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Abstract In this paper, we first establish a new unified proof of perturbed mid-point and trapezoid
inequalities and give an application of it in numerical integration. This result in special cases yield the
known results. We then derive some asymptotic expressions for error terms of this unified inequality,
which not only unify the known results, but also give some new asymptotic expressions for remainder
terms of other perturbed quadrature rules as special cases. Finally, corresponding formulas with finite
sums are given.
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1 Introduction

Error analysis for known and new quadrature rules has been extensively studied in re-
cent years. The approach from an inequalities point of view to estimate the error terms
has been used in these studies (see [1]-[25] and the references therein). In [26], Ujević
and Billć considered the above mentioned topic in a way of deriving asymptotic
expressions for error terms of the mid-point, trapezoid and Simpson’s rules. Precisely,

based on the “Assumption 1: Let f ∈ C∞[a, b] and supn∈N | f
(n)(c)

f(n−1)(c)
| ≤ M < ∞ for

some arbitrary but fixed c ∈ [a, b]”, they proved the following theorems:
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Theorem 1.1 Let Assumption 1 holds with c = a, we have

∫ b

a
f(t)dt = f

(
a+ b

2

)
(b− a) +

∞∑

k=3

2k−1 − k
k!2k−1

f (k−1)(a)(b− a)k. (1.1)

∫ b

a
f(t)dt =

f(a) + f(b)

2
(b− a)− 1

2

∞∑

k=3

k − 2

k!
f (k−1)(a)(b− a)k, (1.2)

∫ b

a
f(t)dt =

f(a) + 4f
(
a+b
2

)
+ f(b)

6
(b− a) (1.3)

− 1

3

∞∑

k=5

k + (k − 6)2k−3

k!2k−2
f (k−1)(a)(b− a)k.

Theorem 1.2 Let Assumption 1 holds with c = b, we have

∫ b

a
f(t)dt = f

(
a+ b

2

)
(b− a)−

∞∑

k=3

2k−1 − k
k!2k−1

f (k−1)(b)(a− b)k, (1.4)

∫ b

a
f(t)dt =

f(a) + f(b)

2
(b− a) +

1

2

∞∑

k=3

k − 2

k!
f (k−1)(b)(a− b)k, (1.5)

∫ b

a
f(t)dt =

f(a) + 4f
(
a+b
2

)
+ f(b)

6
(b− a) (1.6)

+
1

3

∞∑

k=5

k + (k − 6)2k−3

k!2k−2
f (k−1)(b)(a− b)k.

In [2–6,18,8,19,25], the perturbed mid-point and trapezoid inequalities are consid-
ered. In [25], Ujević obtained the perturbed mid-point and trapezoid inequalities

∣∣∣∣
∫ b

a
f(t)dt− f

(
a+ b

2

)
(b− a)− (b− a)2

24
[f ′(b)− f ′(a)]

∣∣∣∣

≤ 1

12
(S − γ)(b− a)3, (1.7)

∣∣∣∣
∫ b

a
f(t)dt− f(a) + f(b)

2
(b− a) +

(b− a)2

12
[f ′(b)− f ′(a)]

∣∣∣∣

≤ 1

12
(S − γ)(b− a)3, (1.8)

where f : [a, b]→ R is a twice differentiable function and there exist constants γ, Γ ∈
R, with γ ≤ f ′′(t) ≤ Γ, t ∈ [a, b], S = f ′(b)−f ′(a)

b−a . In [17], Liu et al. derived asymptotic
expressions for error terms of these perturbed mid-point and trapezoid rules.
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Theorem 1.3 Let Assumption 1 holds with c = a, we have

∫ b

a
f(t)dt = f

(
a+ b

2

)
(b− a) +

(b− a)2

24
[f ′(b)− f ′(a)]

+
∞∑

k=5

1

k!

[
1− k

2k−1
− k(k − 1)

24

]
f (k−1)(a)(b− a)k, (1.9)

∫ b

a
f(t)dt =

f(a) + f(b)

2
(b− a)− (b− a)2

12
[f ′(b)− f ′(a)]

+
1

12

∞∑

k=5

(k − 3)(k − 4)

k!
f (k−1)(a)(b− a)k. (1.10)

Theorem 1.4 Let Assumption 1 holds with c = b, we have

∫ b

a
f(t)dt = f

(
a+ b

2

)
(b− a) +

(b− a)2

24
[f ′(b)− f ′(a)]

−
∞∑

k=5

1

k!

[
1− k

2k−1
− k(k − 1)

24

]
f (k−1)(b)(a− b)k, (1.11)

∫ b

a
f(t)dt =

f(a) + f(b)

2
(b− a)− (b− a)2

12
[f ′(b)− f ′(a)]

− 1

12

∞∑

k=5

(k − 3)(k − 4)

k!
f (k−1)(b)(a− b)k. (1.12)

In [7], Chen et al. obtained a unified generalization of perturbed trapezoid and
mid-point inequalities.

Theorem 1.5 Let I ⊂ R be an open interval, a, b ∈ I, a < b. If f : I → R is a twice
differentiable function such that f ′′ is integrable and there exist constants γ, Γ ∈ R,
with γ ≤ f ′′(t) ≤ Γ, t ∈ [a, b], 0 ≤ λ ≤ 1. Then

∣∣∣∣
∫ b

a
f(t)dt−

[
(1− λ)f

(
a+ b

2

)
+ λ

f(a) + f(b)

2

]
(b− a)

−1− 3λ

24
(b− a)2[f ′(b)− f ′(a)]

∣∣∣∣

≤





2
(
λ2 − λ+ 1

3

) 3
2 + λ(1− λ)(1− 2λ)

24
(Γ − γ)(b− a)3, λ ∈

[
0, 13
]
,

(
λ2 − λ+ 1

3

) 3
2

6
(Γ − γ)(b− a)3, λ ∈

(
1
3 ,

2
3

]
,

2
(
λ2 − λ+ 1

3

) 3
2 + λ(1− λ)(2λ− 1)

24
(Γ − γ)(b− a)3, λ ∈

(
2
3 , 1
]
.
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In this paper, we first establish a new unified proof of perturbed mid-point inequality
(1.7) and perturbed trapezoid inequality (1.8) by using a unified p(t) as in (2.2)
below and give an application of it in numerical integration (Section 2). This result in
special cases yield Theorem 4 and Corollary 2 in [25]. We then derive some asymptotic
expressions for error terms of this unified inequality (Section 3), which not only unify
the above Theorems 1.3 and 1.4, but also give some new asymptotic expressions for
remainder terms of other perturbed quadrature rules as special cases. Corresponding
formulas with finite sums will also be given.

2 A new unified proof of perturbed mid-point and trapezoid inequalities
and application

In this section, we first establish a new unified proof of perturbed mid-point and
trapezoid inequalities.

Theorem 2.1 Let I ⊂ R be an open interval, a, b ∈ I, a < b. If f : I → R is a twice
differentiable function such that f ′′ is integrable and there exist constants γ, Γ ∈ R,
with γ ≤ f ′′(t) ≤ Γ, t ∈ [a, b], 0 ≤ λ ≤ 1. Then

∣∣∣∣
∫ b

a
f(t)dt−

[
(1− λ)f

(
a+ b

2

)
+ λ

f(a) + f(b)

2

]
(b− a)

−1− 3λ

24
(b− a)2[f ′(b)− f ′(a)]

∣∣∣∣ (2.1)

≤





2− 3λ

24
(S − γ)(b− a)3, 0 ≤ λ ≤ 1

2
,

3λ− 1

24
(S − γ)(b− a)3,

1

2
< λ ≤ 1,

where S = f ′(b)−f ′(a)
b−a .

Proof. Let p : [a, b]→ R be given by

p(t) =





1

2
(t− a)[t− (1− λ)a− λb], t ∈ [a,

a+ b

2
],

1

2
(b− t)[λa+ (1− λ)b− t], t ∈ (

a+ b

2
, b].

(2.2)

Integrating by parts, we have

∫ b

a
p(t)f ′′(t)dt =

∫ b

a
f(t)dt− (b− a)·

·
[
(1− λ)f

(
a+ b

2

)
+ λ

f(a) + f(b)

2

]
. (2.3)
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If C is a constant, then

∫ b

a

[
p(t)− 1

b− a

∫ b

a
p(s)ds

]
[f ′′(t)− C]dt

=

∫ b

a

[
p(t)− 1

b− a

∫ b

a
p(s)ds

]
f ′′(t)dt. (2.4)

We also have

∫ b

a
f ′′(t)dt = f ′(b)− f ′(a) (2.5)

∫ b

a
p(t)dt =

1− 3λ

24
(b− a)3. (2.6)

From (2.3)-(2.6) it follows

∫ b

a

[
p(t)− 1

b− a

∫ b

a
p(s)ds

]
[f ′′(t)− C]dt

=

∫ b

a
f(t)dt− (b− a)

[
(1− λ)f

(
a+ b

2

)
+ λ

f(a) + f(b)

2

]
(2.7)

− 1− 3λ

24
(b− a)2[f ′(b)− f ′(a)].

On the other hand, if we set C = γ, then we have

∫ b

a

[
p(t)− 1

b− a

∫ b

a
p(s)ds

]
[f ′′(t)− γ]dt

≤ max
t∈[a,b]

∣∣∣∣p(t)−
1

b− a

∫ b

a
p(s)ds

∣∣∣∣
∫ b

a
|f ′′(t)− γ|dt

=
1

2
(S−γ)(b− a) max

t∈[a, a+b

2
]

∣∣∣∣(t−a)2−λ(b−a)(t−a)−1− 3λ

12
(b− a)2

∣∣∣∣ (2.8)

=





2− 3λ

24
(S − γ)(b− a)3, 0 ≤ λ ≤ 1

2
,

3λ− 1

24
(S − γ)(b− a)3,

1

2
< λ ≤ 1.

From (2.7) and (2.8) we see that (2.1) holds. ut

Remark 2.1 We note that in the special cases, if we take λ = 0 and λ = 1 in Theorem
2.1 respectively, we get Theorem 4 and Corollary 2 in [25] respectively.
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To verify the correctness of Theorem 2.1, we give several specific examples shown as
the following Table 1, in which we set λ1 = 1

3 , λ2 = 2
3 , G1(λ) = 2−3λ

24 (S − γ)(b− a)3,

G2(λ) = 3λ−1
24 (S − γ)(b− a)3, and

F (λ) :=

∣∣∣∣
∫ b

a
f(t)dt−

[
(1− λ)f

(
a+ b

2

)
+ λ

f(a) + f(b)

2

]
(b− a)

−1− 3λ

24
(b− a)2[f ′(b)− f ′(a)]

∣∣∣∣ .

We find that F (λ1) ≤ G1(λ1) and F (λ2) ≤ G1(λ2).
f(x) [a, b] F (λ1) G1 F (λ2) G2

cosx− x [0, π
2

] 0.038551 0.220174 0.065358 0.220174
ex [0, 1] 5.793240 × 10−4 0.029929 8.758710 × 10−4 0.029929
1
x

[1, 3] 0.012499 0.123457 0.024538 0.123457
ex sinx [1, 3] 0.267058 9.788669 3.528357 9.788669

Corollary 2.2 Under the assumptions of Theorem 2.1 and with λ = 1
2 , we have the

perturbed averaged mid-point-trapezoid type inequality
∣∣∣∣
∫ b

a
f(t)dt− 1

2
f

(
a+ b

2

)
(b− a)− 1

2

f(a) + f(b)

2
(b− a)

+
1

48
(b− a)2[f ′(b)− f ′(a)]

∣∣∣∣ ≤
1

48
(S − γ)(b− a)3. (2.9)

Corollary 2.3 Under the assumptions of Theorem 2.1 and with λ = 1
3 , we have the

Simpson inequality
∣∣∣∣
∫ b

a
f(t)dt− b− a

6

[
f(a) + 4f

(
a+ b

2

)
+ f(b)

]∣∣∣∣

≤ 1

24
(S − γ)(b− a)3. (2.10)

Now, we give an application of Theorem 2.1 in numerical integration.

Theorem 2.4 Let the assumptions of Theorem 2.1 hold. If D = {a = x0 < x1 <

· · · < xn = b} is a given division of the interval [a, b] then we have
∫ b
a f(t)dt =

AMT (f,D) +RMT (f,D), where

AMT (f,D) =
n−1∑

i=0

hi

[
(1− λ)f

(
xi + xi+1

2

)
+ λ

f(xi) + f(xi+1)

2

]

+
1− 3λ

24

n−1∑

i=0

h3i [f
′(xi+1)− f ′(xi)],

|RMT (f,D)| ≤





2− 3λ

24

n−1∑

i=0

(Si − γ)h3i , 0 ≤ λ ≤ 1

2
,

3λ− 1

24

n−1∑

i=0

(Si − γ)h3i ,
1

2
< λ ≤ 1,
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and hi = xi+1 − xi, Si = f ′(xi+1)−f ′(xi)
hi

, i = 0, 1, 2, · · · , n− 1.

Proof. Apply Theorem 2.1 to the interval [xi, xi+1], i = 0, 1, 2, · · · , n − 1 and sum.
Then use the triangle inequality to obtain the desired result. ut

3 Some asymptotic expressions for error term of the unified inequality

In this section, we derive some asymptotic expressions for error term of the above
unified inequality (2.1).

Theorem 3.1 Let Assumption 1 holds with c = a, we have

∫ b

a
f(t)dt =

[
(1− λ)f

(
a+ b

2

)
+ λ

f(a) + f(b)

2

]
(b− a)

+
1− 3λ

24
(b− a)2[f ′(b)− f ′(a)]

+
∞∑

k=5

1

k!

{
(1− λ)

[
1− k

2k−1
− k(k − 1)

24

]
(3.1)

+λ
(k − 3)(k − 4)

12

}
f (k−1)(a)(b− a)k, ∀λ ∈ [0, 1].

Proof. We define the function

R(x) =

∫ x

a
f(t)dt−

[
(1− λ)f

(
a+ x

2

)
+ λ

f(a) + f(x)

2

]
(x− a)

− 1− 3λ

24
(x− a)2[f ′(x)− f ′(a)],

for all λ ∈ [0, 1]. Obviously, R(a) = 0.
We have

R′(x) = f(x)− (1− λ)

[
f

(
a+ x

2

)
+

1

2
(x− a)f ′

(
a+ x

2

)]

− λ
[
f(a) + f(x)

2
+

1

2
(x− a)f ′(x)

]

− 1− 3λ

12
(x− a)[f ′(x)− f ′(a)]− 1− 3λ

24
(x− a)2f ′′(x)

such that R′(a) = 0. We also have

R′′(x) = (1−λ)

[
f ′(x)−f ′

(
a+ x

2

)]
−1− 3λ

12
[f ′(x)−f ′(a)]−1

6
(x−a)f ′′(x)

− 1− λ
4

(x− a)f ′′
(
a+ x

2

)
− 1− 3λ

24
(x− a)2f ′′′(x)
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and R′′(a) = 0. Further,

R′′′(x) = (1− λ)

[
3

4
f ′′(x)− 3

4
f ′′
(
a+ x

2

)
− 1

4
(x− a)f ′′′(x)

−1

8
(x− a)f ′′′

(
a+ x

2

)
− 1

24
(x− a)2f (4)(x)

]
+λ

1

12
(x− a)2f (4)(x),

R′′′(a) = 0,

R(4)(x) = (1− λ)

[
1

2
f ′′′(x)− 1

2
f ′′′
(
a+ x

2

)
− 1

3
(x− a)f (4)(x)

− 1

16
(x− a)f (4)

(
a+ x

2

)
− 1

24
(x− a)2f (5)(x)

]

+ λ

[
1

6
(x− a)f (4)(x) +

1

12
(x− a)2f (5)(x)

]
,

R(4)(a) = 0,

R(5)(x) = (1− λ)

[
1

6
f (4)(x)− 5

16
f (4)

(
a+ x

2

)
− 5

12
(x− a)f (5)(x)

− 1

32
(x− a)f (5)

(
a+ x

2

)
− 1

24
(x− a)2f (6)(x)

]

+ λ

[
1

6
f (4)(x) +

1

3
(x− a)f (5)(x) +

1

12
(x− a)2f (6)(x)

]
,

R(5)(a) =
15λ− 7

48
f (4)(a),

Generally, by induction, we can get

R(k)(x) =(1− λ)

{[
1− k(k − 1)

24

]
f (k−1)(x)

− k

2k−1
f (k−1)

(
a+ x

2

)
− k

12
(x− a)f (k)(x)

− 1

2k
(x− a)f (k)

(
a+ x

2

)
− 1

24
(x− a)2f (k+1)(x)

}

+ λ

{
(k − 3)(k − 4)

12
f (k−1)(x) +

k − 3

6
(x− a)f (k)(x) (3.2)

+
1

12
(x− a)2f (k+1)(x)

}
, k ≥ 5,

and so

R(k)(a)=

{
(1−λ)

[
1− k

2k−1
−k(k − 1)

24

]
+λ

(k−3)(k−4)

12

}
f (k−1)(a), k ≥ 5.
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In fact, suppose that (3.2) holds for k = m (m ≥ 5), then we have

R(m+1)(x) = (1− λ)

{[
1− m(m− 1)

24

]
f (m)(x)− m

2m
f (m)

(
a+ x

2

)

− m

12
f (m)(x)− m

12
(x− a)f (m+1)(x)

− 1

2m
f (m)

(
a+ x

2

)
− 1

2m+1
(x− a)f (m+1)

(
a+ x

2

)
− 1

12
(x− a)f (m+1)(x)

− 1

24
(x− a)2f (m+2)(x)

}
+ λ

{
(m− 3)(m− 4)

12
f (m)(x) +

m− 3

6
f (m)(x)

+
m− 3

6
(x− a)f (m+1)(x) +

1

6
(x− a)f (m+1)(x) +

1

12
(x− a)2f (m+2)(x)

}

= (1− λ)

{[
1− m(m+ 1)

24

]
f (m)(x)− m+ 1

2m
f (m)

(
a+ x

2

)

− m+ 1

12
(x− a)f (m+1)(x)

− 1

2m+1
(x− a)f (m+1)

(
a+ x

2

)
− 1

24
(x− a)2f (m+2)(x)

}

+ λ

{
(m− 2)(m− 3)

12
f (m)(x) +

m− 2

6
(x− a)f (m+1)(x)

+
1

12
(x− a)2f (m+2)(x)

}
, m ≥ 5,

which implies that (3.2) holds for k = m + 1. By using of the Taylor series R(x) =∑∞
k=0

R(k)(a)
k! (x− a)k with the above data, we have

R(x) =
∞∑

k=5

1

k!

{
(1− λ)

[
1− k

2k−1
− k(k − 1)

24

]

+λ
(k − 3)(k − 4)

12

}
f (k−1)(a)(x− a)k.

If we substitute x = b in the above series then we get formula (3.1). We use Lemma
2.1 of [26] to show that the series in (3.1) converges. ut
Theorem 3.2 Let Assumption 1 holds with c = b, we have

∫ b

a
f(t)dt =

[
(1− λ)f

(
a+ b

2

)
+ λ

f(a) + f(b)

2

]
(b− a)

+
1− 3λ

24
(b− a)2[f ′(b)− f ′(a)]

−
∞∑

k=5

1

k!

{
(1− λ)

[
1− k

2k−1
− k(k − 1)

24

]
(3.3)
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+λ
(k − 3)(k − 4)

12

}
f (k−1)(b)(a− b)k.

Proof. We define the function

R(x) =

∫ b

x
f(t)dt−

[
(1− λ)f

(
x+ b

2

)
+ λ

f(x) + f(b)

2

]
(b− x)

− 1− 3λ

24
(b− x)2[f ′(b)− f ′(x)]

= −
{∫ x

b
f(t)dt−

[
(1− λ)f

(
b+ x

2

)
+ λ

f(b) + f(x)

2

]
(x− b)

−1− 3λ

24
(x− b)2[f ′(x)− f ′(b)]

}
.

Now we can use the results of Theorem 3.1. We simply substitute b→ a in the above
relation and get

R(x) = −
∞∑

k=5

1

k!

{
(1− λ)

[
1− k

2k−1
− k(k − 1)

24

]

+λ
(k − 3)(k − 4)

12

}
f (k−1)(b)(x− b)k.

The relation (3.3) follows if we now set x = a. We use Lemma 2.1 of [26] to show that
the series in (3.3) converges. ut

Corollary 3.3 Under the assumptions of Theorems 3.1 and 3.2 we have

∫ b

a
f(t)dt =

[
(1− λ)f

(
a+ b

2

)
+ λ

f(a) + f(b)

2

]
(b− a)

+
1− 3λ

24
(b− a)2[f ′(b)− f ′(a)]

+
1

2

∞∑

k=5

1

k!

{
(1− λ)

[
1− k

2k−1
− k(k − 1)

24

]
+λ

(k − 3)(k − 4)

12

}

×
[
f (k−1)(a)− (−1)kf (k−1)(b)

]
(b− a)k.

Proof. We sum (3.1) and (3.3). ut

Remark 3.1 We note that in the special cases, if we take λ = 0 and 1 in Theorem
3.1 and 3.2, respectively, we get Theorem 1.3 and 1.4, respectively. If we take λ = 1

3 in
Theorem 3.1 and 3.2, respectively, we get (1.3) in Theorem 1.1 and (1.6) in Theorem
1.2, respectively.

Now, we can give some new asymptotic expressions for remainder terms of other
perturbed quadrature rules as special cases.
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Corollary 3.4 Under the assumptions of Theorem 3.1 and 3.2 with λ = 1
2 , we have the

asymptotic expressions for remainder terms of perturbed averaged mid-point-trapezoid
type rule

∫ b

a
f(t)dt =

1

2

[
f

(
a+ b

2

)
+
f(a) + f(b)

2

]
(b− a)− 1

48
(b− a)2[f ′(b)− f ′(a)]

+
1

2

∞∑

k=5

1

k!

{[
1− k

2k−1
− k(k − 1)

24

]

+
(k − 3)(k − 4)

12

}
f (k−1)(a)(b− a)k,

∫ b

a
f(t)dt =

1

2

[
f

(
a+ b

2

)
+
f(a) + f(b)

2

]
(b− a)− 1

48
(b− a)2[f ′(b)− f ′(a)]

− 1

2

∞∑

k=5

1

k!

{[
1− k

2k−1
− k(k − 1)

24

]

+
(k − 3)(k − 4)

12

}
f (k−1)(b)(a− b)k.

Corollary 3.5 Under the assumptions of Theorem 3.1 and 3.2 with λ = 2
3 , we have

the asymptotic expressions for remainder terms of perturbed averaged 3-point type rule

∫ b

a
f(t)dt =

1

3

[
f(a) + f

(
a+ b

2

)
+ f(b)

]
(b−a)− 1

24
(b− a)2[f ′(b)− f ′(a)]

+
1

3

∞∑

k=5

1

k!

{[
1− k

2k−1
− k(k − 1)

24

]

+
(k − 3)(k − 4)

12

}
f (k−1)(a)(b− a)k,

∫ b

a
f(t)dt =

1

3

[
f(a) + f

(
a+ b

2

)
+ f(b)

]
(b−a)− 1

24
(b− a)2[f ′(b)− f ′(a)]

− 1

3

∞∑

k=5

1

k!

{[
1− k

2k−1
− k(k − 1)

24

]

+
(k − 3)(k − 4)

12

}
f (k−1)(b)(a− b)k.

Finally, we derive the corresponding formulas with finite sums.
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Theorem 3.6 Let f ∈ Cn+1[a, b]. Then

∫ b

a
f(t)dt =

[
(1− λ)f

(
a+ b

2

)
+ λ

f(a) + f(b)

2

]
(b− a)

+
1− 3λ

24
(b− a)2[f ′(b)− f ′(a)]

+
n∑

k=5

1

k!

{
(1− λ)

[
1− k

2k−1
− k(k − 1)

24

]
(3.4)

+λ
(k − 3)(k − 4)

12

}
f (k−1)(a)(b− a)k

+
1

n!

∫ b

a
R(n+1)(t)(b− t)ndt,

where

R(m)(t) =(1− λ)

{[
1− m(m− 1)

24

]
f (m−1)(t)

− m

2m−1
f (m−1)

(
a+ t

2

)
− m

12
(t− a)f (m)(t)

− 1

2m
(x− a)f (m)

(
a+ t

2

)
− 1

24
(t− a)2f (m+1)(t)

}
(3.5)

+ λ

{
(m− 3)(m− 4)

12
f (m−1)(t) +

m− 3

6
(t− a)f (m)(t)

+
1

12
(t− a)2f (m+1)(t)

}

and
∫ b

a
f(t)dt =

[
(1− λ)f

(
a+ b

2

)
+ λ

f(a) + f(b)

2

]
(b− a)

+
1− 3λ

24
(b− a)2[f ′(b)− f ′(a)] (3.6)

−
n∑

k=5

1

k!

{
(1− λ)

[
1− k

2k−1
− k(k − 1)

24

]

+λ
(k − 3)(k − 4)

12

}
f (k−1)(b)(a− b)k

+
1

n!

∫ b

a
R(n+1)(t)(a− t)ndt,

where in this case the derivatives R(m)(t) are equal to (3.5) with the substitution a = b.



A unified generalization 13

Proof. Let R(x) be defined in the proof of Theorem 3.1. From Lemma 2.2 of [26]

with g=R, c=a we get R(x)=
∑n

k=0
R(k)(a)
k! (x − a)k+ 1

n!

∫ x
a R

(n+1)(t)(x −t)ndt. If we
substitute the values from the above mentioned proof in the above relation then we
obtain

∫ x

a
f(t)dt−

[
(1− λ)f

(
a+ x

2

)
+ λ

f(a) + f(x)

2

]
(x− a)

− 1− 3λ

24
(x− a)2[f ′(x)− f ′(a)]

=
n∑

k=5

1

k!

{
(1−λ)

[
1− k

2k−1
−k(k − 1)

24

]
+λ

(k−3)(k − 4)

12

}
f (k−1)(a)(x−a)k

+
1

n!

∫ x

a
R(n+1)(t)(x− t)ndt

and this is equivalent to (3.4) with the substitution x = b. The formula (3.5) can be
proved by induction.

If R(x) is defined in the proof of Theorem 3.2 and we substitution x = a then, in a
similar way as above, we get (3.6). ut
Remark 3.2 We note that in the special cases, if we take λ = 0 and 1 in Theorem
3.6, we get Theorems 5 and 8 of [17], respectively. If we take λ = 1

3 in Theorem 3.6,
we get Theorem 2.9 of [26]. We can also give some corresponding formulas with finite
sums for remainder terms of other quadrature rules as special cases. For examples, we
can set λ = 1

2 and λ = 2
3 to get corresponding formulas with finite sums for remainder

terms of perturbed averaged mid-point-trapezoid type rule and perturbed averaged
3-point type rule, respectively.
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