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Abstract In this paper, we introduce (normal, implicative, maximal, involutive) ideals of BZ MV *™-
algebras. Also the ideal generated by a set in BZMV @™ -algebra are introduced and the relationships
between them are studied.
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1 Introduction

CATTANEO, GIUNTINI and PILLA [4] introduced the concept of BZMV ¥ algebra
and the main properties of this system were studied. A BZMV%™-algebra is a system
endowed with a commutative and associative binary operator & and two orthocom-
plementation: a Kleene orthocomplementations — and a Brouwerian one ~ and every
BZMV® algebra is both an MV-algebra and a distributive demorgan BZ_ lattice.
In a BZMV 9 algebra v(a) =~~ a is called the necessity and u(a) = = ~ a is called
the possibility. Thus v(a) < u(a) and the set of

Acm={ecA:v(e)=e}={ec A:pule) =¢}

is called modal sharp. So the structure (A, A¢ m, v, i) is a rough approximation space.
For any element a € A its rough approximation is defined as the pair of M-sharp
elements: r(a) :=< v(a), u(a) > (see [5,6]).

Let X be a universe set. Then a shadowed set on X is any mapping s : X —
{0,1,(0,1)}. We denote the collection of shadowed sets on X as S = {0,1,(0,1)}*
(see [3,8,9]).
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2 A. Yousefi, A. Borumand Saeid

Let S be the collection of shadowed sets on the universe X. Once defined the oper-
ators (f @ g)(z) := min{l, f(x) + g(x)}, ~f(z) :=1 - f(z) and

a_{Lifﬂm:o

0, otherwise

and the identically zero shadowed set O(z) := 0. Then the structure < S, ®, -, ~,0 >
is a BZMV %™ algebra.

Cattaneo, Ciucci, Giuntini and Konig proved that several algebra structures (namely
HW, Stonian MV and MV,) are equivalent to BZMV%™-algebra (see [2]). CATTA-
NEO, GIUNTINI and PILLA defined ideal, ~-ideal, prime ideal in BZMV ¥ algebra
(see [4]). The Ideal theory of the logical algebras plays an important role in studying
these algebras and the completeness of the corresponding non-classical logics. From a
logical point of view, various ideals correspond to various sets of provable formulas.

In this paper we define normal, implicative, involutive, maximal and generated
ideals. We study some relationship between these ideals in BZMV ¥ -algebra.

2 Preliminary

Definition 2.1 ([7]) An MV-algebra is a system (A, ®, -, 0) where A is a non empty
set, 0 is a constant element of A, & is a binary operation on A, — is a unary operator,
obeying the following axioms:

MVl (z@y)®z=(y®2) Sz, [MV20]za0=u,

[MV?)] xz @ -0 = -0, [MV4] —|(—\0) =0,

[MV5] (2 @y) @y =~(z& ) &)

Definition 2.2 ([1]) A distributive Brouwer Zadeh(BZ) lattice is a structure (B, V,
A, 7, ~, 0), where

(i) (B, V,A,0) is a (nonempty) distributive lattice with minimum element 0.
(ii) the mapping —: B — B is a Kleene orthocomplementation, that is

e —(-a)=a e <(aVb)=-aA-b, (aN—a<bV-b)

(iii) the mapping ~: B — B is a Brouwer orthocomplementation, that is aA ~~ a = a,
~ (aVb)=~aA ~b,aN~a=0.
(iv) The two orthocomplementation are linked by the following interconnection rule

Q= Q.

The mapping — is also called the Lukasiewicz [fuzzy (Zadeh)] orthocomplementa-
tion while the mapping ~ is an intuitionistic-like orthocomplementation. The element
1 :=~ 0 = =0 is the greatest element of B.

Definition 2.3 A distributive de Morgan BZ-lattice (BZ%-lattice) is a distributive
BZ-lattice for which the following hold ~ (a A b) =~ aV ~ b.
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Some types of ideals in BZMV ™ -algebra 3

Definition 2.4 ([4]) A BZMVM_algebra is a system (A, @, -, ~,0) where A is a
non-empty set of elements, 0 is a constant element of A, = and ~ are unary operations
on A, @ is a binary operation on A, obeying the following axioms:

BZMVam1 @y ®z=(y®z2) Dx.

BZMVam2 T®0=uz.

BZMVIm3 —=(—z) = 2.

BZMV4m4 (-2 DY) Dy =-(z®-y) Dz

BZMVms ~ @~z = 0.

BZMVmg TH ~~ T =~ T

BZMVam7 ~aEE ey Byl = (v~ B~ y) By

Theorem 2.5 ([4]) If A is a BZMV 9™ -algebra, then the following are true for all
x,y € A:

—rhy=ydx, rdl=1,
—xdzxz=1, aA~z=0,

—N:L’@Nx:f\lx} N:L’:/\JNNx7
7_|0:/\J0, ﬁr\;l‘:mwx7
71‘/\f\/(\/m:x; _‘x@’\”\’le7

—(z8y)®r=28(y®2), —(z®~~2)d~~z=1,
—~(zAy)=~aVr~y, ~(@Vy)=~aA~y(ifc<y, then ~y <~ x).

Remark 2.1 In any BZMVdm-algebra we have ~ —x < z <~~ 2.

Theorem 2.6 ([4]) In a BZMV ¥ algebra the following holds ~~ x = x iff ~ © &
r=1liffrdxr=n=x.

Remark 2.2 If ~~ 2 = x, then ~ x = —z.

Proof. If ~~ x = x, thus we have ~~ z < x and o < = ~~ & =~~~ T =~
so =& <~ z. On the other hand ~ z < -z, hence -x =~ x. Now we consider
—x =~ x thus -z <~ 2 and ~~ z <~ —z from Remark 2.1 ~ -z < 2 <~~ 2 S0
~~ = =~ g, O

Remark 2.3 Let (A,®,—,~,0,1) be a BZMVmalgebra. Then (A, @, =, 0,1) is
an MV-algebra and (B,V,A,—,~,0,1) is a BZ-lattice such that: -0 = 1, a Vb =
—\(ﬁa@b)@b = CL@(—\(I@b), alNb = —\[ﬁ(—\a@b)@—\a} = b@(—\b@a), a®b= —\(—\a@—\b).

Definition 2.7 ([4]) Let A and B be BZMV%"-algebra.We say that the function
¢ : A — B is a homomorphism of A onto B if ¢ is such that: ¢(0) =0, p(z D y) =

o(x) ® oY), p(-x) = =p(2), p(~ ) =~ p(z), for all x,y € A.

Trivially, if ¢ is homomorphism we have p(1) = 1, p(x ©® y) = p(z) © p(y). If the
function ¢ is one-to-one and onto, then ¢ is called an isomorphism from A onto B.

Theorem 2.8 ([4]) Let A be a linear BZMV ¥ -algebra. Then the Brouwer ortho-
complementation ~ is uniquely defined in the following way for all x € A

0 1, if a=0
~ 10, otherwise.
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4 A. Yousefi, A. Borumand Saeid

3 Ideal theory in BZMYV %™-algebras
From now on A is a BZMV ¥ -algebra.

Definition 3.1 ([4]) An ideal of A is any subset I of A such that the following
conditions are satisfied:

I: oel.
122 ifz,yel,thenxdyecl.
I3: ifxelandyec A thenxzoOyel.

We denote the set of ideals of A, by Id(A).

Ezxzample 3.1 Let A ={0,a,b,c,d, 1} be a set with following diagram and operations
~,, @, ® come in the following tables

d
0
- | o~ ®|0la|blc|d]|1l @®@|0la|blc|d]|1
0111 0O(0]0O]O]O]OT]O O[O0flalblc|d]|1l
al|d|d a|0|la|0|al|]0]|a alalalc|lc|1l]|1
blc| a b|0|0O|0O]0|b|b b|blc|d|1]|d]|1
c|blO0 c|0|lal|O0O]la|blc clclcecll]|1]1]1
d|lal| a d|0|0|b|b|d|d djdj1]|d|1]|d]|1
17010 1|{0|la|b|lc|d]|1l 1111 |1]1]1

then (A, ®, -, ~,0) is a BZMV%"-algebra and Id(A) = {{0,a}, {0,b,d}, {0}, {0,a,b,
¢, d, 1}}.

Remark 3.1 Condition (I3) is equivalent to the following:
(13)if x € I and y < x, then y € I.

If A is a linear BZMV % -algebra, then the set of ideals of A is totally ordered by
inclusion. Indeed if I, J are two ideals of A such that I ¢ J and J ¢ I then there
would be elements a,b € A such that a € J\I and b € I\J thus a £ b and b £ a (if
a < b, then @ is in I or if b < a, hence b is in J) which is impossible because A is a

linear BZ MV %m-algebra.

Definition 3.2 ([4]) Let I be an ideal of A. I is called a ~-ideal of A, which satisfies
the following condition: Vz,y € A, if t ©®y € I, then ~~ z® ~ -y € I.

In Example 3.1 set of ~-ideals is {{0},{0,a},{0,b,d},{0,a,b,c,d,1}}.
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Some types of ideals in BZMV ¥ -algebra 5

Theorem 3.3 ([4]) Let I be a ~-ideal of A. The relation v =1 y iff (x©-y) B (-2 ©
y) € I is a congruence relation on A.

If I is ~-ideal of A, then we shall denote the equivalence class of x € A with respect
to =; by x/I and the quotient set A/ =; by A/I. We remark that A/I becomes
a BZMV¥_algebra with the natural operations (z/I) @ (y/I) = (z @ y)/I; —(z/
I) = (—z)/I; ~ (x/I)= (~)/I. The BZMV % algebra (A/I,®,—,~,0/ = 1,1/
I) is called the quotient algebra of A by the ~-ideal I.

Definition 3.4 ([4]) An ideal I of A is called a prime ideal iff Vz,y € A, x @~y € T
or x@Qyel.

In Example 3.1 set of prime ideals is {{0,a},{0,b,d},{0,a,b,c,d,1}}.
Theorem 3.5 [ is a prime ideal of A iff xt Ny € I impliesxz €1 ory e I.

Proof. If I is a prime ideal, then =z ®y € I or x ® -y € I now without lose of
generality we consider -z ® y € I and

tAy=yo(yoz)=-[y@-(yoz)=-[ye(yo2)ecl (3.1)
From -~z ®y € I and (3.1) we have
e (yo ) e (yo ) el (32)

Hence yV (y© —z) € I whereas y@ x <ysoyV(y®—x)=yelandif o x €I,
then s € I. Conversely, we have -z @QyAxzO—-y =0€ I, then ~zQy € lorz@—y € 1.
O

Theorem 3.6 (Extension property) Let P and Q be ideals of A and P C Q. If P
is a prime ideal, then Q is a prime ideal too.

Theorem 3.7 Let I and J are ideals of A and P =1NJ is prime ideal. Then P =1
or P=J.

Proof. We have P =1NJ C I and P=1NJ C J and P is prime ideal thus by
Theorem 3.6, J and I are prime ideal. Now, consider that P # [ and P # J, thus
there exists z € I\J (zx € I\(INnJ)) and y € J\I (y € J\(I N J)). P is prime so
z@y€EPorz@®-y€P,if -x©@ye P CI, therefore t & (mx @ y) =2 Vy € I and
y < (zVy)soy € I that is a contradiction and if x ® -y € P by same proof z € J
that is a contradiction too, so P=1or P=J. O

Definition 3.8 Let I be an ideal of A. I is called normal ideal whenever,
Ve,ye A,z @yel iff ~xoyel. (3.3)
In Example 3.1, set of normal ideals is {{0,a,b,c,d,1},{0,b,d}}.

Theorem 3.9 Intersection of every family of normal ideals (~-ideals) is a normal
ideal (~-ideal).
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6 A. Yousefi, A. Borumand Saeid

In Example 3.1, consider the ideals {0, a} and {0, b,d}. {0,a}U{0,b,d} = {0,a,b, d}
isn’t an ideal so union of two ideal isn’t always an ideal. The above theorem isn’t true
for prime ideals in Example 3.1 the ideals {0,a} and {0,b,d} are prime ideals but
{0,a} N {0,b,d} = {0} isn’t a prime ideal.

Theorem 3.10 If I is an ideal of B and ¢ : A — B is a homomorphism, then ¢—1(I)
is an ideal of A, and if ¢ : A — B is an epimorphism and J is an ideal of A, then
¢(J) is an ideal of B.

Proof. Let I be an ideal of A. Thus 0 € ¢~1(I) and

v,y € HI) = ¢(x),d(y) € I = d(z) © ¢(y) € I (Iis an ideal)
> ozoy)cl=adyco (1)
re¢ t(I),yc A= ¢(x) €I, ¢(y) € B
= ¢(x) © ¢(y) € I (1is an ideal)
S ozoy) el=(zoy) € ().

Thus ¢~ 1(I) is an ideal of A, now if J is an ideal of A, then 0 € ¢(J) and z,y € ¢(J)
so there exist a,b € J such that ¢(a) = x and ¢(b) = y now J is an ideal and a,b € J,
thus a ® b € J and ¢(a ® b) € ¢(J), ¢ is a homomorphism so ¢(a) ® ¢(b) € ¢(J) at
last x By € ¢(J); z € ¢(J),y € B so there exists a € J and ¢ is an epimorphism so
there exists b € A such that ¢(a) = z,¢(b) = y, where a € J and b € A and J is an
ideal thus a ®b € J and ¢(a ©b) € ¢(J) ¢ is homomorphism thus ¢(a) ® ¢(b) € ¢(J)
soxz Oy € ¢(J) and ¢(J) is an ideal of A. O

_ = = =

Theorem 3.11 If I is a normal ideal of B and ¢ : A — B is a homomorphism then
¢~ 1(I) is a normal ideal of A, and if ¢ : A — B is a epimorphism and J is a normal
ideal of A, then ¢(J) is a normal ideal of B.

Proof. If I is a normal ideal of B, then by Theorem 3.10, ¢~1(I) is an ideal and
Va,b € ¢~ 1(I),—acb € ¢71(I) & ¢(—acb) € I & —p(a)od(b) € I &~ ¢p(a)op(b) € T
(I is a normal ideal) < ¢(~ a ® b) € I (¢ is homomorphism) < (~a ® b) € ¢~ 1(I).
If J is a normal ideal, we can see that ¢(J) is a normal ideal. O

In Example 3.1, {0} and {0,a} are ~-ideal but they are not a normal ideal; the
following theorem states that the notions of normal ideal and ~-ideal are equivalent.

Theorem 3.12 Let I be an ideal of A and ~~ x = =z, for all x € A. Then the
following conditions are equivalent:

1: I is a normal ideal.
2: 1 is a ~-ideal.
3:~zxeliffxel.

Proof. (1 — 2) : Let I be a normal ideal. Then Vz,y € A,z @y el = —x Oy €
I=>~20Qyel =~ 20 ~~yeclsolisa ~-ideal of A.

(2 - 1) : Let I be a ~-ideal. Then ~2 ©y € [ =~ —(-2)0 ~~ y € [ =~
()0 ~v~vyel s~vzoyel, ~zy €l =~ (v 2)0 vy €l =~ (0~
)OO~y el S (v)O v~y el = o(vvr)O v~y el =z Oyel, solis a
normal ideal of A.
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Some types of ideals in BZMV ™ -algebra 7

(1 — 3): Let I be a normal ideal of A and y =1. Then ~2Qy=~2x01l=~z €l
iff voy=—-201=-xcl.

Bol):r~rzoyclo~va~~vycl on @@~y el e (20 ~y) el
2O~y ele O~~~ yel S coOyel O

By Theorem 2.6, if I is a normal ideal, then I N B(A) is a ~-ideal and if I is a
~-ideal, then I N B(A) is a normal ideal so that B(A) is Boolean center of A. A
BZ MV algebra is simple if it has no proper ideals.

Theorem 3.13 If A is a finite linear BZMV®algebra, then A is a simple BZMV¥"-
algebra.

Proof. Let I be a finite linear BZMV%"-algebra and I be an ideal of A. If = € I and
x # 0, then x < x @ z. By Theorem 2.6, we have xt = x @ © =~~ x = 1 thus I = A.
Soif r <2x <4z <8x <..< 2" < ..such that x,2z,4x,...,2"x, ... € I. A is finite
thus there exists n € N such that 2"z = 2"tz and 2"z @ 2" lx = 270 @ 20 =~~
(2rz)=1€l,soI=A. O

Theorem 3.14 Let A be a linear BZMV ¥ -algebra. Then A doesn’t have a proper
normal ideal nor a ~- ideal.

Proof. A is a chain by Theorem 2.8, for all a € A,

{1, if a=0
~ Q=

0, otherwise.
Then we have that
Va,be A,ma®bel iff ~aGbel. (3.4)

Ifa=0,then a=-0=~0=~a=1thusVbe A10b=beliff 10b=0>b¢€ I now
ifa#0,then ~a=0and ~a®b=0 € I so (3.4) changed to Va,b € A,~a®be I
iff0el.

I is a normal ideal if and only if Va,b € A,a #0-a ® b € I.

Now, if b=1and a =x # 0, then ~a®©b=-201=-z € and if b = 1 and
a=-x#0,then na®b=—-(-2)0l=cx0l=x€clsoxeland -z €T and I is
an ideal hence 1 =z @® —x € I so I = A. Now, let I be a ~-ideal and 0 # x € I. Then
~~rx=landax®lel, Iisa~-idealso ~~20 ~-1=101=1€lsol=A. O

Definition 3.15 A is a BZMV ™ -algebra, for every subset M C A, the smallest
ideal of A which contains M (i.e., the intersection of all ideals T C M)is said to be
the ideal generated by M, and we denote by (M]. If M = {a}, a € A we denote it by
(a] and called it principal ideal of A.

We can show that (M]={zx € A: 2 <21®Dx2D...Dx, for some x1,25...2, € M}
and (a] = {x € A : 2 < na,0 < n}. In Example 3.1 we have (b] = {0,b,d} and
(a] ={0,a}.

Theorem 3.16 cA (a®b) < (cAa)® (cAb), for all a,b,c € A.
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8 A. Yousefi, A. Borumand Saeid

12}
[}
3

Proof. ¢A\(a®b) = cO(—c®(a®b)), (cAha)®(cAb) =
have =[(cA(a®b)]D[(cAa)B(cAb)] = =[cE(—cd (adb)

cO(mc®a))® (cO(-edb))
|8[(cO(—cda))®(co(—cdb

~——~

)B(cAb) Nl =
(mc)®(cO—(a®db)®[cO(~c@a)]®[cO® (mcdb)] = (-c)B[cO (-cHa)®[ce
(mcdb)]) D (cO-(a®db) = [cV(c®a)DlcO (-c®db)] ®(c®-(aDb)) =
(@@ —¢)®[cO(-cdb)]®(cO-(adb) =a®d(-cV(7cdb)®(cO-(adb)) =

aPbDc®(cO(a®db)=(aDbD—c)P(~cPadb)=1. O
By induction we have ¢ A n(a) < n(c A a).
Theorem 3.17 If g,k € A, then (g A k] = (g] N (K].

Proof. g € (g] and k € (k] since g Ak < g,k we get that g Ak € (g] and g Ak € (K],
then g A k € (g] N (k] is an ideal since (g A k] = N{D € Id(A) : g ANk € D}, thus
(g NE] < (g] N (K]

Conversely, suppose that h € (g] N (k], then h < ng and h < mk for m,n > 1 hence
h <ng Amk <n(g Amk) <nm(gAk) (by Theorem 3.16) thus h € (¢ A k]. O

Definition 3.18 An ideal M of A is called maximal whenever J is an ideal such that
M C J C A, then either J =M or J = A.

In Example 3.1 the ideals {0,b,d} and {0,a} are maximal ideals of A.

Theorem 3.19 If I is a prime and normal ideal of A, then I is a mazimal ideal of

A.

Proof. Let J be an ideal of A. If I C J C A and I # J, then there exists an
element x € J\ I. I is a prime ideal and consider ~~ z € A and ~ z € A we have
(v~ ) o~z E€Tor mvmwx@~x €I If v 2O ~ x € I, then whereas
-~ x =~ x, thus ~~ x® ~~ x € I and from Proposition 4.4 [4] ~ (~ 2@ ~z) €
and from Theorem 2.5 ~~ x € I hence x <~~ x € I so x € I and it is contradiction.
So = ~~ 2@ ~ z € I and from Theorem 2.5 ~ 2@~z € Iso~ (xS x) €l and Iis
normal ideal thus —=(z @ x) € I and I C J, then ~(z®z) € Jandzx € jsoxdz € J
and J is ideal thus ~(z @ z)® (r @ x) =1 € J hence J=A. O

Theorem 3.20 If J is a ~-ideal and I C J where I is a prime ideal, then J = A or
J=1.

Proof. If I is a prime ideal and I C J C A, J # I and J is a ~-ideal, then there
exists © € J\I. I is a prime ideal and we consider ~ x and ~~ z in A, thus we have
-~ 2@ ~~ z € I therefore z € I and it is contradiction. So ~ z ©® =(~~ z) € I
hence ~z0 ~z€land ~(zdz) eI CJ. Jisa~-idealandz € Jsox bz € J
and J is a ~-ideal thus ~~ (zx ® 2z) € J and ~ (x ® z) € J and [ is an ideal
~ror)d~(z@r)=1€J (BZMVY5) thus [ = A. O

Definition 3.21 An ideal I of A is called involutive ideal whenever x € I, implies
~~ el

In Example 3.1, set of involutive ideals is {{0}, {0,a},{0,b,d},{0,a,b,¢, d,1}}.
Theorem 3.22 Fvery ~-ideal is an involutive ideal.

Proof. Let I be an ~-ideal and x € I. Then x = 2®1 € I S0 ~~ 20 ~ 7l =~~ g €
hence I is an involutive ideal. O
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Some types of ideals in BZMV ™ -algebra 9

Definition 3.23 Anideal J of A is called implicative if for all z,y, z € A xOyO(—z) €
Jand z@y € J implieszx © y € J.

In Example 3.1, set of implicative ideals is {{0, a,b,c,d, 1}, {0,b,d}}.
Theorem 3.24 If I is an implicative ideal, then a A —a € I, Va € A.

Proof. In Definition 3.23, if x = =(a ® a), y = a and z = —a, then z Oy © -z =
“(a@a)®a®-(-a)==(a0a)®(a@a)=0€Tandy©z=a©-a=0¢€1Tso
z@yelandz@y=-(a@a)®a=aA-a€l. O

In this diagram we show the relationships between different ideals in BZMV %"
algebra.

Maximal ideal Involutive ideal

(~v~x=12)
(Prime ideal) + (Normal ideal) ————— (~-ideal)

4 Conclusions and future works

CATTANEO, GIUNTINT and PILLA [4] introduced the concept of BZMV 9" algebras
as an abstract environment to describe both shadowed and fuzzy sets. This structure
is endowed with two unusual complementations: a fuzzy one — and an intuitionistic
one ~ and the main properties of this system was studied. For investigating shadowed
sets, fuzzy sets and rough sets, BZMV%"-algebra are used as an algebraic tool. Ideals
in BZMV ¥ _algebra are the subsets of this algebraic structure with special property
that are studied for getting more result of it.

In this paper we introduced some ideals in BZMV %™-algebra and we studied some
relation between them and the other ideals (prime ideal and ~-ideal) of A, that come
in above diagram.

For the future works we can use these types of ideals for get classification of
BZMV¥algebra and study the quotient BZ MV %™-algebra via with types of ideals.
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