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several branches of mathematics. The aim of this paper is to give new characterizations for
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element in a bounded integral residuated lattice. Also, we characterize the bounded integral
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1 Introduction

Residuation is a fundamental concept of ordered structures and the resid-
uated lattices, obtained by adding a residuated monoid operation to lat-
tices, have been applied in several branches of mathematics. Residuated
lattices originated in Mathematical Logic without contraction. The commu-
tative residuated lattices have been investigated by Krull ([15]), Dilworth
([8]), Ward and Dilworth ([23]), Ward ([22]), Balbes and Dwinger ([1]) and
Pavelka ([19]).

In [13], Idziak proved that the class of residuated lattices is equational.
These lattices have been known under many names: BCK- latices in [12],
full BCK- algebras in [15], F Ley- algebras in [18], and integral, residuated,
commutative l-monoids in [2], [3].

Apart from their logical interest, commutative residuated lattices have
interesting algebraic properties (see [4], [11], [20], [21]) and include two
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important classes of algebras : BL-algebras (introduced by Hajek as the
algebraic counterpart of his Basic Logic, see [11]) and MV -algebras (intro-
duced by Chang in [6] to prove the completeness theorem for Lukasiewicz
calculus).

Non-commutative residuated lattices, sometimes called pseudo-residuated
lattices, are the algebraic counterparts of sub-structural logics, i.e. logics
which lack at least one of the three structural rules, namely contraction,
weakening and exchange. Complete studies on non-commutative residuated
lattices were developed by Ono, Jipsen, Galatos, Tsinakis and Kowalski
([9], [16]). Particular classes of non-commutative residuated lattices are full
Lambek algebras (F'L- algebras) and bounded integral residuated lattices
(FLy- algebras).

In this paper we work in the general setting of a non-commutative resid-
uated lattice (more precisely, we work with bounded integral residuated lat-
tices, or F'Ly,- algebras, for short) and extend to the non-commutative case
some results from [4].

An important construction for a bounded integral residuated lattice A is
the boolean center B(A), which contains all complemented elements of A.

For a bounded integral residuated lattice A we denote by Id(A) the set
of idempotent elements of A, by Inv(A) the set of involutive elements of
A, by R(A) the set of regular elements of A, by S(A) the set of strong
elements of A and by D(A) the set of dense elements of A. We present new
characterization for these elements.

We prove that in general, B(A) & R(A) & Inv(A), B(A) & Id(A) N
Inv(A)N R(A).

If A is a bounded integral residuated lattice, we prove that x € R(A)
iff x € Inv(A) and 2~ @ (7 ~ z) = (™~ — z) @z~ = 0, see Theorem
3.11. Also, x € B(A) iff x € R(A)NId(A)NS(A) and (z ~> z7) V (&~ ~
x) = (z — 2™) V (2~ — z) = 1, see Theorem 3.16. In particular, if A is a
pseudo MTL— algebra, then B(A) = R(A) N Id(A) N S(A), see Corollary
3.17. Also, if A is an RL-monoid, then z € B(A) iff x € Id(A) N Inv(A) and
(x~>a27)V(e~ ~2a)=1iff z € Id(A) N Inv(A) and (z — ™) V (2~ —
x) =1, see Corollary 3.9.

Theorem 3.19 characterizes the bounded integral residuated lattices which
are Boolean algebras.

2 Preliminaries

In this section we recall some basic notions and results regarding non-
commutative residuated lattices and bounded integral residuated lattices,
which will be used in the following sections of the paper.

Definition 2.1 (/5], [9]) A residuated lattice is an algebra (A,A,V,®,—
,~,e) of type (2,2,2,2,2,0) satisfying the following axioms:

(LR1) (A, A,V) is a lattice;

(LR2) (A, ©,¢) is a monoid;
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(LR3) zQy<zife <y— ziff y <z~ z for every x,y,z € A (pseudo-
residuation ).

Our notation differs slightly from that of [9]; we write z — y and  ~ y
instead of y/x and z\y, respectively.
Note that generally, e is not the top element of A.

Proposition 2.2 (/5]) If a residuated lattice (A, \,V,®, —,~>, e) has a bot-
tom element 0, then it also has a top element 1.

A residuated lattice A with a constant 0 (which can denote any element)
is called a full Lambek algebra (FL- algebra, for short). If x < e for all
xz € A, then A is called an integral residuated lattice. An FL- algebra A
which satisfies the condition 0 < x < e for all z € A, is called an bounded
integral residuated lattice (or, FL,- algebra, for short).

According to Proposition 2.2, in this case we have e = 1, so a bounded
integral residuated lattice will be denote by (A, A,V,®, =, ~>,0,1).

Definition 2.3 (/5/) A bounded integral residuated lattice is an algebra
(A, AV, 0, —,~,0,1) of type (2,2,2,2,2,0,0) satisfying the following ax-
10ms:
(bLR1) (A,A,V,0,1) is a bounded lattice;
(bLR3) (A,®,1) is a monoid;
(bBLR3) x 0y <ziffe<y— ziff y <z~ z for every x,y,z € A.

A bounded integral residuated lattice is commutative if the operation
©® is commutative and we shall call such algebras commutative bounded
integral residuated lattices, or F'L.,- algebras, for short; clearly, in this
case operations — and ~- coincides.

Ezample 2.1 ([14]) We give an example of commutative bounded integral
residuated lattice. Let A = {0,a,b,¢,1} with 0 < a,b < ¢ < 1, but a,b
are incomparable. A is a commutative bounded integral residuated lattice
relative to the following operations:

—=~|0abecl ©0abcl

0 11111 000000
bl1b1l1 al0a0aa
aalll’ bl00bbb”
Oabdll cl0abcec
Oabcl 10abcl

Ezample 2.2 ([5]) We give another example of bounded integral residuated
lattice. Let A = {0,a,b,¢,1} with 0 < a < b < ¢ < 1. A is a bounded
integral residuated lattice relative to the following operations:

Olabel —0abecl ~[0abcel
000000 011111 011111

o o

al000aa albl1111 albllll
bl000bbL  blbell1l1l” bbb111"
clDaacec ¢|l0abll cl0bb11
10abel 1|0abel 10abcl
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In what follows, by A we denote the universe of a bounded in-
tegral residuated lattice.

For x € A we denote z~ =2 — 0 and 2~ =z ~~ 0.

The following rules of calculus in A can be found in [5], [9], [17]:

(c1)z200=00z=002z=0~zx=lz—>1l=x~1=1lx >z=
rw~wr=11—-z=1~x=uz;

() z<yiffze sy=1if x ~ y=1;

(c3) fx<y,thenzoz<yozand z0zx<z0ysoz—>y< (r0z) —
(yoz)and z ~y < (z0x) ~ (20 y);

(c))z—=y<y—=2)~@—=2)andz~y < (y~2) = (r~ 2),s0
yimpliessy > z<z— zand y ~ 2z < x ~ z;
cs)r—=y<(z—2z)=>(zoy andz ~y < (2~ 2)~ (2~ y) s0
y implies z > x < z—yand z ~ z < 2~ y;
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We recall that (see [5]):

A pseudo MTL-algebra is a bounded integral residuated lattice A satisfy-
ing the pseudo-prelinearity condition (ps —lin) : (x = y)V (y = x) = (x ~
y)V (y ~ z) =1, for every z,y € A.

A bounded RL-monoid or divisible residuated lattice is a bounded integral
residuated lattice A satisfying the pseudo-divisibility condition (ps — div) :
(r—=y)Ozx=20(x~y)=xANy, for every z,y € A.

A pseudo BL-algebra is a pseudo MTL-algebra A satisfying the pseudo-
divisibility condition.

A pseudo MV-algebra is a pseudo BL-algebra A satisfying the condition
(pDN) (pseudo Double-Negation condition): (x~)~ = (z~)~ = z, for every
z € A
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Using [5] (Theorem 4.4 and Propositions 2.1, 2.2) we deduce the following
result:

Theorem 2.4 A bounded integral residuated lattice (A, A\, V,®,—,~,0,1)
is a pseudo MV -algebra iff it satisfies two additional conditions:

W) (x—=y)~y=H—a)~azad(@~y >y=y~az) -z,

H) @=yor=H—-2)0y=z0(@wy =y0o(y ~ ), foray
z,y € A.

Proposition 2.5 For a bounded integral residuated lattice A the following
conditions are equivalent:

(i) A is a bounded RL-monoid;

(i) x ~ (yAz) = (z~y Ol[@Ay) ~ 2] andz = (yAz) = [(x Ay) =
2] © (x — y), for every x,y,z € A.

Proof. (i) = (ii). Let z,y,2 € A. We have z ~ (yAz) = (
2) =@~y ol@~y) (@)= (z~y o]
(r~y)O(xAy)~zlandz = (yAz)=(x = y) A z
(z = )]0 = y) = (& = y)Or) = 2|0 = y) = [(2AYy) = 2]O(z = y).

(#i) = (i). Conversely, in (ii), for z = 1, we obtain for every y,z € A :
L (ynz) =0~y o[lAy) 2z e yrz=y0(y ~ z) and
1= (yAz)=[1Ay) = zlo(l—-y) cyrz=(y—2)0y.

Finally, yAz =y ©(y ~ z) = (y — 2) @y, so A is a bounded RL-monoid.
O

Proposition 2.6 In a bounded integral residuated lattice A the following
assertions are equivalent :
(i) 2% = x for every x € A;
(i) 20~y =(—yQr=x0y=y0r=xAy for every x,y € A.

Proof. (i) = (ii). Let z,y € A. From ¢g, 2 ® (x ~ y) < y, thus 2 © (z ©
(z~y)=2?0(x0y) =0 (@~y <10y

Sincey <z~ y,thenzQy<zO(x~y),s0x@(x~y) =x0y.

Clearly, r Oy < x,y. Toprove z ©y =z Ay, let t € A such that t < z
andt <y. Thent=t*<z®y, thatis, 2Oy =2 Ay.

Similarly, (z — y) @z < y, thus, (z = y) O2) 0z <yoOx, so (r —
Yor2=>z—-y)or<yor.

Sincey <z —y,thenyoz<(r—=y)oz,50 (r—=>y) Or=y0O .

Clearly, y ® x < z,y. To prove y ®x = x Ay, let t € A such that t < z
andt <y. Thent =t?> <y ©®ux, thatis, y©x =z Ay.

We conclude that, r®(x ~y)=(x 2 y)Ox=20y=yOx =x Ay for
every x,y € A.

(ii) = (i). In particular for z = y we obtain r Gz =z Ax =2 & 22 = 1.

We recall that, a commutative bounded integral residuated lattice A in
which 2% = z for all x € A is called of Gddel type.

209



6  Dumitru Busneag, Dana Piciu, Luisa-Maria Nifu

Remark 2.1 Following Proposition 2.6, in a bounded integral residuated
lattice A, the condition x? = z for all = € A, is equivalently with z ©y =
yO©x =z Ay for all z,y € A, so A is a commutative bounded integral
residuated lattice. We can say that a bounded integral residuated lattice A
in which 2% = x for all x € A is called of Gédel type.

Definition 2.7 ([7]) A Hilbert algebra is an algebra (H,—, 1) of type (2,0)
such that the following axioms hold in H :

(Hi) 2 = (y—x)=1;

(Hy) (z = (y—=2) = ((z =y = (z—=2) =1

(H3) Ifz »y=y—xz=1, thenz =y.

It is easy to see that if H is a Hilbert algebra, then the relation < defined
on H by z <y iff x - y=11s a (partial) order on H (called natural order
on H) with greatest element 1.

H is called bounded, if there is a smallest element 0 € H relative to

the natural ordering; in this case for x € H we denote z* = z — 0 and
x** — (‘r*)*.

Proposition 2.8 For a bounded integral residuated lattice (A, \,V,®, =, ~>
,0,1) the following are equivalent:

(i) (A, —,1) is a Hilbert algebra or (A,~>,1) is a Hilbert algebra;

(i) (AN, V,®,—,~,0,1) is of Gidel type.

Proof. (i) = (ii). Suppose that (A, —,1) is a Hilbert algebra, then for
every x,y,2 € A,z — (y = 2) < (z = y) = (x — z). We have z — (y —
z)=(zOy) = zand (z = y) = (x = 2) = ((z = y) ®x) — 2, so we obtain
(zOy) =2 2<((r = y)®x) > 2z, hence for z =20y, (z > y) Oz <z OY;
for x = y we obtain x < 2, so, 2 = x, that is, A is of Gddel type.

If suppose that (A, ~, 1) is a Hilbert algebra, then for every x,y,z € A,
T~ (y~2) <(x~y)~ (r~2). Wehave (y©Ox) ~ 2 < (2O (x ~
y)) ~ z, hence for z = y ® x we obtain that x ® (z ~ y) <y ouz; forz =y
we obtain = < 22, so 2 = z, that is, A is of Gddel type.

(73) = (). Follows from [20], Proposition 1.21. O

Proposition 2.9 For a bounded integral residuated lattice (A, V, A\, ©, =, ~>
,0,1) the following are equivalent:

(1) (A,—,1) ((A,~,1) ) is a Hilbert algebra;

(#) (A, V,NA,—,0,1) ((A,V,A,~,0,1) ) is a relative Stone lattice.

Proof. (i) = (ii). Suppose that (A,—,1) ( (4,~,1) ) is a Hilbert al-
gebra. Using Proposition 2.8, (4, A, V,®, —,~,0,1) is of Gédel type. From
Proposition 2.6, by 22 =z, for every 2 € A, x ©y =y ® & = x Ay, that is
(A, V, A, —,0,1) ( (A,V,A,~,0,1) ) is a relative Stone lattice.

(1) = (i). If (A, V,A,—,0,1) ( (4,V,A,~,0,1) ) is a relative Stone
lattice, then (A,V,A,—,0,1) ( (A,V,A,~,0,1) ) is a Heyting algebra, so
(A,—,1) ( (4,~,1) ) is a Hilbert algebra.l]
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Lemma 2.10 Let A be a bounded integral residuated lattice which satisfies
(W). Then

(i) x=~ =a~~ =x for every x € A;

(@) (=y)~y=@y—-z)wa=(@~wy 2y=Fy~az)>z=acVy for
every x,y € A.

Proof. (i). For z € A we have 2=~ = (z — 0) ~ 0 e 0—=2z)~wa=
lwz=zand 2™ =(x~0)=20=0~z)oz=1>z==u

(i3). If z,y € A, then z,y < (x = y) ~ y. To prove (xt > y) ~y=zVy,
consider ¢ € A such that x,y <+¢. Then t —» y < z — y, hence (z — y) ~
y<t—-y) ~y=@HYy—ot)~t=1~t=t thatis,zVy=(x = y) ~y.

From (W) we deduce (x = y) ~y=(y > 2x)~z=xVy.

If z,y € A, then z,y < (x ~ y) = y. To prove (x ~ y) = y =z Vy,
consider ¢ € A such that x,y < ¢. Then ¢t ~ y < z ~ y, hence (z ~ y) —
y<({t~y sy=@HYy~t)ot=1—-t=t thatis, cVy=(x~y) > y.

Using (W) we deduce (x ~y) 2 y=(y~2x) >z =zVy O

3 Boolean center, regular, strong and dense elements in a
bounded integral residuated lattice

Let (L, V,A,0,1) be a bounded lattice. Recall that an element a € L is called
complemented if there is an element b € L such that avb=1and aAb = 0;
if such element b exists it is called a complement of a. We denote the set of
all complemented elements in L by B(L). Complements are generally not
unique, unless the lattice is distributive.

In bounded integral residuated lattices however, although the underlying
lattices need not be distributive, the complements are unique.

Lemma 3.1 (/9], [16]) Let A be a bounded integral residuated lattice and
suppose that a € A has the complement b € A. Then, the following hold:
(7) If ¢ is another complement of a in A, then ¢ =15 ;
(7)) a= =a~ =band b~ =b~ = a;
(ii1) a® = a.

Let A be a bounded integral residuated lattice and B(A) the set of all
complemented elements of the lattice (A,V,A,0,1). B(A) is the universe
of a Boolean subalgebra of A, see [16], called the Boolean center of A. If
e € B(A), then e=™ = e~ =e. Also, see [16], ez =2 Oe =e Az, for
every x € A.

Proposition 3.2 (/5/, [9], [16]) If A is a bounded integral residuated lattice,
then for e € A the following are equivalent:
(i) e € B(A);
(it) eVe =1 andeNe” =0;
(iii) eve™ =1 and e Ne™ =0.
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Remark 3.1 If e € B(A), then e~ = ¢~ from Lemma 3.1, and e~ = €™~ €
B(A). Indeed, e ANe~=e Ae=0ande Ve ~“=e Ve=1.

Proposition 3.3 (/5]) If e € B(A) and x,y € A then:
024) e—>e =ewe =e ande—> e~ =e~ e~ =e7;
e  mse=e we=e"oe=ec" we=c¢
) (x = e)0xr=20(x~e)=xzAe and (e = x)Oe =e@ (e ~ ) = eAx;
aw)e—(x—y) =(€—=2x)—>(e—=y) ande~ (x~y) = (e~ x)~
PUNN

For any bounded integral residuated lattice A, let us denote by Id(A) =
{r € A: z©x = z} the set of all idempotent elements of A and by
Inv(A) ={z € A:z = (2~)" = (7)™~} the set of all involutive elements
of A. Inv(A) is called the involutive center of A.

Remark 3.2 ([10]) If A is a pseudo BL-algebra, then B(A) = Id(A) N
Inv(A).

We give a new characterizations for involutive and idempotent elements
in a bounded integral residuated lattice.

Proposition 3.4 Let A be a bounded integral residuated lattice and a,x €
A. Then the following assertions are equivalent:

(1) x € Inv(A);

(it) a—mx=2" ~a and a~ x =z~ = a”, for every a € A.

Proof. (i) = (ii). Since z € Inv(A), thena »z=a =2~ Lz~ ~a~
and a ~x=a~ 2~ E ¥ > a™.

(#1) = (i). For a = =~ resp. z~~ we deduce that 27~ — z = 27 ~
=~ 2 1 so,bycir, e~ =z and 2~ w =2~ — 2~ "~ 2 1, so, by
c7, 77 = .

We deduce that =~ =z~ ==z, so z € Inv(A). O

—~

Remark 3.3 If z € Inv(A) then 2~ — x = 2~ ~» z. Indeed, 2z~ — 2z =

~ —~ C12 ~— —
r — =T ~T =T ~T.

Lemma 3.5 Let A be a bounded integral residuated lattice and x € Id(A).
Thenz® (x ~y)=xQy and (r = y) ©x =y Oz, for every y € A.

Proof. We have 20 (z ~ y) = 20[z0(x ~ y)] < 20(zAy) CSQ (x@z)A (2O
y)=zA(z0y)=z0yand (z > y)0z=[z =y or]or< (zAy) O

c§9 (O 2)AN(yoz)=2zA(y@z) =y Since 20y < z0O (x ~ y)
and y©oz < (z — y) ©®x, we deduce that © ® (z ~ y) = z © y and
(r = y) @z =y Oz, for every y € A.

Proposition 3.6 If A is an RL- monoid and x € Id(A), y € A, then
(i) z0y=zANy=yOum
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(1) Az~ =0=azAx";
(iii) x ~y=x — y;

(v) ™~ =27

Wz =z =x~a =x~wa~ =z =z".

Proof. (i). Since z € Id(A), from Lemma 3.5, tAy = 20 (z ~ y) = 20y
andx ANy =(x - y) ©x =y ©®x. We deduce that zAy=20y=9y0 x.

(77). Follows by (i) and c14.

(7i1). We have the following equivalences for any z € A :

z<r~wysr0z<yse zor<ysz <z —y Wededuce
Ty =a Y.

(iv). Follows taking y = 0 in (#4i).

Wz 27 =2 = (=0 =@@ozr) 0=z — 0=z and
zat =~ (r0)=20x)w»0=x~0=2".

Using (#i7) and (iv) we deduce the conclusion. [J

We put in evidence new rules of calculus with boolean elements in a
bounded integral residuated lattice A:

Lemma 3.7 Let x,y € A and e, f € B(A). Then:

cog) e~ (e—=x)=e—>xande~ (e~ x)=e€~ x;
(e—=z)V(zr—e)=(e~z)V(r~e)=1,;

eV =[(e = x)~ z]A[(x = e) we]l =[(e~x) = z|A[(x ~e) = el;
e”—sx=(e~z)srx=eVr=(e—z)~r=¢€ ~x
eV(z—=y)=(evz)—=(eVy) andeV (xz~y)=(eVz)~ (eVy);
(evz) = (fVz)=(e—= f)Vz and (eVzx)~ (fVz)= (e~ f)Va;
?34) a:f)—)(e—>f):(x—>e)—>(x—>f) and x ~ (e ~ f) = (x ~ e) ~
(css) eA(zVy)=(eNz)V(eAy);

(c36) z A (eV f)=(zAe)V(zAf);

(es7) If e, f <z, thene® (x~ f)=(r =€) O f.

Proof. (ca5). Wehave e — (e - 2) =e? - 2 =¢ — x and e ~ (e ~
x)=e s ax=e~ .

(ca9). Since e € B(A) then eVe  =eVe~™ = 1. Sincee” < e = x
and e < z — e we deduce that 1 = e~ Ve < (e = z)V (z — e), so
(e—=z)V(r—e) =1

Since e~ < e ~ z and e < x ~» e we deduce that 1 = e~ Ve < (e ~
z)V(r~e),s0(e~x)V(r~e) =1

(c30). Denote t = [(e = x) ~ z]A[(x — €) ~ e]. Wehavee < (e = ) ~ &
and z < (e — z) ~ xz; it follows that e V2 < (e — ) ~ z. Analogous,
eVe < (x —e)~e HenceeVa < [(e = x) ~ z] Al(x — e) ~ €], so
eVax <t

Wehavet =10t 2 [(e = z)V(z = )]0t 2 [(e = 2) O] V[(z — €) O];
but (e > z) Ot = (e > 2)O[((e = ) ~ z) A ((x = e) ~ e)] < (e —
) © (e = x) ~ z] < x; similarly, (z — e) < e. Hence, t = [(e —
z)Ot]V[(z —e) ®t] <z Ve. It follows that e =

< ©®
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Analogously, eV = [(e ~ z) = z] A[(z ~ €) — €].

(cs1). Frome” <e—ozandz <e >z =e¢ Vz <e— x. Also from
e<(e—sz)~wz<(e—=z)~(eVa)ande < (e—2x)~e <(e—
x) ~ (e V), sinceeVe =1=(e = z)~ (e Vr)=1=>e—z<
e Vr=e—x=ce Vuz If wereplace e with ¢~, then = e~ >z =eVz.

Since e,z < (e~ x) vz =eVz<(ewx)— .

Sincee™<e~wzr=(ewwz)ox<e” s>x=eVr=>(e~wz) 1=
eV

Analogously, eV = (e > z) ~x =¢ ~ .

(c32). By c31 wehave eV (z — y) = e~ = (z = y) ZF (e~ = x) — (e~ —
y)=(evz)—= (evVy)and eV (z ~gy) =€ ~ (2~ y) Z (67 ~ x) ~
(€7~ y)=(eVa)~ (eVy).

(c33). We have (eVz) = (fVva) =(e =) = (7 — )

e~ —zx) sz =f"=[le wzx) >z )
e~ = x)=[f" = (e > x)=(eO f~

(035) We have eA (zVy) e@ =(e®
(c36). Wehave zA(eV f) =20 (eVf) = (x0e)V(zO f) = (zAe)
(cs7). We have e © (x ~> f) = (e ANx) O (z ~
HH=@@—e)ozo(x~fll=@—=e)0@Af)=(z—e) o fO

Proposition 3.8 Let A be a bounded integral residuated lattice. For e € A
we consider the following assertions:
(i) e € B(A);
(i) (e~e)V(e  ~e)=(e—=e™)V(e” —e)=1.
Then (i) = (it) but (ii) # (7).

Proof. (i) = (it) If e € B(A) from cag, for = €™ respectively e, we
deduce that (e~ e7) V(e ~we)=(e—e~)V (e~ —e) =1

(74) # (i). Consider the bounded integral residuated lattice A={0, a, b, c,
1} from the Example 2.1; it is easy to verify that B(A) = {0,1}. We have
(c=>c)V(EY=e)=(c—=0V(O0—=c)=T1and (c~c)V(cT ~c)=
(c~~0)V (0~ c¢)=1, but ¢ ¢ B(A).

We can consider another example, Example 2.2. It is easy to verify that
B(A) ={0,1}. We have (b - b~)V (b~ = b)=(b—b)V(b—b) =1 and
(b~~>b )V ~b)=(b~b)V(b~b =1 butb¢ B(A). O

Corollary 3.9 If A is an RL-monoid, then the following assertions are
equivalent:
(i) e € B(A);
(i1) e € Id(A) N Inv(A) and (e ~ e )V (e” ~e) = 1;
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(#i1) e € Id(A) N Inv(A) and (e — e™) V (e~ — e) = 1.

Proof. (i) = (it), (it7). See [16] and Proposition 3.8.

(#4) = (4). Since e € Inv(A), from Remark 3.3, we deduce that e~ — e =
e~ ~» e. Since e € Id(A), from Proposition 3.6, we deduce that e~ = e~
ande +e =e—=e~=ewe~=ewe =e =e".

Hence, e Ne” = (e - e )@e =¢" ®e = 0. Since e Ae” = 0 then
e~ ®(e” ~e) =0, s0 we obtain that e~ ~» e <e ™~ =e¢. But, e < e ~ e,
so e ~e=e.

We deduce that e” v e =€~ = e=ce.

We have e Ve~ = (e ~ ¢e) V(e ~ e~ ) = 1. From Proposition 3.2, we
deduce that e € B(A).

(#i1) = (7). The same proof with (ii) = (i), because e~ = e~ . [

Definition 3.10 Let A be a bounded integral residuated lattice. We say that
an element © € A is regular if for every y € A we have (x — y) ~ x =
(x ~ y) = © = x. We denote by R(A) the set of all regular elements of
A. We say that an element x € A is dense if for every r € R(A) we have
x —r=ux~r=r Wedenote by D(A) the set of all dense elements of A.

We give new characterizations for regular and dense elements.

Theorem 3.11 Let A be a bounded integral residuated lattice. For x € A
the following assertions are equivalent:

(1) = € R(A);
(i) 2=~z =2~ =z =u;
(tit) x=a"~ =2~ andxz” O (z7 ~z) = (2~ = z) Oz~ =0.

Proof. (i) = (i1). If x € R(A), then (z — y) ~ z = (z ~ y) - x = x,
for every y € A, so for y = 0 we obtain £~ ~» z =2~ = x = x.

(#4) = (7). Suppose that = ~»z =z and let y € A. Then 0 <y = x —
0<z—oy=2z <z—-oy=@—oy warx<z ~zx=uz

Since = < (z — y) ~» x we deduce that (z — y) ~ = = =.

Since ™~ — x = x, then ™~ < x ~» y implies (x ~ y) >z <z~ =z =z,
80, (x ~ y) = x = x. We deduce that = € R(A).

(#3) = (i17). Let x € Asuchthat = ~ z =2~ — 2 = z. Thenz~ O(z~ ~
)=z  @z=0and (z~ = 2)02x~ =202~ =0.

To prove that x = x~™~ = ™~ we use c17 and the relation z~~ <z~ —
r=xand 27~ < zx7 ~x =2

(#9i) = (i1). Since 2~ © (z~ ~ ) = 0 we deduce that x~ ~ z < 27~ = z.
But, z <z~ ~» x,80 2~ ~ 2 = z. Since (z~ — x) @2~ = 0 we deduce that
™ —wx <z~ =u, hence z~ — x =z. O

Proposition 3.12 Let A be a bounded integral residuated lattice. Fore € A
we consider the following assertions:
(i) e € B(A);
(i) e € Id(A) N Inv(A);
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(iii) e € Id(A) N R(A).
Then (i) = (i), (iii) but (ii) % (i), (iii) = (i).

Proof. (i) = (it). Follows from [16].

(1) = (4i7). Follows from [16] and cos.

Consider the bounded integral residuated lattice A = {0,a,b,¢,1} from
the Example 2.1; it is easy to verify that B(A) = {0,1}.

(ii) # (i). We have a®> = a,a~ =a~ =b,b~ = b~ =a, hence a = a™~~ =
a~"~, but a ¢ B(A).

(iii) # (i). We have a®> = a and a™ ~ a=a~ — a = a, but a ¢ B(A). O

Remark 3.4 From Proposition 3.12 and Theorem 3.11 we deduce that
B(A) G Id(A) N Inv(A) N R(A).

Lemma 3.13 If z,y € R(A), then z=~,2~~ € R(A) and x Ny € R(A).

Proof. Let € R(A); by Theorem 3.11, 2=~ =2~ =z ,s0z ~, 2~ €
R(A).

FromzAy<z=2z2" < (zAy)” = (xAy) ~z <z ~z=zx=
(x ANy)~ ~ x = x. Analogously we deduce that (z Ay)~ ~ y = y. Then
(@Ay)” = (@Ay) =[@Ay)” =z Al@Ay)” ~yl=zAy.

Analogously, (x Ay)~ = (zAy) =(xAy),sox Ay € R(A). O

Remark 3.5 If A is of Gddel type, then for every x € A we deduce that

# g =~ € R(A). Indeed, z* verifies the conditions (iéi) from the
Theorem 3.11 because z* = (z*)** and (z*)* © [(z*)* — 2*] = 2™ © (™ —
)= 0z* =0.

Definition 3.14 Let A be a bounded integral residuated lattice. Using the
model of [14], we say that an element x € A is strong if x— = x~. We denote
by S(A) the set of all strong elements of A. Clearly, if A is a commutative
bounded integral residuated lattice, then S(A) = A

Remark 3.6 S(A) ¢ Inv(A) and Inv(A) ¢ S(A). Obviously, if consider
the bounded integral residuated lattice A = {0, a, b, ¢, 1} from Example 2.1,
then S(A) = A and Inv(A) = {0,a,b,1}, so S(A) € Inv(A). In [14], page
435, there are examples of pseudo MV-algebras with elements which are
not strong, so Inv(A) ¢ S(A).

Open problem. Find another characterization for strong elements in a
bounded integral residuated lattice.

Lemma 3.15 Let A be a bounded integral residuated lattice and x € S(A).
Then:
(i) =™ € S(A), for every n > 1;
(i) x> =z =2~ =z~ =1~ 27
(ii3) x <z~ x < 2.
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Proof. (i). We prove the result by induction: (z"*1)~ = 2" — 2= =
P g S e (2 0) =2 e (1) = e (1) = ()

(i)). t sz~ =) =@ =z war~=x~z 2z 27

(31). Clearly, using c14.

We give a new characterization for boolean elements:

Theorem 3.16 Let A be a bounded integral residuated lattice. For x € A
the following assertions are equivalent:

(1) = € B(A);
(17) :v)ei (A)NId(A)NS(A) and (x ~> 27 )V (™ ~z)=(x = 2~)V (2~ —

i) = (i7). If x € B(A), then by Proposition 3.12 and Remark
3.1, x € R(A)NId(A) N S(A). From Proposition 3.8, we have that (z ~-
z)V(E wz)=(—=z7)V(@E~—z) =1
(1) = (). Since c ©xz =z and 2~ =z~ thenx - 2~ =2 = 2~ =2 ~
xT =x ~ 2~ =2~ = ™. Since © € R(A), then by Theorem 3.11, (i7),
¥ s x=2" ~x=x ThenaxVae = (z~ ~z)V(zx~2")=1and
aVz™ = (z~ = x)V(z = 2~) = 1. Also, we have 0 = (V™) =z~ Az™~".
Because x < ™~ we deduce that 2= A x = 0. Using Proposition 3.2, we
conclude that x € B(A). O

Corollary 3.17 If A is a pseudo MTL— algebra, then B(A) = R(A) N
1d(A) N S(A).

From Theorems 3.11 and 3.16 we deduce that:

Corollary 3.18 If A is a bounded integral residuated lattice, then B(A) &
R(A) G Inv(A).

Proof. By Theorem 3.16, B(A) C R(A).

To prove that B(A) # R(A) we consider the bounded integral residuated
lattice A = {0, a,b,c, 1} from Example 2.1; it is easy to verify that B(A) =
{0,1}. We have a= = a™ = b,b~ = b~ = a, hence a™~ = a~~ = a and
a”®(a ~a)=(@" —a)0a”=b0(b—a)=bGa=0, hence a € R(A)
but a ¢ B(A). We concluding that B(A) G R(A).

By Theorem 3.11, R(A) C Inv(A). To prove that R(A) # Inv(A), we con-
sider the bounded integral residuated lattice A = {0, a, b, ¢, 1} from Example
22. Wehave b~ =b~" =b,s0b € Inv(A),but b= ~~b=b~"—=>b=1#b,
so b ¢ R(A). We concluding that R(A) G Inv(A). O

We characterize the bounded integral residuated lattices which are Boole-
an algebras:

Theorem 3.19 For a bounded integral residuated lattice A the following
assertions are equivalent :
(i) A is a Boolean algebra relative to the natural ordering;
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(i) A is of Godel type and x~~ =z~ =z, for every x € A.

Proof. (i) = (ii). If A is a Boolean algebra relative to the natural
ordering, then A becomes a residuated lattice and x © x = z Az = x,
x~~ =z~ =z, for every x € A.

(i) = (i). Let A be of Gédel type such that =~ = z~~ = z, for every
x € A. Then  ©y = = Ay for every z,y € A. We deduce that A is
commutative and — coincides with ~» . We denote =~ = 2™~ = z*.

First we shall prove that x Vy = z* — y for every z,y € A.

Indeed, z,y < x* — y. Let t € A such that z,y < t. From z <t we deduce
that t* <z* hence z* -y <t* >y <t* >it=t* >t =(t*0t") > 0=
t* > 0=t"=t.

Following Proposition 3.2, to prove that A is a Boolean algebra it will
suffice to prove that x V x* = 1, for every z € A.

Obviously, zVz* =z* - 2*=1.0

Theorem 3.20 Let A be a bounded integral residuated lattice. For x € A
the following assertions are equivalent:

(1) x € D(A);
(i) = =2~ = 0;
(ii3) (a®x)~ “and (x®a)~ =a”, for every a € A.
Proof. (i) = (i7). Since (0 > y) ~»0=1~»0=0and (0~ y) - 0=

1 —=0=0 for every y € A, we deduce that 0 € R(A). Let x € D(A); since
0 € R(A), we obtain x — 0=z ~» 0 =0, hence x~ =z~ = 0.
(1) = (7). Let now = € A such that = = 2~ = 0 and r € R(A) (hence

—~ C12

r~~ =r~" =7 by Theorem 3.11). Thenz - r=xz = r "~ =1 ~z =
s 0=r~=randz~wr=z~r~"" Er¥ 52~ =~ 5 0=1r"" =
r, hence ¢ - r =z ~r=r,s0, x € D(A).

(#3) = (i49). From ca2, (a®z)" =a—2~ =a—0=a" and (r®a)~ =
a~x~ =a~0=a".

(#ii) = (4i). For a = 1, we obtain =~ = (1@ z)~ =1~ =0 and z™~ =
(ro1)¥=1"=0,s0z" =2~ =0.0

—~

Example 3.1 If we consider the bounded integral residuated lattice A from
Example 2.2, it is easy to verify that D(A) = {1, c}.

Remark 3.7

1. D(A) C S(A);

2. D(A)NB(A) =D(A)NR(A)=D(A)N Inv( ) ={1};

3. If z € D(A), then (z™)” = (z™)~ =0, so, 2" (A), for every n > 1.

4. D(A) is afilter (see [5], [17]) of A. Indeed, 1 € D( ), because 1~ =1~ = 0.
If v € D(A) and y € A such that x <y, then y~ < 2z~ and y~ < 2™, so
y~ =y~ =0. Wededuce that y € D(A). If z,y € D(A) We have (z0y)~ &
t—y =2—>0=z"=0and (z0y)~ Fy~waz~=y~0=y~=0,s0
(r@y)” =(zoy)~ =0. We deduce that x © y € D(A).
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