredholm operator, then T is called upper (resp. lower) semi-B-Fredholm operator.
In this case index of T is defined as the index of semi-B-Fredholm operator Tj,.
Moreover, if T}, is a Fredholm operator then T' is called a B-Fredholm operator. An
operator T is said to be B-Weyl operator if it is a B-Fredholm operator of index zero.

According to BERKANI [10], an operator T' € B(X) is said to be Drazin invertible
if it has finite ascent and descent. The Drazin spectrum of T is defined by op(T') =
{A € C: T — Al is not Drazin invertible}. Let m(T") be the set of poles of T, we
observe that 7(T) = o(T) \ op(T). Define the set LD(X) = {T € B(X) : a(T) <
oo and R(T*™M+1)is closed} and o7rp(T) = {\ € C: T — X\ ¢ LD(X)}. Following
[11], an operator T' € B(X) is said to be left Drazin invertible if T € LD(X). We say
that A € g4(T) is a left pole of T if T — AI € LD(X), and that A € o,(T) is a left
pole of T of finite rank if A is a left pole of T and a(T — AI) < oo [11, Definition 2.6],
we observe that 04(T) \ orp(T) = 7,(T). Let mo(T) denotes the set of all left poles
of T and let 70(T) denotes the set of all left poles of finite rank. It follows from
[11, Theorem 2.8] that if T' € B(X) is left Drazin invertible, then 7' is upper semi-
B-Fredholm of index less than or equal to 0. The class of all wupper semi-Browder
operators is defined by By (X) := {T € SF+(X) : a(T) < oo}, the upper Browder
spectrum is defined by oy (T) :={A € C: T — X\ ¢ B, (X)}. We say that Browder’s
theorem holds for T € B(X) if A(T) = 7%(T), where 7°(T) is the set of all poles
of T of finite rank and that a-Browder’s theorem holds for T if A,(T) = 79(T), or
equivalently Tsk; (T) = owp(T). Let AY(T) = o(T) \ opw (T). Following [10], we say
that generalized Weyl’s theorem holds for T € B(X) if AY(T) = E(T), E(T) is the
set of all eigenvalues of T' which are isolated in o(T), and that generalized Browder’s
theorem holds for T if AY(T) = w(T). It is proved in [9, Theorem 2.1] that generalized
Browder’s theorem is equivalent to Browder’s theorem.
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Property (Bgw) and perturbations 3

Let SBF (X) denote the class of all upper semi-B-Fredholm operators such that
ind(T") < 0. The upper B-Weyl spectrum TSBF; (T') of T is defined by OSBF; (T) =
{AeC:T—\¢ SBF; (X)}. Let AUT) = 04(T) \ 03— (T). We say that T € B(X)
satisfies generalized a-Weyl’s theorem, if o4(T) \ OsBr; (T) = Eo(T), where Eq(T) is
the set of all eigenvalues of T which are isolated in 04(7T") and that T € B(X) satisfies
generalized a-Browder’s theorem if AS(T) = 7,(T) [11, Definition 2.13]. It is proved
in [9, Theorem 2.2] that generalized a-Browder’s theorem is equivalent to a-Browder’s
theorem.

An operator T' € B(X) has the single valued extension property (SVEP) at A\ € C,
if for every open disc D), centered at Ao the only analytic function f : D), — X
which satisfies (T" — A) f(A)=0 for all A € D,, is the function f = 0. We say that T
has SVEP if it has SVEP at every A € C. For more information, see [1].

As a variant of generalized Weyl’s theorem, property (Bw) is introduced in [17]. A
bounded linear operator T' € B(X) is said to satisfy property (Bw) if o(T)\opw (T) =
E°(T). The following variations of Weyl type theorem have been investigated in [27]
by the authors.

Definition 1.1 A bounded linear operator T € B(X) is said to satisfy
(i) property (Bgw) if o4(T) \ TsBE; (T) = E(T).
(ii) property (Bb) if o(T)\ opw (T) = 7°(T).
(iii) property (Bgb) if 0a(T) \ 0gpp-(T) = 7(T).

The following diagram resume the relationships between property (Bgw), property
(Bgb), property (Bw) and property (Bb) (see [27]).

property (Bw)

T

property (Bgw) property (Bb)

\/

property (Bgb)

2 Property (Bgw)

Theorem 2.1 Let T € B(X). If T satisfies property (Bgw), then the following state-
ments are equivalent:

(2) 9SBF; (T) = op(T);

(i1) acc(oq(T)) C OsBr; (T);

(ii1) 0u(T) = Ggpsp- (T) U Eul(T):

(iv) 0u(1)\ o5 (T) € Eo(T).

Proof. Since T satisfies property (Bgw), we conclude from [27, Theorem 2.19] that T

satisfies generalized a-Browder’s theorem. So, the result follows now from [26, Theorem
21]. O
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4 M.H.M. Rashid, T. Prasad

Theorem 2.2 Let T € B(X). If T satisfies property (Bgw), the following statements
are equivalent:

(i) T satisfies generalized a-Weyl’s theorem;
(ii) ospp-(T) N E.(T) = 0;
(ii7) 7a(T) = E(T).
Proof. Assume that T satisfies property (Bgw), then we conclude from [27, Theorem

2.19] and [25, Theorem 2.21] that T satisfies generalized a-Browder’s theorem. So the
result follows now from [26, Theorem 2.2]. O

Theorem 2.3 Let ogpp-(T) = op(T) and let E%T) =n(T) forT € B(X). Then T
satisfies property (Bgw)

Proof. By [29, Lemma 2.2], T satisfies property (gb). Since E°(T) = =(T), by [27,
Theorem 2.7], T satisfies property (Bgw). 0O

The following result is immediate from [16, Corollary 3.13]

Corollary 2.4 Let T* has SVEP at \ ¢ OsBr; (T) and let E°(T) = «(T) for T €
B(X). Then T satisfies property (Bgw)

The quasinilpotent part Ho(T — AI) and the analytic core K(T — A\I) of T — M are
defined by

Ho(T = A) = {z € X : lim (T = AI)"a|~ = 0}

and
K(T — XI) = {x € X : there exists a sequence {z,} C X
and & > 0 for which
z =0, (T' = M)Zpy1 = an
and ||z,|| < 8"||z|/for all n=1,2,---}.

We note that Ho(T — M) and K(T — M) are generally non-closed hyper-invariant
subspaces of T'— AI such that ker(T" — AI)P C Hy(T — M) for all p = 0,1,--- and
(T —MN)K(T — M) =K(T — \) (see [19]).

Let Hol(o(T)) be the set of functions which are analytic in an open neighborhood
of o(T).

Theorem 2.5 Let T € B(X). If there exist A € C such that K(T — M) = 0 and
ker(T' — AI) = 0, then property (Bgw) holds for f(T) for all f € Hol(a(T))

Proof. From (3, Lemma 2.4], 0,(T) = 0. So T has SVEP. We need to show that
op(f(T)) = 0. Let B € op(f(T)) then we write
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where \; € o(T) for i = 1,2,3..n and g(z) is complex valued analytic function on
neighborhood of o(T"). Since g(z) is invertible, we have

n

ker(f(T) - BI) = ker(] [(T = X)™) = @ ker(T — \)™.

=1

This implies that ker(f(T) — I) = 0 for all 3 € C and so op(f(T)) = 0.
Applying [1, Theorem 2.40], f(T') has SVEP and so f(T') satisfies generalized a-
Browder’s theorem (see [18]).

To prove property (Bgw) holds for f(T) for all f € Hol(a(T)), by [31, Theorem
2.11], it required to show that E°(f(T)) = ma(f(T)). Evidently, from the condition
op(f(T)) = 0, E“(f(T)) = mo(f(T)) = 0. Then, E°(f(T)) = mo(f(T)) = 0. Then
by [27, Theorem 2.11], it follows that property (Bgw) holds for f(T) for all f €
Hol(o(T)). O

An operator T' € B(X) satisfy property H(p) if Ho(T — M) = ker(T — AP, for
all A € C. The class H(p) contains every scalar operators. Let P(X) denote the
class of all operators ' € B(X) such that there exist p := p(\) € N such that
Hy(T — M) = ker(T — AP for all A € iso(o(T)). The class P(X) is large, it contains
the class of operators that satisfy property H(p) (see [21]).

Theorem 2.6 Let T* € P(X*) and let E°(f(T)) = w(f(T)) for T € B(X). Then
f(T) satisfies property (Bgw) for all f € Hol(o(T)).

Proof. The result follows from [25, Theorem 2.17] and [27, Theorem 2.7]. O

Following [4], we say that an operator T' € B(X) satisfies property (R) if the equality
7(T) = E°(T) holds. As a consequence of [4, Theorem 2.4] and [27, Theorem 2.12],
we have

Theorem 2.7 Let T € B(X). If T satisfies property (Bgw), then T satisfies property
(R).

A bounded linear operator T' € B(X) is said to be polaroid if every isolated point
of o(T') is a pole of the resolvent of T. T" € B(X) is said to be a-polaroid if every
isolated point of ¢,(T) is a pole of the resolvent of T'. Since every pole is a left pole.
Then it is easily seen that

if T'is a-polaroid = T is polaroid, (2.1)

while, in general, the converse does not hold (see [7]).

A bounded linear operator T' € B(X) is said to be isoloid (resp. a-isoloid) if every
isolated point of o(T') (resp. 04(T)) is an eigenvalue of T. It is known that every
polaroid operator is isoloid, but the converse is not true in general.

A bounded linear operator T' € B(X) is said to be finitely-isoloid (resp. finitely-
a-isoloid) if every isolated point of o(T) (resp. 04(T)) is an eigenvalue of finite mul-
tiplicity of T. T € B(X) is said to be finitely-polaroid (resp. finitely-a-polaroid) if
isoo(T) C w(T) (resp. isog,(T) C 79(T)). Since #%(T) C E°(T). Trivially,

if T'is finitely polaroid == T is finitely isoloid, (2.2)

while, in general, the converse does not hold.
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6 M.H.M. Rashid, T. Prasad

Theorem 2.8 Let T € B(X). If T is finitely-polaroid and T* has the SVEP, then T
satisfies property (Bgw).

Proof. Since T* has the SVEP then by [1, Corollary 2.45] we have o(T') = 04(T).
Suppose first that iso o(T) = (). Then E°(T) = (. We show that also o, (T) \O'SBF; (T)
is empty. By [2, Theorem 2.9] we have o,(T) \ OSBF; (T) =o(T)\ opw(T) and the
last set is empty, since o(T') has no isolated points. Therefore, T satisfies property
(Bgw).

Consider the other case, iso o(T) # (). Suppose that A € E°(T). Then ) is an isolated
point of o(T') and hence by the finitely-polaroid condition, A is a pole of the resolvent
of T of finite rank, i.e., a(T—AI) = d(T—)\) < oo, a(T—AI) < oo and (T — ) < occ.
Hence T — AI is Browder operator. Therefore, A € o(T') \ 0,(T) C A9(T). Conversely,
if \ € AY(T) = AY(T) then X is an isolated point of o(T'). Hence A € 7%(T) C E°(T)
and so T satisfies property (Bgw). O

It is well-known that f(7%(T)) = #°(f(T)), for every f € H(c(T)). Then we have

Lemma 2.9 Suppose that f € H(o(T)) is non constant on each of the components of
its domain. If T is finitely-polaroid, then f(T) is finitely-polaroid.

Theorem 2.10 Suppose that T € B(X) is finitely-polaroid and that T* has SVEP.
Then f(T) satisfies property (Bgw) for all f € H(o(T)) such that f is not constant
on each of the components of its domain.

Proof. Suppose that T* has the SVEP, then f(T*) = f(T)* has the SVEP (see [1,
Theorem 2.40]). Since T is finitely-polaroid then by Lemma 2.9 we have f(7') is
finitely-polaroid. So the result follows now by Theorem 2.8. 0O

3 Property (Bgw) under perturbations

In this section we are interested to study the stability of property (Bgw) under pertur-
bations by nilpotent operators, by finite rank operators, by quasi-nilpotent operators
and by Riesz operators commuting with 7. We begin with this lemma:

Lemma 3.1 [28] Let T € B(X) and let N € B(X) be a nilpotent operator commuting
with T. Then EO(T + N) = E%(T).

Theorem 3.2 If T € B(X) satisfies property (Bgw) and N is a nilpotent operator
that commutes with T, then T + N satisfies property (Bgw).

Proof. Suppose T' € B(X) satisfies property (Bgw), that is, o,(T) \ IsBF; (T) =
E°(T). By [28, Corollary 3.1], we have ospr (T+N) = ogpp-(T). Since 04 (T+N) =
0a(T) and since Eo(T+N) = Eo(T), 0a(T+N)\ogpp (T+N) = E°(T+N). Finally,
T + N satisfies property (Bgw). O

Theorem 3.3 Suppose that T € B(X) and N € B(X) is nilpotent such that TN =

NT. Then T is finitely-polaroid if and only if T + N is finitely-polaroid.
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Property (Bgw) and perturbations 7

Proof. We conclude from proof of [8, Theorem 2.11] that E(T) = E(T + N). Since T
is finitely-polaroid then E(T) C 7%(T). But we know that 7%(T) = 7°(T + N). Hence
E(T+ N) C #%T + N). That is, T + N is finitely-polaroid. O

Theorem 3.4 Suppose that T € B(X) and N € B(X) is nilpotent such that TN =
NT. If T is finitely-polaroid and T* has SVEP, then T + N satisfies property (Bgw).

Proof. If T is polaroid then by [5, Theorem 2.5] T™* is polaroid. Clearly, N* is nilpotent,
since (N*)" = (N™)* = 0 for some n € N. Therefore 7% + N* is finitely-polaroid, by
Theorem 3.3. Since T* + N* has SVEP, by [1, Corollary 2.12], it then follows, by
Theorem 2.8, that T + N satisfies property (Bgw). O

Theorem 3.5 Suppose that T is finitely-polaroid and N € B(X) a nilpotent operator
commuting with T. If T* has SVEP and f € Hol(o(T)) such that f is not constant
on each of the components of its domain, then property (Bgw) holds for f(T)+ N.

Proof. By Theorem 2.10, f(7T) satisfies property (Bgw). Since f(T%*) = f(T)* has
SVEP (see [1, Theorem 2.40]), by Theorem 2.9 we have f(7T) is finitely-polaroid, by
Theorem 3.4 it then follows that property (Bgw) holds for f(T)+ N. O

Theorem 3.6 Let T € B(X) and F € B(X) be a finite rank operator commuting
with T. If T satisfies property (Bgw), then the following assertions are equivalent:

(1) T + F satisfies property (Bgw);
(ii) E9(T + F) = mo(T + F);
(i5) EO(T + F) N oa(T) C EO(T).

Proof. (i)<=(ii) If T'+ F satisfies property (Bgw), then from [27, Theorem 2.10], we
have EO(T + F) = 7,(T + F). Conversely, assume that E®(T + F) = 7,(T + F), since
T satisfies property (Bgw), then it follows from [27, Theorem 2.10] that T satisfies
generalized a-Browder’s theorem and hence ogp Fr (T) = opp(T). Since F is a finite

rank operator, from [13, Lemma 2.3] we have TSBF; (T+ F) = OSBF; (T). As F

commutes with 7', from [12, Theorem 2.1] we have o7 p(T) = orp(T + F'). Therefore,
OSBr; (T+F)=o0rp(T+F) and so T+ F satisfies generalized a-Browder’s theorem.

As 7,(T + F) = E%(T + F), then from [27, Theorem 2.10], T + F satisfies property
(Bgw).

(iii)==(ii) Let A € E%(T + F). Then \ € isoo,(T + F). If X\ ¢ o(T), then \ ¢
OsBr; (T), then X ¢ ISBF; (T+F). As X € is00,(T+F), it follows from [11, Theorem

2.8] that A € 7¢(T'+ F). If X € 04(T), then A € E%(T + F)No,(T) and by assumption
A € E%T). Since T satisfies property (Bgw), so by [27, Theorem 2.10] T satisfies
generalized a-Browder’s theorem and it follows then from [11, Theorem 4.3] that
T + F satisfies generalized a-Browder’s theorem. Hence A ¢ TsBF; (T + F) and so

A € (T + F). In the two cases, we have E°(T + F) C m,(T + F). Conversely, let
A€ (T + F), then A ¢ orp(T + F) and so A ¢ orp(T). As T satisfies property
(Bgw), then \ € 7,(T) = E°(T) and so A € E°(T + F).

(ii)==(iii) Assume that E(T + F) = 7,(T + F) and let A € E°(T + F) N o,(T),
then A € mo(T + F)Noo(T). So A ¢ orp(T + F). As orp(T) = orp(T + F) and
A € 04(T), then X € 7,(T). Since T satisfies property (Bgw), then A € E°(T).
Therefore, E°(T + F)No,(T) C E°(T). O
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Theorem 3.7 Let T € B(X) and N € B(X) be a nilpotent operator commuting with
T. If T satisfies property (Bgw), then the following assertions are equivalent:
(i) T+ N satisfies property (Bgw);

(i) ospp- (T + N) = 05pp(T);

(ii) EO(T) = m(T + N).
Proof. (i)<= (ii) Assume that T+ N satisfies property (Bgw), then o,(T + N) \
OsBr; (T'+ N) = E%T + N). As 0o(T + N) = 04(T) and E°(T + N) = E°(T)
then o4(T) \O’SBF; (T + N) = E°(T). Since T satisfies property (Bgw), then ,(T) \
OsBF; (T) = E%T) and so OsBE; (T+N) = OsBF; (T). Conversely, assume that
OSBF; (T'+N) = OsBE; (T). Since T satisfies property (Bgw), then

E%(T) = 0,4(T) \ospp (T) = 0a(T+ N)\ OSBF; (T +N) = E°(T + N).

So T + N satisfies property (Bgw).

(i)<=(iii) Assume that T+ N satisfies property (Bgw), then from [27, Theorem
2.10], we have E°(T+ N) = 7,(T + N). Therefore, by Lemma 3.1, we have 7(T+N) =
E°(T). Conversely, assume that E(T') = m,(T+ N). Since T satisfies property (Bgw),
by [27, Theorem 2.10] we then have T satisfies generalized a-Browder’s theorem. As
we know from [9, Theorem 2.2] that a-Browder’s theorem is equivalent to generalized
a-Browder’s theorem. S0 g (T) = ouwp(T). From [15, Theorem 2.13], we know that

Osk; (T+N) = Osr: (T). By [1, Theorem 3.65], we know that o,,(T") = Osky (T)u
acco,(T). Hence o,(T + N) = ou(T). Therefore Osr; (T+ N) =o0w(T+ N) and
T + N satisfies a-Browder’s theorem. So it satisfies generalized a-Browder’s theorem,
that is, 0o (T'+ N)\ogpp-(T'+N) = ma(T+N). As by assumption E%T) = 7,(T+N),
it follows that o, (T + N) \USBF; (T'+N) = E%T+N) and so T+ N satisfies property
(Bgw). O

Theorem 3.8 Let T € B(X) and let K € B(X) be a compact operator commutating
with T. If T satisfies property (Bgw), then T + K satisfies property (Bgw) if and only
if BE%T+ K) = 7,(T + K).

Proof. If T satisfies property (Bgw), then from [27, Theorem 2.10], E®(T+k) = 7, (T+
K). Conversely, suppose Ey(T + K) = 7(T + K). Since T satisfies property (Bgw),
it follows from [27, Theorem 2.20] and [27, Theorem 2.22] that T satisfies generalized
a-Browder’s theorem. Thus from [9], T" satisfies a-Browder’s theorem. Hence it follows
from [1, Corollary 3.39] and [1, Corollary 3.45] that 7'+ K satisfies a Browder’s
theorem. Again by [9], T+ K satisfies generalized a-Browder’s theorem. Thus, o, (T +
K) \USBF;(T—FK) =m(T+K)=E°T+K). O

Theorem 3.9 If T € B(X) satisfies property (Bgw) and F is finite rank operator
commutates with Tsuch that 7o(T + F) C 04(T) and Eo(T + F) C wo(T + F), then
T + F satisfies property (Bgw).

Proof. From [27, Theorem 2.10], it suffices to prove that m,(T + F) C E°(T + F). Let
A € mo(T+F), then \ € o, (T+F) and \ ¢ OsBr; (T+F). Since \ ¢ OsBE; (T+F),\ ¢
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Property (Bgw) and perturbations 9

OSBE; (T). Also the hypothesis 7, (T + F) C 0,(T) implies that A € Ja(T)\JSBF; (7).

Then by the property (Bgw) of T' we have A € Eo(T) and T — AI is Drazin invertible.
Thus, T 4+ F — A is Drazin invertible by [10, Theorem 2.7]. Since A € (T + F') and
since a(T' + F — M) < oo, A € E°(T + F). This completes the proof. O

Theorem 3.10 Let T € B(X) such that S(T™) C OSBE; (T') and let F is finite rank

operator commutates with T such that E°(T + F) C (T + F). Then T + F satisfies
property (Bgw).

Proof. Since S(T*) C ogp Fr (T') and F is finite rank operator commutates with T,

from [29, Theorem 2.11], T + F satisfies property (gb). Since Eo(T + F) C n(T + F),
the required result follows from [27, Theorem 2.7]. O

Recall that T € B(X) is said to be Riesz operator if T — A is Fredholm for all
A € C'\ {0}. Consequently compact operators and quasi-nilpotent operators are Riesz
operators.

As a consequence of Theorem 2.7 and [6, Theorem 2.4], we have

Proposition 3.11 If T € B(X) has property (Bgw) and K is a Riesz operator for
which TK = KT and o,(T) = 04(T + K) then E°(T) C E°(T + K).

Theorem 3.12 Suppose that T € B(X) is an isoloid operator for which property
(Bgw) holds and let K € B(X) be a bounded operator commuting with T such that
K" is a finite rank operator for some n € N and 04(T) = 04(T + K). Then the
following assertions hold:

(i) E(T) = E°(T + K);

(i5) T 4+ K satisfies property (Bgw).

Proof. (i) This follows from Theorem 2.7 and [6, Theorem 2.6].
(ii) We conclude from [28, Theorem 2.8] that OSBF; (T+K) = OSBF; (T). By
assumption we have o,(T + K) = 04(T), so

E)T + K) = E°(T) = 04(T) \ospp-(T) = 0a(T + K) \ ogpp (T + K).
That is, T+ K satisfies property (Bgw). O

Theorem 3.13 Suppose that T € B(X) is a finite-isoloid operator for which property
(Bgw) holds. If K is a Riesz operator which commutes with T and such that oq(T) =
0a(T + K), then the following assertions hold:

(i) E°(T) = E°(T + K);
(1) T 4+ K satisfies property (Bgw) if and only if ISBr; (T+K)= IsBF; (T).

Proof. The proof of the first part follows from Theorem 2.7 and [6, Theorem 2.11].
The proof of second part is similar to the proof of part (ii) of Theorem 3.12. O

Theorem 3.14 Suppose that T € B(X) is a-polaroid and finitely-isoloid. If T has the
SVEP and Q € B(X) is quasinilpotent which commutes with T, then T + Q satisfies
property (Bgw).
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Proof. If X € isoo,(T + Q) then A € isoo,(T) and hence, since T is finitely a-polaroid,
A is a pole of the resolvent of T, in particular an isolated point of the spectrum.
Therefore, a(T — AI) = d(T — AI) < oo and since by assumption a(T — AI) < oo we
then have a(T' — AI) = B(T — AI) (see [1, Theorem 3.4]), so T'— AI is Browder. Since
by [24], BROWDER operators are invariant under Riesz commuting perturbation, in
particular under quasinilpotent commuting perturbations, hence T+@Q—M\I is Browder,
and consequently, X is a pole of the resolvent of T'+ @ of finite rank. Therefore, T+ Q
is finitely a-polaroid, that is, isoo,(T + Q) C 7°(T + Q). Since T has the SVEP and
QT = TQ for Q quasinilpotent then, by [20, Proposition 3.4.11], T+ @ has the SVEP.
Hence T'+ @ satisfies generalized a-Browder’s theorem. Thus 0o(T'+ Q) \ 0gp Fr (T +

Q) =7 (T+Q) C7(T+Q) C EX(T+Q). So T +Q satisfies generalized a-Browder’s
theorem and 7,(T+ Q) = E°(T+Q). Therefore, by [27, Theorem 2.10], T+ Q satisfies
property (Bgw). O

Theorem 3.15 Suppose that T € B(X) is finitely a-polaroid. If T has the SVEP and
Q € B(X) is quasinilpotent which commutes with T, then

(7) EO(T) = EO(T+ Q).

(17) T + Q satisfies property (Bgw).

Proof. (i) Let A € E°(T), then X is isolated in o(7T) and hence isolated in o (T).
Since T is finitely a-polaroid then A € 7%(T). Hence A ¢ o4(T). Thus from [24],
A ¢ op(T + Q). This implies that A € 7°(T + Q). The reverse inclusion follows by
symmetry.

(ii) Since T has the SVEP and QT = TQ for @ quasinilpotent then, by [20, Propo-
sition 3.4.11], T 4+ @ has the SVEP. Hence T + Q satisfies generalized a-Browder’s
theorem. Thus O'G(T+Q)\0'SBF; (T+Q) = mo(T+Q). By [27, Theorem 2.10], it suffices

to show that E®(T+Q) = 7 (T+Q). Let A € E°(T+Q) = E°(T). Then by the proof of
the first part A € 7%(T+Q) C 7,(T+Q) and so E*(T+Q) C m,(T+Q). For the reverse
inclusion, let A € 7, (T +Q) then, by [8, Lemma 3.5], A\ ¢ orp(T+Q) = orp(T"). Hence
A € 7,(T) and since T is finitely a-polaroid then A € #°(T) C E%(T) = E°(T + Q).
Therefore, T + @ satisfies property (Bgw). O

Theorem 3.16 Let T € B(X) and let R € B(H) be a Riesz operator commutating
with T. If T satisfies property (Bgw), then T + R satisfies property (Bgw) if and only
if E%T + R) = mo(T + R).

Proof. If T + R satisfies property (Bgw), then from [27, Theorem 2.10], we have
E°%T + R) = 74(T + R). Conversely, suppose E°(T + R) = 7,(T + R). Since T
satisfies property (Bgw), T satisfies generalized a-Browder’s theorem. Then it follows

from [22, Corollary 2.3] that T+ R satisfies generalized a-Browder’s theorem. By
hypothesis E®(T + R) = 7,(T + R), and so T + R satisfies property (Bgw). O
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