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Abstract In the present paper, we consider Kropina change of m-th root Finsler metrics
and prove that every Kropina change of m-th root Finsler metrics with isotropic Berwald
curvature, isotropic mean Berwald curvature, isotropic Landsberg curvature, isotropic
mean Landsberg curvature reduces to Berwald metric, weakly Berwald metric, Lands-
berg metric and weakly Landsberg metric respectively. Also we show that every Kropina
change of m-th root Finsler metrics with almost vanishing H-curvature has vanishing
H-curvature.
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1 Introduction

The theory of m-th root Finsler metrics has been developed by Shimada
[9] in 1979, applied to ecology by Antonelli [12] and studied by several
authors ([1], [2], [4], [19]). The m-th root Finsler metric is regarded as a
generalization of Riemannian metric in the sense that for m = 2,3 and
4, it is called Riemannian metric, cubic metric and quartic metric [4] re-
spectively. In the four-dimension, a special fourth root metric in the form
F = {y'y?y3y* is called the Berwald-Mo6r metric [14], which is considered
by physicists as an important subject for a possible model of space time.
Recent studies show that m-th root Finsler metrics plays a very impor-
tant role in physics, space-time and general relativity as well as in unified
gauge field theory ([7], [8], [13]). Z. Shen and B. Li have studied the geo-
metric properties of locally projectively flat fourth root metrics in the form

F = aijr(z)y'yiy*y' and generalized fourth root metrics in the form
F= \/ aijr()y'y y*y + bij(x)y'y? [4].
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Recently, B. Tiwari and M. Kumar [5] have studied Randers change of a
Finsler space with m-th root metric and conformally related Randers trans-
formed m-th root metric. Also A. Tayebi ([1], [2], [3]) has studied several
properties of m-th root metrics.

Let (M,F) = F™ be an n-dimensional Finsler manifold. For a 1-form
B(z,y) = b;(z)y’ on M, define a Finsler change as follows
F(x,y) — F(x,y) = f(F,B), where f(F,[3) is a positively homogeneous
function of F and S [6]. A Finsler change is called Kropina change if
f(F,B) = %2 The purpose of this paper is to characterize several curvature
properties of Kropina change of m-th root metrics, defined by

_ F2

r R (1.1)

where F = %/A is an m-th root metric on the manifold M, for which we
shall restrict our consideration to the domain where 8 = b;(z)y" > 0.

In [21] a geodesic curve ¢ = ¢(t) of a Finsler metric F' = F(z,y) on a

smooth manifold M is given by é(t) + 2G (c(t), ¢(t)) = 0, where the local
functions G* = G*(x,y) are called the spray coefficients given by

G = 20 Py — (7)) (1.2)

For a non zero tangent vector y € T, M, in local coordinate system, de-
fine By : T,M @ T,M @ TM — T,M and E, : T,M @ T,M — R by

By(u,v,w) = Jkl(a: y)u? vkwlaa and Ey(u,v) = Eji(z,y)uivk respec-
- 92 oG i 0
tlvely7 where Bjkl = [G Tyt s ;B%k = édyjdy [dy Ju=u'gz,v=

vl and w = wi. ThenB = {B ly € TMy} and E = {E,|y € TMy}
are called Berwald curvature and mean Berwald curvature respectively. A
Finsler metric is called Berwald metric and mean Berwald metric if B = 0
and E = 0 respectively [22].

A Finsler metric F' is said to be isotropic Berwald metric if its Berwald
curvature is in the following form

Bl = c(Fyys0 + Fyeyp 8% + Fyyi St + Fpyrgy)), (1.3)
where ¢ = ¢(x) is a scalar function on M [16].
A Finsler metric F is said to be isotropic mean Berwald metric if its mean

curvature is in the following form E;; = ’;—?chij, where ¢ = ¢(z) is a scalar
function on M and h;; is the angular metric tensor.
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For a non zero tangent vector y € T, M, in local coordinate system, de-
fine L, (u,v,w) = Lijx(z,y)u'viw®, where L;j; = _%FFys (G®lyiyiye, u =
ul a?m' L0 =0t aii and w = w? a?ni' Then L = {L,|y € TMy} is called Lands-
berg curvature and a Finsler metric is called Landsberg metric if L = 0.

For a non-zero vector y € T),M, the Cartan torsion C, = Cijkdxi@)dwj@dxk :
TpyM @ T,M @ T,M — R is defined by Cjj = %% and the mean Cartan
torsion I, = I;(z,y)dz" : T,M — R is defined by

Ii = gjkCZ-jk. (14)

The horizontal covariant derivative of I along a vector u € T, M gives rise
to the mean Landsberg curvature Jy(u) := J;(y)u', where J; = I;;y° [22].

A Finsler metric with J = ¢F'I and J = 0 is called isotropic mean Lands-
berg and weakly Landsberg metric respectively, where ¢ = ¢(z) is a scalar
function on M [3].

In [10], Akbar-Zadeh has introduced the non-Riemannian quantity H which
is obtained from the mean Berwald curvature by the covariant horizontal
differentiation along geodesics. More precisely, the non-Riemannian quan-
tity H = H;jdz" ® da’ is defined by H;; := Ej;,y°. It has been investigated
in [10], that for a Finsler manifold of scalar flag curvature K with dimen-
sion n > 3, K = constant if and only if H = 0. A Finsler metric is called of
almost vanishing H-curvature if H;; = %Ghij, for some 1-form 6 on M,
where h;; is the angular metric tensor.

In this paper, we have considered Kropina change of m-th root Finsler
metric and established the following theorems
Theorem 1.1 Let F = %2 be a Kropina change of m-th root Finsler metric
on the manifold of dimension n > 2. Suppose that F has isotropic Berwald
curvature. Then F reduces to Berwald metric.
Theorem 1.2 Let F = %2 be a Kropina change of m-th root Finsler metric

on the manifold of dimension n > 2. Suppose that F is of isotropic mean
Berwald curvature. Then F reduces to weakly Berwald metric.

Theorem 1.3 Let F = %2 be a Kropina change of m-th root Finsler metric

on the manifold of dimension n > 2. Suppose that F is of isotropic Landsberg
curvature. Then F reduces to Landsberg metric.

Theorem 1.4 Let F = %2 be a Kropina change of m-th root Finsler metric

on the manifold of dimension n > 2. Suppose that F is of isotropic mean
Landsberg curvature. Then F reduces to weakly Landsberg metric.
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Theorem 1.5 Let F = %2 be a Kropina change of m-th root Finsler metric

on the manifold of dimension n > 2. Suppose that F has almost vanishing
H -curvature. Then H = 0.

Throughout the paper we call the Finsler metric F' as Kropina change of
m-th root metric and F := (M, F) as Kropina transformed Finsler space.
For m = 2 the Kropina change of m-th root metric is nothing but the
Kropina metric which has been studied by several authors ([11], [15], [17],
[18], [20]). We restrict ourselves for m > 3 throughout the paper and also
the quantities corresponding to the Kropina transformed Finsler space "
will be denoted by putting bar on the top of that quantity.

2 Preliminaries

Let M be an n-dimensional C*°-manifold, T,,M denotes the tangent space
of M at z. The tangent bundle 7'M is the union of tangent spaces, TM :=
Uzenr TeM. We denote the elements of TM by (z,y), where z = (2°) is a
point of M and y € T, M. We denote T'My = TM \ {0}.

Definition 2.1 A Finsler metric on M is a function F': TM — [0, 00) with
the following properties:

(i) F is C* on T' My,

(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM and
(#ii) the Hessian of %2 with element g;; = %%
TMy.

The pair F™ = (M, F) is called a Finsler space of dimension n. The metric
F is called fundamental function and g;; is called the fundamental tensor of

the Finsler space F™.

s positive definite on

The normalized supporting element [; and angular metric tensor h;; of F
are defined, respectively as

2
oF FE?F

li = 5 7] — - T
oy’ J 0y oyJ

(2.1)

Let F be a Finsler metric defined by F' = {/A, where A is given by A =
Qiyin. i, ()Y y2. .y with a;,. ;. symmetric in all its indices [9]. Then F'
is called an m-th root Finsler metric. Clearly, A is homogeneous of degree
m in y. Let

oA oA 04
oyt Y T Ayioy T T ot

Then the following holds.

104
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gij = A [mAAy + (2 — m) AiAj],
YA =mA, Y Ay = (m — 1)Aj,y = S AL A,

AijAjk = 52,A”A1 = ﬁyj,AiAinj = LA

— m—1

3 Fundamental metric tensors and geodesic sprays of Kropina
changed m-th root metrics

The differentiation of equation (1.1) with respect to y' yields the normalized
supporting element [; given by

zi:F[

24 bz} (3.1)

mA_E

and angular metric tensor h;; given by

- —o (1 (2—m) 1 1
hij =2F {ﬂ’LAAU + 77712142 AZA] — 7mA6 (Alb] + Ajbz) + ﬂZbe]} .
s (3.2)

Put 7;; = by Aij+ s AiAj— g (Aibj+ Ajbi) + gz bibj, which are rational
functions in y. Then the angular metric tensor h;; rewritten as

hij = 2F°7;;. (3.3)
Also the fundamental metric tensor g;; of Finsler space F" is given by

Gij = haj + Lil;. (3.4)

Therefore using equations (3.1), (3.2) and (3.4), we obtain metric tensor g;;
as
2 2(4 — m) 4

_ —2 3
9ij = F |:7TLAAU + 2 A2 AiAj — 7771/15 (Aibj + Ajbi) + 621)le:| . (35)

Above equation can be rewritten as
_ —=2_
9ij = F Yig> (3.6)

where 7,; = {ﬁAij + %AZAJ- — %M(Aibj + Ajb;) + %bibj} are ratio-
nal functions in y. Therefore the components of inverse metric tensor g*

are given as - o -
g7 = (F)™", (3.7)
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1

where 77 = (¥,;)~" are also rational functions in y.

To calculate spray coefficients G’ of Finsler space F'', we need the following

—2 _—2 4A1-k Qﬂxk
[FL’@_F {mA_ I5; } (3.8)
and
[F? k _F2 |:4(Al)0 1 (16 — 4m)AlAO B 2(()[)0 6blﬁo B S(AZ,BO + Aobl)
oy’ T mA T m2A? B B mAB |’
(3.9)

In view of equations (1.2), (3.8) and (3.9), we have

e 1_y {47”145(141)0 + (16 — 4m)BA;Ag — 8mA(AiBo + Aoby) — 2mAB A, n
4 m2A2[3
GbZﬁO + Qﬁg;’ - Qﬁ(bl)o (310)

Proposition 3.1 Let F = %2 be a Kropina change of m-th root Finsler

metric F' on a manifold of dimension n > 2. Then the spray coefficients G
of F" are given by equation (3.10).

Remark 3.1 It is remarkable to note that the metric tensors g;; and g*

of F" are not necessarily rational functions in y but spray coefficients G of
F" are rational functions in y.

4 Berwald curvature
Proof of Theorem 1.1

Let F = %2 be a Kropina change of m-th root Finsler metric. Suppose

that I has isotropic Berwald curvature given by equation (1.3). By Remark
3.1, the left hand side of equation (1.3) are rational functions in y, while
the right hand side are irrational functions in y, which implies that ¢ = 0.
This completes the proof of Theorem 1.1.

Proof of Theorem 1.2

Let F = %2 be of isotropic mean Berwald curvature, that is,

— n+1l —
B = ———ch;;, 4.1
J oF Clij (4.1)
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where ¢ = ¢(z) is a scalar function on M and h;; is the angular metric

tensor. Plugging the angular metric h;; given by the equation (3.3) in (4.1),
we have B .

But the left hand side of above expression are rational functions in y while
right hand side are irrational due to presence of F. Thus equation (4.2)
implies either ¢ = 0 or 7;; = 0. If 7j;; = 0, then h;; = 0 which is not possible.
Hence ¢ = 0 and E;; = 0. This completes the proof of Theorem 1.2.

5 Landsberg Curvature
Proof of Theorem 1.3
Let F = %2 be isotropic Landsberg metric, that is,
Zijk = cTCijk, (5.1)

where ¢ = ¢(x) is a scalar function on M. The Cartan torsion Cjj, of F is
given by the following equation

—=2__
Ciji = FUjji, (5.2)

where pijk = ﬁAU + WA Aj Ak + 2A2 Z Az]Ak
(4,3,%)

2,12142/3 E A Aj bk + ABQ Z A b bk A/J) Z Angk 3bibjbk
(4,9,k) (4,9,k) (4:3,k)
are rational functions in y and > denotes the cyclic interchange of indices
(4,3.k)
i,j, k and summation, for instance . Aj;Ap = AjjAr + AjrAi + ApiA;j.

(i.3,%)
Also we know that
Tijk = —§FF Neme (5.3)

In our case

— 245 bs|=s
Using equations (5.1), (5.2) and (5.4), we obtain

245 bs\ s =
(mA ﬁ) Gy iyiy —QCFZ/ijk.

Again expression on left hand side are rational functions in y while on right
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hand side are irrational functions in y. Therefore, either ¢ = 0 or ;;;, = 0. If
Uijr = 0, then Cyj, = 0. Hence, F' is Riemannian metric, which contradicts
our assumption. Therefore ¢ = 0. This completes the proof of Theorem 1.3.

Using equations (1.4), (3.7) and (5.2), the mean Cartan torsion of F' are
given by

_ik—
Ii =7"Vijg.

Lemma 5.1 Let F be a Kropina change of m-~th root Finsler manifold with
n > 2. Then the components I; of mean Cartan torsion of F are rational
functions in y.

Proof of Theorem 1.4

The mean Landsberg curvature of F is given by
ji = gjkfijk. (55)

In view of equations (3.7), (5.4) and (5.5), we have

— 1, 24, be] —s
Jizvf’“[ b]G (5.6)

27 A~ ) Crvw

Lemma 5.2 Let F be a Kropina change of m-th root Finsler manifold with
n > 2, where m > 3. Then the components J; of mean Landsberg curvature
of F" are rational functions in vy.

In view of equations (1.4), (5.1) and (5.5), we have

Ji = Cﬁi. (57)

Using Lemma 5.1 and Lemma 5.2, left hand side are rational functions in
y while right hand side are irrational in y because F' is irrational. Thus if
equation (5.7) holds, then either ¢ = 0 or I; = 0. If I; = 0 , F reduces
to Riemannian metric, which contradicts our assumption. Therefore, ¢ = 0.
This completes the proof of Theorem 1.4.
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6 H-curvature
Proof of Theorem 1.5

Let F = %2 be of almost vanishing H-curvature, that is,

— n+1 —

for some 1-form 6 on M, where Eij is the angular metric tensor.

Plugging the angular metric tensor h;; given by the equation (3.3) in (6.1),
we have o o

Again expression on left hand side are rational functions in y while on right
hand side are irrational functions in y due to presence of F. Thus equation
(6.2) implies either 6 = 0 or 7,; = 0. If §;; = 0, then h;; = 0 which is not
possible. Hence § = 0 and H;; = 0. This completes the proof of Theorem
1.5.
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