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Abstract The object of the present paper is to obtain the characterization of a warped
product semi-Riemannian manifold with a special type of recurrent like structure, called
super generalized recurrent. As consequence of this result we also find out the necessary
and sufficient conditions for a warped product manifold to satisfy some other recurrent
like structures such as weakly generalized recurrent manifold, hyper generalized recurrent
manifold etc. Finally as a support of the main result, we present an example of warped
product super generalized recurrent manifold.
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1 Introduction

To generalize the notion of a manifold of constant curvature, Cartan [4]
first introduced the notion of local symmetry which can be presented as
the curvature restriction VR = 0 (i.e., the Riemann-Christoffel curvature
tensor R is covariantly constant). But there are many manifolds which does
not bear local symmetry and hence to investigate the type of symmetry of
such manifolds it is necessary to generalize the notion of local symmetry.
During the last eight decades various researchers are working on this area
to generalize or to extend the notion of local symmetry by weakening its
curvature restriction in different directions.

Cartan [5] first gave a proper generalization of local symmetry and intro-
duced the notion of semisymmetry, which was later classified by Szabé ([42],
[43], [44]). Then in 1983 Adaméw and Deszcz [1] generalized the notion of
semisymmetry and introduced the notion of pseudosymmetry, also known
as Deszcz pseudosymmetry (see [7], [8], [13], [27], [46]). On the other hand
as a generalization of local symmetry, Chaki [6] introduced the notion of
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pseudosymmetry. We note that the interrelation between two types of pseu-
dosymmetry is studied by Shaikh et. al. [27]. In 1989 Tamaéssy and Binh
[45] generalized the Chaki’s notion of pseudosymmetry and introduced the
concept of weakly symmetric manifold. We note that Shaikh and his co-
authors ([18], [28]-[32]) studied this notion of weak symmetry with various
generalized curvature tensors. Again generalizing the results of Binh [2],
recently, Shaikh and Kundu [33] obtained the characterization of warped
product weakly symmetric manifolds.

Again recurrent manifold (briefly, K,,) ([23], [24], [25]) is another type
of generalization of local symmetry. In 1979 Dubey [15] defined generalized
recurrent manifold (briefly, GK,,). Recently Olszak and Olszak [21] showed
that every GK,, is concircularly recurrent and every concircularly recur-
rent manifold is again a K, and hence every GK, is a K,. Again as a
generalization of K, recently, Shaikh and his coauthors introduced three
new type of generalized recurrent structures together with their proper ex-
istence, namely, quasi generalized recurrent manifold (briefly, QGK,) [38],
hyper-generalized recurrent manifold (briefly, HGK,,) [37] and weakly gen-
eralized recurrent manifold (briefly, WGK,) [39]. For the existence of such
structures we refer the reader to see [26], [41]. Very recently, Shaikh et al.
([34], [40]) introduced another generalization of recurrent manifold, called,
super generalized recurrent manifold (briefly, SGK,,) which also generalizes
the notion of HGK,, as well as WGK,,. These kinds of generalization of
recurrent structures may be called as recurrent like structures.

The main object of the present paper is to investigate the characterization
of a warped product manifold with some recurrent like structures, such as,
K,, HGK,, WGK, and SGK,. For this purpose we first determine the nec-
essary and sufficient condition for a warped product manifold to be SGK,,
and as consequence of this result we find out the corresponding results for
HGK,, WGK,, and K,,. We know that decomposable or product manifold
is a special case of warped product manifold when the warping function is
identically 1. Thus we can present the characterization of a decomposable
manifold with various recurrent like structures.

The paper is organized as follows: Section 2 deals with rudimentary facts
of various recurrent like structures. Section 3 is concerned with basic cur-
vature relations of a warped product manifold. In section 4 we present our
main result and, finally, in section 5 a proper example of a warped product
SGK, is presented.

2 Preliminaries

Let M be a non-flat n-dimensional (n > 3) smooth manifold with semi-
Riemannian metric g, Levi-Civita connection V, Riemann-Christoffel cur-
vature tensor R, Ricci tensor S and scalar curvature . In this section we
define various necessary terms and curvature restricted geometric structures
and for this purpose at first we consider some notations:
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C*°(M) = the algebra of all smooth functions on M,

X(M) = the Lie algebra of all smooth vector fields on M,

X*(M) = the Lie algebra of all smooth 1-forms on M and

T (M) = the space of all smooth tensor fields of type (r, k) on M.

For A, E € T(M), the Kulkarni-Nomizu product [34] AN E € T2 (M) is
given by

(ANE)iju = AuEji + AjpEy — A Ej — Aji Ey,. (2.1)
In particular we can get g A g, g AS and S A S as follows:
(9 A 9)iji = 2(gagik — Girgir),
(g A S)ijk = 9uSjk + Sagjr — giSj — Sikgji and
(SNAS)ijr = 2(SaSjk — SirSj)-
Definition 2.1 The manifold M is said to be recurrent [47] if

VR=II ® R (® denotes the tensor product) (2.2)

(or locally, Rijkim = I Rijri, where *,” denotes the covariant derivative)

holds on {x € M : (R), # 0} for an 1-form II, called the associated 1-form
of the recurrent structure. Such an n-dimensional manifold is denoted by
K,.

Again M is said to be concircularly recurrent if its concircular curvature
tensor W =R — m(g A g) satisfies the condition

VW =IaW (2.3)

on {x € M : (W), # 0} for an 1-form I, called the associated 1-form. It
may be mentioned that concircularly recurrent manifolds were investigated
in [20].

The manifold (M, g) is said to be generalized recurrent [15] if it satisfies

VR=II®R+0O®(gNg) (2.4)

(or locally, Rjjpim = IImRiji + 20m(9igik — 9ikgi1))

on {z € M : (R); # 0} for some 1-forms II and ©. The 1-forms IT and ©
are called the associated 1-forms of this structure. Such an n-dimensional
manifold is denoted by GK,,. In [21] Olszak and Olszak showed that every
GK,, satisfying (2.4) is concircularly recurrent with (2.3) and every concir-
cularly recurrent manifold is again a K, with same associated 1-form and
thus ® = 0. Hence the structure GK,, reduces to K,,. Consequently the
notion of GK,, does not exist.
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Definition 2.2 The manifold M is said to be quasi generalized recurrent
[38], hyper generalized recurrent [37], weakly generalized recurrent [39] and
super generalized recurrent respectively if the condition

VR=IIQR+¥Y®@[gN(9+n®n)], (2.5)
VR=O®@R+¥®(gAS), (2.6)
VR=II®R+PR(SAS) and (2.7)
VR=IIQR+PR(SAS)+¥@(gAS)+Ox(gAg) (2.8)

holds on {x € M : (R); # Oand[gN (g+n®@n)]s # 0}, {xr € M :
(R)z #0and (gNS)y # 0}, {x € M : (R)y # 0 and (SN S), # 0} and
{r e M:(R); #0 and either (SAS)y #0 or (gAS)y # 0} respectively for
some I, &, ¥, © and n € x*(M), called the associated 1-forms.

An n-dimensional manifold satisfying (2.5), (2.6), (2.7) and (2.8) respec-
tively is denoted by QGK,, with (II,©0,n) or simply QGK,, HGK,, with
(I1, W) or simply HGK,,, WGK,, with (II,®) or simply WGK,, and SGK,,
with (IT,®, ¥, ©) or simply SGK,.

In terms of local coordinates (2.5)-(2.8) can respectively be written as:

Rijii,m = 1Ly Rijir + Om[2(9a9ik — 9ikgj1) (2.9)
+ ganine + RN — Gik MM — Iinink),
Rijkim = I Rijra + Y [9aSik + Sagjx — 9ikSj — Sikgil, (2.10)
Rijrim = ILn Riji + 29[Sy Sk — SirSj) and (2.11)
Rijkim = I Rijg + 29 [SuSjk — SirSji (2.12)

+ Y lgaSjk + Sagjr — 9ikSji — Sikgji) + 20[gugik — girgji)-

It is obvious that the above structures QGK,,, WGK,, and HGK,, are
all generalization of K, but each of three exists independently (see [26],
[41]). We also mention that SGK, is a proper generalization of WGK,, and
HGK,, (see Section 5).

Definition 2.3 Let D € T)(M) and A,E,F € TX(M). Then M is said
to be Roter type manifold (briefly, RT,) with (D;A,E) ([9], [10] and see
also [12], [14]) and generalized Roter type manifold (briefly, GRT,) with
(D; A, E,F) ([11], [27], [35], [36]) respectively if

D = Li(ANA)— Ly(ANE) — Ly(EAE) — Li(ANF) — Ls(EAF) — Lg(FAF)
respectively, for some N, Ly € C*°(M), 1 <i<3 and 1< j <6.
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On warped product super generalized recurrent manifolds 5

3 Warped product manifolds

In 1957 Kruckovic [19] initiated the study of semi-decomposable manifolds
which were latter named as warped product manifolds by Bishop and O’Neill

[3]. Let (M,g) and (M ,g) be two semi-Riemannian manifolds of dimension
p and (n — p) respectively (1 < p < n), and f is a positive smooth function
on M. Then the warped product M = M x ¢ M is the product manifold
M x M of dimension n endowed with the metric

g=m"(9) + (foma(9), (3.1)

where 7 : M — M and o : M — M are the natural projections. Then the
local components of the metric g are given by

Gij for i =a and j = b,
9ij = { fgi; fori=aand j =3, (3.2)

0 otherwise.
Herea,b € {1,2,..,p}and o, B€ {p+ 1,p + 2, ...,n}. We note that through-
out the paper we consider a, b, ¢, ... € {1,2,...,p} and «, 8,7, ... € {p+1,p+
2,..,n} and 4,5, k,... € {1,2,...,n}. Here M is called the base, M is called
the fiber and f is called warping function of the warped product manifold
M =M x I M. It may be mentioned that the warped product metric g can
also be taken as (see [17], [19], [48])

g=7"(9) + (f om)’c*(9).

However throughout the paper we will consider the warped product metric
given in (3.1). Again we assume that, when (2 is a quantity formed with

respect to g, we denote by (2 and (2, the similar quantities formed with
respect to g and g respectively. By straightforward calculation one can easily
calculate the local components of {2 in terms of 2 and f2.
The non-zero local components of the Levi-Civita connection V of M are
given by
g =T,, Iy =rI%, IY ——lfabf~ Fafifaa 3.3
be = Lpes Lpy =13, By = 759 Ivdpys af = 57la%: (3.3)

where fo, = 0, f = gx];
The local components of the Riemann-Christoffel curvature tensor R and
the Ricci tensor S of M which may not vanish identically are the following;:

Rabcd = Rabcda Raozbﬁ = fTabga,Hv Roz/)"yé = fﬁaﬁ'yé - fQPéa,H'yéa (34)

Sab = §ab - (n - p)TCLb7 Saﬁ = gaﬁ + anﬁa (35)
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where G = %(g A 9)ijki = 9i9jk — Yikgji are the components of the Gaus-
sian curvature and

L i f), tr(T) = ¢ T,

Ty = (vbfa - ﬁ

2f

Q=f((n—p-1)P—-tr(T)), P= 4f2.qabfafb-

The scalar curvature x of M is given by

nzfi—i—;—(n—p)[(n—p—l)P—Qtr(T)]. (3.6)

Again the non-zero local components of VR are given by [16]:

l) abed,e = Rabcd er
(4 ) aabf,e fTab egaﬁv

(
(1
(” ) afyde — _.fe afByd + f P Gaﬁ’y&a
(1
(
(v

3.7
w ) afvé,e fRa,B'y5 € ( )
U) afyd,e = L Raﬂ’ye + PdGaﬁ'yea
) abcd,e = 2966(f(lTbC beac) 2f Rabcdﬁe&
The non-zero components of (g A g), (g AS) and (S A S) are given by

(7')( A g)abcd = (g A g)abcd;
(1)(9 A 9)aabs = —2/9a0908: (3.8)
(1) (9 A 9)apys = f2(9 A G)apys,

(Z)(g A S)abcd = (g A g)qf}cd - (n - p)(? A T)abcd;
(“)(g A S)aabB = gab( ﬁ + anﬁ) fgaﬂ[ ab — (n - p)Tab]7 (39>
(ii)(g A Sapys = FG A Sasys + FQG A T)apys:

()(S A S)abea = (S A g)abcd — (n=p)(SAT)abed
+(n p) (T A T)abcda
( )(S/\ S)aabﬁ = _2( af + an,@)[ ab — (n p)T ]
(i50) (S A S)apys = (S A S)aprs + QG A S)agys + QG A Papas-

3.10)

For detailed information about the local components of various tensors on a
warped product manifold we refer the reader to see [22], [33], [36] and also
references therein.
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4 Warped product SGK,,

Theorem 4.1 Let M"™ = M" X f M"P be q warped product manifold. Then
M is a SGK,, with (II,®,¥,0) if and only if the following conditions hold
stmultaneously
(()VR=IT@R+P®(SAS)+¥®[GAS)+O0®(GAY)
—2n—-p)PR (SAT)+ (n—p)?¢x (T AT)
~(n=p)P@(@GAT),

(ii)— I ® R = @@(S/\S)+!P®(g/\5)+@®(g/\g) (4.1)
—2(n — p)~§l5®(5/\T) (n—p)?®@ (T AT)
—(n—p)¥ @ (GAT),

()= (df + FIHIQ@R=32 (SAS)+ (2Q8+ f¥) @ (GAS)

+ [-3f3(PII + dP) + Q*® + fQV + [?O] ® (3 A 9), (4.2)
(ii)fVR=fII @ R+ 0@ (SAS) + (2Q8 + f¥) ® (G A S) ‘
+H—3fPPII+ Q%P + fQU + f20) @ (F A7),

()20 (S—(n—pT)+¥egleS=—fVT-T®T)®

—(2Q9 + f¥) @ (S (n—p)T)®§
—(Q¥ +2fO)®g®7, (43)

(i) [25@(?—(n—p)T)+u7®gl®S:fH®T®§

~(2QP+ f1)® (S~ (n—p)T)®7
—(Q¥ +2fO)®g®y,

(i)fdﬁabcg = —(faTbe — foTac) (md} (4.4)
(ii)df ® R = f2 dP ® G. ’

Proof. First suppose that M is SGK,. Then in terms of local coordinates
the defining condition can be written as

Rijrim = L Rijrr + P (S A S)ijt + m(g A S)ijki + Om(g A )ikt (4.5)
Putting

(\Yi=a,j=bk=cl=dm=e and
(fi)i=a,j=bk=cl=dm=c¢

respectively in (4.5) and then in view of (3.4)-(3.10) it is easy to check that
(4.1) holds. Similarly putting

(fi)) i=a,j=Bk=vy,l=§m=c¢;
)i=ao,j=8k=7l=0m=c¢
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respectively in (4.5) and then in view of (3.4)-(3.10) we get (4.2)-(4.4) re-
spectively. The converse part is obvious. This proves the theorem. 0O

From Theorem 4.1, it follows that the nature of base and fiber of a warped
product SGK,, is given by the following:

Corollary 4.2 Let M" = M" X g M"P be a warped product SGK,with

(I1,9,w,0). Then

(i) M is a SGK, if T can be expressed as a linear combination of S and g.

(ii) M is a GRT, with (R;g, S, T) on {xeM:II, 750}

(iii) M is a SGK,_, with (ﬁ 19, QQ@—I—EP 2fPH—I— LP+ QU+ f0).

(w) M is a RT,_ —p with (R; 7, ) on {ﬂc € M : (df + fII), # 0}.

(v) M satisfies Einstein metric condition on {zeM:[2(F —(n—p)tr(T))d+
pPla £ 0} U {z € M : [2(5 — (n — p)tr(T)& + pbla £ 0} = {o € M -

25~ (n - p)ir(T))D -+ pt], # 0).

(vi) M is of constant curvature on {x € M : dfy # 0}.

From Theorem 4.1, the characterization of a decomposable or product
SGK, is given by the following;:

Corollary 4.3 Let M™ = MP x M™P be a product manifold. Then M is a
SGK,, with (II,,¥,0) if and only if

()VR H®R+@®(SAS)+W®(gAS)+@®(g/\g)

(ii) =l ® R = @@(SAS)+W®(9/\S)+@®(9/\g)

()VR H®R+¢®(S/\S)+!I/®(g/\5)+@®(g/\g)

(i1) H®R_@@(SANS)+W®(9/\S)+9®(g/\“),
3.(i) 200 S+ V¥ ®Rgl0S=-[¢®S+2007g|®47,

(ii) [25®§+§®§}®§:—[@®§+2é®§ﬂ®§.

From the above, the nature of each factor of a product SGK,, is given by
the following:

Corollary 4.4 Let M™ = M”x M"P be a product SGK,, with (I, ®, ¥, ©).
Then
(i) base and fiber both are super generalized recurrent manifolds.

(zz)MzsaRT wzth(Rg, )on{xeM II, # 0}.
(m)MzsaRTnpwzth(R 3,9) on {z e M:1I, +#0}.

(iv) M satisfies Einstein metric condition on {x € M : (250 + (n—p)@)x #
0}.
(v) M satisfies Einstein metric condition on {x € M : (2F® + pW¥), # 0}.

Corollary 4.5 [33] Let M"™ = M" X f M"™ P be a warped product manifold.
Then M is a recurrent manifold with

VR=II®R
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zf and only if the following conditions hold simultaneously
1.i)) VR=TI®R, (i) [I®R=0,
2.(i) —(df + fI) ® R= 3f*(PT - dP) ® (3 A 9),
(ii) VR =II ® R and PII = 0,

() VI =TT, (i) IxT=0,

4.(1) f*Rapod = ~(faTbe — foTuc) and (ii) df @ R = [*dP & G.

Corollary 4.6 Let M™ = M X5 M"™ P be q warped product recurrent man-
ifold satisfying VR = II ® R. Then
(i) M and M both are recurrent. Also T is recurrent with associated 1-form

1.

(i1) R=0, T =0 and P =0 on the set {x € M : IT # 0}.

(vi1) M is of constant curvature on {r e M : dfy # 0}U{zx € M :
(df + fH)s # 0}.

Corollary 4.7 Let M" = M” x M"™ P be a product manifold. Then M is
recurrent satisfying
VR=1II®R

if and only if the following conditions hold simultaneously
(i) VR=N®R, IIT®R=0, ()H@R—O VR=I®R.

Corollary 4.8 Let M™ = M7 xfﬁn_p be a warped product manifold. Then
M is a HGK,, with (II,W) if and only if the following conditions hold si-
multaneously B
1L.()) VR=IT@R+V @ (GAS)—(n—pP e (@GAT),
(i1) H®R—LP(§~§>(9AS) (n—pP @ (@GAT),
2.(i) —(df + FI) @ R= [T R (GAS) + [~ 5 f2(PII +dP) + fQ¥] R (G A g),
(ii) [VR = fIl @ R+ f¥ @ (§ A S)+ (—3f2PII + fQ¥) @ (§ A ),
3.(4) W®g®S— ~[f(VT -1 T)+ f¢@(S—(n-pT)+QF g g,
(i) ¢®g®s_ ——fIT+ fra(S—(n—pT)+ Q¥ 7 ®g,
4.4) f*Rabed = —(faToe — foTuc) and
(ii) df ® R = f2dP ® G.

Corollary 4.9 Let M"™ = M X g M"P be q warped product HGK,, with
(I1,¥). Then

(i) M is hyper generalized recurrent manifold if T and S are linearly depen-
dent. _ _ _

(i) M is a SGKp—p, with (I1,0,%, —1 fPII + Q¥).

(i41) M is of vanishing conformal curvature tensor on {x e M: (df+fI), #
0}.

(iv) M satisfies Einstein metric condition on {r e M : ¥, # 0} and M is
of constant curvature on {x € M : df, # 0}.
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Proof. Results of (i), (ii) and (iv) are obvious from Corollary 4.8. By virtue
of 2.(i) of Corollary 4.8, on {z € M : (df + fII), # 0}, R can be expressed
as a linear combination of g A S and g A g. Hence in view of Corollary 6.1 of

[34], the conformal curvature tensor of M vanishes on this set, which proves
(iii). O

Corollary 4.10 Let M™ = M’ x M"™ P be a product manifold. Then M is a
HGK,, with (II,¥) if and only if the followmg conditions hold simultaneously

L)) VR=TT®R+¥®(gAS), (i) IoR+¥2(@[GAS)=0,
()H®R+W®(9AS)—O (u)VR H®R+W®(g/\5)
3 PRgRS=-Vo50], (i)PejeS=-veSaj.

Corollary 4.11 Let M" = M7 X5 M"™P be q warped product manifold.
Then M is a WGK,, with (II,®) if and only if the following conditions hold
szmultaneously L B
1.()) VR=TT@R+P@(SAS) =2(n—p)P @ (SAT)+ (n—p)*P@ (T AT),
(ii) —II ® R = (Z5®( AS) — 2(n — p)@@(S/\T) +(n—-p?2ex(TAT),
2.(i) —(df + fIT) @ R=B2(SAS)+2QF® (GAS)+ (—3 f>(PII — dP) +
Q*0) ® (A7), L
(ii) fVR = fH®R+¢®(SAS)+2Q@®(gAS) (=3 fPPII+Q*P)®(gAg),
3.(i) 20@ (S —(n—p)T )@S_N—[f(VT —1IaT)+2Q92 (S—(n—p)T)]@7,
(i1) 2@@(5 (n—pT)®S=—-—fORT+2QPx(S—(n—p)T)|®7,
( ) f Rabcd - (faTbc — beae> and
(ii) df © R = f2dP ® G.

Corollary 4.12 Let M™ = M X5 M"P be q warped product WG K, with
(I1,9). Then

(i) M is a WGK,, if T and S are linearly dependent

) M is a SGK,_ —p with (I, 1{15 2QW —7fPH+ & D).

(iii) M is a RT,_ _p with (R;§,5) on {z €M : (df—l—fﬂ)x # 0}.
(iv) M satisfies Einstein metric condition on

{zreM:(F—(n—-ptr(T1)P), # 0}

and is of constant curvature on {x € M : df, # 0}.

Corollary 4.13 Let M™ = MP x M™™P be a product manifold. Then M is
a WGK,, with (I, ®) if and only if the following conditions hold simultane-
ously

1.(i)) VR=IT @ R+ P @ (SAS), (zz)H®R+¢®(S/\S)—0
2(i)) T® R+P® (SAS) =0, (m)VR IHRR+D®(SAS),
3.(i))PRS®S5=0, (i)d2S®S=0.
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5 An example of warped product SGK,

Example 1: Consider the warped product M = M x; M , where M is a
3-dimensional manifold equipped with the metric

ds’ = e* (dz')? + * (da?)? + (da®)?
in local coordinates (z!,22,23) and M is an open interval of R with local
coordinate x* and the warping function f = ¢’ . The non-zero components

of the Riemann-Christoffel curvature tensor R and Ricci tensor S of M are
given by

_ 1 — 1 — 1
Ris12 = ~1 (EII + 6r2) , S = 1 (1 + 612_12) , oo = 1 (611_12) .

Again the non-zero components of VR are

x? xt

— e — e
Ri2121 = —, Rio102 = —.
5 4 ? 5 4

2

If we consider the 1-form IT = (— g

S eol fe=2 ) _ezl-&-emQ’ T
check that the manifold M is recurrent satisfying VR = I @ R.
Now the metric of M = M x ¢ M is given by

O), then we can easily

ds? = e (da")? + * (da?)? + (da®)? + ¢*” (da)?. (5.1)

The non-zero local components of the Riemann-Christoffel curvature tensor
R and Ricci tensor S of M are given by

]. 21 2 613
Ri212 = —1 (6 +e ) , 3434 = R

3
elL’

. 1 22 gl B 1 2l g2 > N 1 B
511—4(6 +1)7 522—4<6 +1), 533—4, Saa = T

Again the non-zero local components of VR are given by

2 1
e e’

—, R = —.
g0 2122 1

Again the non-zero components of gAg, gAS and SAS are given as follows:

Ri2121 =

1 2 24 .3
ez +x 61: +x

2
(gAGg)i212 = —2 , (gNg)iz13 =—2€"", (9N g)ra1a = —2

)

3

1 3
e T, (g A g)saza = —2€",

1
(g A g)azas = —2e" (g N g)oaza = —2

(gNS)i212 = % (*eml - €x2> , (gNS)iziz = i (*emz_ml <€$1 + 1) - 1) )
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1
(g A S)aa = —lextxl (€x2 (69”1 + 1) + €I1> ;

(e () ),

1
(g N S)oa24 = —ZexB_xz (6‘702 (6‘761 + 1) + e‘rl) , (gNS)3a3a = ——

(g A S)azes =

| =

1
(SAS)i212 =~

1 —x
1 (f cosh (xl — :U2) — 1) , (SAS)1313 = 5 (76952 - 1) 7

(SAS)a1a = —éexs (extxl + 1) , (SAS)az23 = é (—e“fl*”22 - 1) ,

1 e
(S A\ S)2424 = _§6x3 (6901_962 + 1> s (S A 5)3434 = ——.

If we consider the 1-forms IT, @, ¥ and O as:

'} et (e’”z —2) +2¢, cosh(ml—1:2)—(2W1+1)e’”2+22111 .
— fori=1
2(6”” +e® )
v, (e””l —2) ex? +2Ws5 cosh(z?! —:r2)—(2!l72+1)e$1 +2W, .
T 2 for ¢ = 2
II 2(ez +e* )
J— 2
i Pye—ot—o? <7ex1+a:2+ew1+e:1:2> .
— fori =3
2(er 1)
2
Wye—=t-c? _611+12+611+612) .
— for i = 4,
2(6z +e* )
(Wl (—ezl+12)+2¥71 cosh(zl—x2)+2u71+el2) .
—2cosh(z! —z?)+sinh(z!)+cosh(a!)+sinh(x?)+cosh(z2)—2 for i =1
1 ol .
e (et vt L) -0 for i =2
&, — e t+e (e* —l)e"« —e”
i 7, (ez1+12 +e””1+e“”2)
— —s fori =23
er” 4e*
7, (e”1+22+e’”1+e$2)
- T 2 fori =4
er” fe* ’
— P e” —%° 120 e sinh(z!)—20; 4> for i
P T 3 ori=1
16(—6* tzf fert fex )
i 7 _1.1 . —132 o er .
o, 16 ( Use Use Uy + ——611+12+e”1+e’”2> fori=2
12 1.2 1 2 .
—%![7361 (e T 4 e e® fori =3
1.2 1.2 1 2 .
—%@16775 T (T AT Lot | o fori =4

then we can check that M is a SGK, with (II,®, ¥, O), which is neither a
HGK,4 nor a WG K. Thus we can state the following:
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Theorem 5.1 Let M = M x ¥ M be a warped product manifold equipped
with the metric (5.1). Then M is a SGK, which is neither a HGKy4 nor a
WGKy.
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