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On (k,n)-closed submodules
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Abstract Let R be a commutative ring with 1 6= 0 and M an R-module. We will call a proper sub-
module N of M as a semi n-absorbing submodule of M if whenever r ∈ R, m ∈ M with rnm ∈ N,
then rn ∈ (N :R M) or rn−1m ∈ N . We will say N to be a (k,n)-closed submodule of M if whenever
r ∈ R, m ∈ M with rkm ∈ N, then rn ∈ (N :R M) or rn−1m ∈ N. In this paper we introduce semi
n-absorbing and (k,n)-closed submodules of modules over commutative rings, and investigate their
basic properties.
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1 Introduction

Let R be a commutative ring with 1 6= 0 and I be a proper ideal of R. As stated in
[3], I is called an n-absorbing (resp. strongly n-absorbing) ideal of R if whenever
x1 · · ·xn+1 ∈ I for x1, ...,xn+1 ∈ R (resp. I1 · · · In+1 ⊆ I for ideals I1, ..., In+1 of R),
then there are n of the xi’s (resp. n of the Ii’s) whose product is in I. Recall that
a proper ideal I of R is said to be semi-prime ideal if whenever r2 ∈ I for some
r ∈ R, then r ∈ I. For generalizations of semi-prime ideals the reader may consult
[9]. In [4], D. F. Anderson and A. Badawi said I to be a semi n-absorbing ideal
if xn+1 ∈ I for x ∈ R implies xn ∈ I. Also A. Badawi said that a proper ideal I
of R is a (m,n)-closed ideal if xm ∈ I for x ∈ R implies that xn ∈ I [4]. Let M be
an R-module. A proper submodule N of M is called n-absorbing (resp. strongly
n-absorbing) submodule of M if whenever a1 · · ·anm ∈ N for a1, ...,an ∈ R and
m ∈M (resp. I1 · · · InL ⊆ I for ideals I1, ..., In of R and a submodule L of M), then
either a1 · · ·an ∈ (N :R M) (resp. I1 · · · In ⊆ (N :R M)) or there are n−1 of ai’s (Ii’s)
whose product with m (resp. M) is in N [6]. A proper submodule N of an R-module
M is called semi-prime if whenever r ∈ R and m ∈M with r2m ∈ N, then rm ∈ N.
A proper submodule N of M is called a quasi-prime submodule of M if whenever
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a,b ∈ R, m ∈M with abm ∈ N, then am ∈ N or bm ∈ N. More generally, we define
(k,n)-closed submodules of an R-module M as following: let R be a commutative
ring with identity and k, n be positive integers. We call a proper submodule N of
M as a (k,n)-closed submodule of M if whenever r ∈ R, m ∈ M with rkm ∈ N,
then rn ∈ (N :R M) or rn−1m ∈ N. In particular, we call N as a semi n-absorbing
submodule of M if whenever r ∈ R, m ∈M with rnm ∈ N, then rn ∈ (N :R M) or
rn−1m ∈ N. It is clear that a semi n-absorbing submodule is (n,n)-closed.

Throughout we assume that all rings are commutative with 1 6= 0, all modules
are considered to be unitary and k,n are positive integers. The radical of an ideal
I of R is denoted by

√
I. We denote the set of invertible (unit) elements of R by

U(R), i.e. U(R) = {u ∈ R : there is a v ∈ R such that uv = vu = 1R}. Let N be
a submodule of an R-module M. We will denote by (N :R M) the residual of N
by M, that is, the set of all r ∈ R such that rM ⊆ N. An R-module M is called a
multiplication module if every submodule N of M has the form of IM for some
ideal I of R. Note that, since I ⊆ (N :R M) then N = IM ⊆ (N :R M)M ⊆ N. So
that N = (N :R M)M [7]. For a submodule N of M, if N = IM for some ideal I of
R, then we say that I is a presentation ideal of N. Clearly, every submodule of M
has a presentation ideal if and only if M is a multiplication module. Let N and K
be submodules of a multiplication R-module M with N = I1M and K = I2M for
some ideals I1 and I2 of R. The product of N and K denoted by NK is defined by
NK = I1I2M. Then by [1, Theorem 3.4], the product of N and K is independent
of presentations of N and K. Moreover, for a,b ∈M, by ab, we mean the product
of Ra and Rb. Clearly, NK is a submodule of M and NK ⊆ N ∩K (see [1]). It is
well-known that if R is a commutative ring and M a non-zero multiplication R-
module, then every proper submodule of M is contained in a maximal submodule
of M. [7, Theorem 2.5]. As a generalization of Jacobson radical of R, the radical
of the module M is defined by the intersection of all maximal submodules of M,
that is Rad(M) = ∩{N : N is a maximal submodule of M}. Let N be a proper
submodule of a non-zero R-module M. Then the M-radical of N denoted by M-
rad(N) is defined to be the intersection of all prime submodules of M containing
N. If M has no prime submodule containing N, then we say M-rad(N) = M.

In this study, we give many properties of (k,n)-closed submodules and also ob-
tain relationships among semi n-absorbing submodules, (k,n)-closed submodules
and the other concepts. For general background and terminology, the reader may
consult [2] and [10].

2 Properties of (k,n)-closed submodules

In this section, we introduce and study basic properties of semi n-absorbing and
(k,n)-closed submodules with many examples.

Lemma 2.1 Let N be a proper submodule of an R-module M. Then the following
statements are equivalent:

1. N is a (k,n)-closed submodule of M.
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On (k,n)-closed submodules 3

2. If whenever r ∈ R and L is a submodule of M with rkL ⊆ N, then rn−1L ⊆ N
or rn ∈ (N :R M).

In particular, a proper submodule N of M is a semi n-absorbing submodule of
M if and only if whenever r ∈ R, L a submodule of M with rnL⊆ N implies either
rn ∈ (N :R M) or rn−1L⊆ N.

Proof. (1) =⇒ (2) Suppose that N is a (k,n)-closed submodule of M. Let r ∈ R
and L be a submodule of M with rkL⊆ N. Assume that rn−1L 6⊆ N. So rn−1m /∈ N
for some m ∈ L. Since rkm ∈ N and rn−1m /∈ N, we conclude rn ∈ (N :R M), as
needed.

(2) =⇒ (1) This part is clear. ut
There are some relationships between (k,n)-closed submodules of M and (k,n)-

closed ideals of R.

Theorem 2.2 Let M be an R-module, and N be a proper submodule of M. If N is a
(k,n)-closed submodule of M, then (N :R M) is a (k,n)-closed ideal of R. If M is a
multiplication R-module, then the presentation ideal of a (k,n)-closed submodule
of M is a (k,n)-closed ideal of R.

Proof. Assume that r ∈ R with rk ∈ (N :R M) but rn /∈ (N :R M). Then there is
an element m ∈ M with rnm /∈ N which means that rn−1m /∈ N. Since rkm ∈ N,
rn−1m /∈ N and rn /∈ (N :R M), this situation contradicts with our hypothesis. Thus
(N :R M) is a (k,n)-closed ideal of R. ut

However, the converse of Theorem 2.2 is not true in general. For example, con-
sider N = 6Z as a submodule of Z-module Z. While (N :Z Z) = 6Z is clearly a
(2,1)-closed ideal of Z, N is not (2,1)-closed submodule of Z. In fact 22 ·32 ∈ N
but 21 /∈ (N :Z Z) = 6Z and 20 ·32 /∈ N.

Theorem 2.3 Let N be a proper submodule of the R-module M.

1. If N is a (k,n)-closed submodule of M, then (N :R m) is a (k,n)-closed ideal of
R for each m ∈M\N.

2. If (N :R m) is a (k,n)-closed ideal of R for each m ∈M\N, then N is a (k,n+1)-
closed submodule of M.

Proof. (1) Suppose that rk ∈ (N :R m) and rn /∈ (N :R m) for some m ∈ M\N.
Hence rkm ∈ N but rnm /∈ N which means rn−1m /∈ N. Since N is a (k,n)-closed
submodule of M,we have rn ∈ (N :R M)⊆ (N :R m), a contradiction. Thus (N :R m)
is a (k,n)-closed ideal of R for each m ∈M\N.

(2) Let rkm ∈ N for r ∈ R and m ∈ M. Assume that rn+1 /∈ (N :R M). Since
rk ∈ (N :R m) and (N :R m) is a (k,n)-closed ideal of R for each m ∈ M\N, we
conclude that rn ∈ (N :R m). Therefore rnm ∈ N. This means that N is a (k,n + 1)-
closed submodule of M. ut
Lemma 2.4 Let M be a finitely generated R-module such that M = Rm1 + ...+
Rmt , N be a proper submodule of M and k > n. Then
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1. If (N :R mi) is a (k,n)-closed ideal of R for all i = 1, ..., t, then (N :R M) is a
(k,n)-closed ideal of R. In particular, if M = Rm be a cyclic R-module and N is
a proper submodule of M, then (N :R m) is a (k,n)-closed ideal of R if and only
if (N :R M) is a (k,n)-closed ideal of R.

2. Let R be a division ring and M = Rm be a cyclic R-module. Then (N :R m) is a
(k,n)-closed ideal of R if and only if (N :R m′) is a (k,n)-closed ideal of R for
all elements m′ ∈M.

Proof. (1) Assume that (N :R mi) is a (k,n)-closed ideal of R for all i = 1, ..., t.
Suppose that rk ∈ (N :R M) and rn /∈ (N :R M) for some r ∈ R. Then rn /∈ (N :R m j)

for some j = 1, ..., t. Hence rk /∈ (N :R m j), and so rk /∈ (N :R M) which contradicts
with our assumption. Thus (N :R M) is a (k,n)-closed ideal of R. The ”in particular”
part is clear.

(2) Suppose that R is a division ring and M = Rm is a cyclic R-module. Then
one can easily obtain that (N :R m) = (N :R m′), so we are done. ut
Theorem 2.5 Let R be a division ring and N be a proper submodule of a cyclic
R-module M = Rm.

1. If (N :R m) is a (k,n)-closed ideal of R, then N is a (k,n + 1)-closed submodule
of M.

2. If (N :R m) is a semi n-absorbing ideal of R, then N is a semi (n + 1)-absorbing
submodule of M.

Proof. (1) From Theorem 2.3 and Lemma 2.4 (2), we are done.
(2) Since a semi n-absorbing ideal of R is a (n + 1,n)-closed ideal, N is a (n +

1,n + 1)-closed submodule of M by (1), so it is clear. ut
In Theorem 2.5, the condition ”division ring” on R is necessary. Otherwise, if

(N :R m) is a (k,n)-closed ideal of R, then N is not need to be (k,n + 1)-closed
submodule of M as in the following example.

Example 2.1 Consider N = 8Z as a submodule ofZ-moduleZ. Then (N :Z 1) = 8Z
is (2,1)-closed ideal but N is not (2,2)-closed submodule of M. In fact 22 ·2 ∈ N
but neither 2 ·2 ∈ N nor 22 ∈ (N :Z Z).

Proposition 2.6 Let N be a proper submodule of an R-module M and k > t. Then
the following statements are equivalent:

1. N is a (k,n)-closed submodule of M.
2. (N :R rkm) = (N :R rn−1m) or rn ∈ (N :R M) for r ∈ R and m ∈M.

Proof. (1)⇒(2) Suppose that N is a (k,n)-closed submodule of M and rn 6∈ (N :R
M). Let s ∈ (N :R rkm). Hence rk(sm) ∈ N. Since N is (k,n)-closed and rn /∈ (N :R
M), we get rn−1sm ∈ N. It follows s ∈ (N :R rn−1m), that is (N :R rkm) ⊆ (N :R
rn−1m). Since the inverse inclusion is always hold, this completes the proof.

(2)⇒(1) Suppose that r ∈ R, m ∈M with rkm ∈ N. If rn ∈ (N :R M), then we are
done. So assume that (N :R rkm) = (N :R rn−1m). Thus rn−1m ∈ N, as needed. ut
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The relations among the concepts of semi-prime, semi-n-absorbing, quasi-prime, n
absorbing submodules and (k,n)-closed submodules are provided in the following
theorem.

Theorem 2.7 Let M be an R-module and N be a proper submodule of M. Then the
following statements hold:

1. Let N be a semi-prime submodule of M. Then N is a (k,n)-closed submodule of
M for all positive integers k and n.Moreover N is a semi n-absorbing submodule
of M for all positive integer n.

2. If N is an n-absorbing submodule of M, then N is a semi n-absorbing submodule
of M .

3. If N is an n-absorbing submodule of M, then N is a (k,n)-closed submodule of
M for every positive integer k.

4. If N is a (k,n)-closed submodule of M, then N is a (k1,n1)-closed submodule of
M for all k1 ≤ k and n1 ≥ n.

5. If N is a semi n-absorbing submodule of M, then N is a semi n1-absorbing sub-
module of M for all n1 ≥ n.

6. If N is a quasi-prime submodule of M, then N is a (k,n)-closed submodule of M
for all positive integers k ≥ n≥ 2.

Proof. (1), (2), (3) and (4) are clear from the definitions.
(5) Induction method on n. For n = 1, it is clear. So suppose that n≥ 2 and N is a

semi (n−1)-absorbing submodule of M. We show that N is semi n-absorbing. Let
r ∈ R and m ∈M with rnm ∈ N. Assume that rn ∈ (N :R M). Hence rn−1(rm) ∈ N
which implies that rn−2(rm) = rn−1m ∈ N by introduction hypothesis. Thus N is a
semi n-absorbing of M for all n1 ≥ n.

(6) We show that N is a (k,2)-closed submodule of M for all k ≥ 2 by using
mathematical induction on k. Suppose that N is a quasi-prime submodule of M.
Then N is a (k,2)-closed submodule of M for k = 2 directly from their definitions.
Now suppose that N is a (t,2)-closed submodule of M for all 2 ≤ t < k and our
aim is to show that N is (k,2)-closed. Let rkm ∈ N for r ∈ R and m ∈M. Assume
that r2 /∈ (N :R M). Since rk−1(rm) ∈ N, and N is (k− 1,2)-closed by induction
hypothesis, we conclude that r(rm) = r2m ∈ N. Since N is (2,2)-closed and r2 /∈
(N :R M), we get rm ∈ N. Thus N is a (k,2)-closed submodule of M for all k ≥ 2.
Consequently, N is a (k,n)-closed submodule of M for all positive integers n with
k ≥ n≥ 2 by (4). ut

Example 2.2 The converses of (1)-(6) in Theorem 2.7 are not true in general as
these situations are shown in the following examples.

1. Let N = 30Z as a submodule of the Z-module Z. Since N = 2Z∩3Z∩5Z is in-
tersection of semi-prime submodules of Z, it is semi 2-absorbing ((2,2)-closed)
submodule of Z from Theorem 2.10. Also it is (3,2)-closed submodule of Z
from Theorem 2.7 (4). However N is not 2-absorbing submodule of Z. In fact
2 ·3 ·5 ∈ N but 2 ·3 /∈ (N :Z Z) and 2 ·5 /∈ N and 3 ·5 /∈ N. So the converses of
(2) and (3) are not true.
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2. Consider the submodule N =
(
0
)

of Z-module Zpn where p is a prime and n
is positive integer. Then N is a (n,n)-closed submodule of Zpn , but N is not
(n,n−1)-closed as pn1 = 0 ∈ N but neither pn−21 ∈ N nor pn−1 ∈ (N :Z Zpn) =
(pn). Note that N in Z-module Zpn is a semi n-absorbing submodule of Zpn ,
but it is not quasi-prime as pn1 ∈ N but p1 6∈ N. Also it is not semi (n− 1)-
absorbing (it is also not semi-prime clearly) submodule as pn−1 p∈N but neither
pn−1 ∈ (N :Z Z) nor pn−2 p = pn−1 ∈ N. Thus the coverses of (1), (4), (5) and
(6) are not true.

Theorem 2.8 Let N be a proper submodule of M. If N is a semi n-absorbing sub-
module of M, then N is a (k,n)-closed submodule of M for all positive integer
k.

Proof. If k ≤ n, the claim is clear. So suppose that k > n and say t := k− n. Let
rkm∈N for some r∈R and m∈M. Assume that rn /∈ (N :R M).Hence rn(rtm)∈N.
Since N is semi n-absorbing and rn /∈ (N :R M), we get rn−1(rtm) = rn(rt−1m) ∈
N. This follows rn−1(rt−1m) = rn(rt−2) ∈ N as again N is a semi n-absorbing
submodule of M. It implies that rn(rt−3m)∈N. So we continue with this argument
and obtain that rnm ∈ N at the tth step. Finally we conclude rn−1m ∈ N which
means that N is a (k,n)-closed submodule of M. ut
Corollary 2.9 Let N be a proper submodule of M and k > n. Then N is a (k,n)-
closed submodule of M if and only if N is a semi n-absorbing submodule of M.

Proof. Suppose that N is (k,n)-closed and rnm ∈ N for r ∈ R and m ∈ M. So
rkm ∈ N, and this implies that either rn ∈ (N :R M) or rn−1m ∈ N. Thus N is a semi
n-absorbing submodule of M. The converse part follows from Theorem 2.8. ut
Theorem 2.10 Let {Nλ}λ∈Λ be a family of semi-prime submodules of M. Then
∩λ∈Λ Nλ is a (k,n)-closed submodule of M for all positive integers k and n.

Proof. Suppose that rkm ∈ ∩λ∈Λ Nλ for r ∈ R and m ∈M. Then rkm ∈ Nλ for all
λ ∈Λ . Since each Ni is semi-prime, we conclude that rm∈Nλ for all λ ∈Λ . Thus
rm ∈ ∩λ∈Λ Nλ which means that rn−1m ∈ ∩λ∈Λ Nλ for all n. From Theorem 2.7
(4), ∩λ∈Λ Nλ is (k,n)-closed for all integers k and n. ut
Corollary 2.11 Let N be a proper submodule of an R-module M. Then M−rad(N)
and Rad(M) are (k,n)-closed submodules of M for all integers k and n.

Proof. The result is follows from Theorem 2.10. ut
Lemma 2.12 [5] Let R be a commutative ring, M a finitely generated multiplica-
tion R-module and N1, ...,Nt are pairwise comaximal R-submodules of M. Then
the following statements hold:

1. N1N2 = N1∩N2.
2. N1∩·· ·∩Nt−1 and Nt are comaximal.
3. N1 · · ·Nt = N1∩·· ·∩Nt .
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Theorem 2.13 Let M is finitely generated multiplication R-module and N1, ...,Nt
be semi-prime submodules of M. If N1, ...,Nt are pairwise comaximal, then N1...Nt
is a (k,n)-closed submodule of M for all positive integers k and n. In particular, if
N is semi-prime, then Nn is a (k,n)-closed submodule of M.

Proof. It follows from Theorem 2.10 and Lemma 2.12. ut
D.F. Anderson and A. Badawi proved in Theorem 2.3 [4] that the intersection

of two semi n-absorbing ideals is also a semi n-absorbing ideal of R. However this
situation is not true for submodules of any module. The intersection of two semi
n-absorbing submodule may not to be semi n-absorbing as the following:

Example 2.3 Consider Z as Z-module and two submodules N = pnZ and K = qnZ
of Z where p and q are prime integers. Clearly both of them are semi n-absorbing
submodules of Z. However N∩K = pnqnZ is not semi n-absorbing since pn(qn)∈
N∩K but pn−1(qn) /∈ N∩K and pn /∈ (N∩K :Z Z).

Theorem 2.14 Let {Nλ}λ∈Λ be a chain of (k,n)-closed submodules of an R-modu
le M. Then

⋂
λ∈Λ

Nλ is a (k,n)-closed submodule of M.

Proof. Let rkm ∈ N for r ∈ R and m ∈ M. If rn ∈ (Nλ :R M) for all λ ∈ Λ , then
rn ∈∩(Nλ :R M) = (∩Nλ :R M), we are done. Supose that rn /∈ (Nλ0 :R M) for some
λ0 ∈Λ . Then rn /∈ (Nλ :R M) for all Nλ ⊆Nλ0 . Hence rn−1m∈Nλ for all Nλ ⊆Nλ0

as each Nλ is (k,n)-closed. Therefore rn−1m ∈ ⋂
λ∈Λ

Nλ which means that
⋂

λ∈Λ
Nλ is

a (k,n)-closed submodule of M. ut
Theorem 2.15 Let N1 and N2 be proper submodules of an R-module M.

1. If N1 is a semi n1-absorbing and N2 is a semi n2-absorbing submodule of M,
then N1∩N2 is semi (n + 1)-closed submodule of M where n = max{n1,n2}.

2. If N1, ...,Nt be semi n-absorbing submodules of M. Then N1∩ ·· ·∩Nt is a semi
(nt + t)-absorbing submodule of M.

3. If N1, ...,Nt be semi nt-absorbing submodules of M. Then N1∩·· ·∩Nt is a semi
(nt + 2)-absorbing submodule of M where n = max{n1, ...,nt}.

Proof. (1) Let r ∈ R and m ∈ M such that rn+1m ∈ N1 ∩N2. First observe from
Corollary 2.9 that N1 and N2 are (n,n1)-closed and (n,n2)-closed submodules of
M, respectively. Hence we have rn1 ∈ (N1 :R M) or rn1−1m∈N1 and rn2 ∈ (N2 :R M)
or rn2−1m∈N2. If rn1 ∈ (N1 :R M) and rn2 ∈ (N2 :R M), then rn ∈ (N1 :R M)∩(N2 :R
M) = (N1 ∩N2 :R M). If rn1 ∈ (N1 :R M) and rn2−1m ∈ N2, then rnm ∈ N1 ∩N2.
If symmetrically rn1−1m ∈ N1, and rn2 ∈ (N2 :R M), then again we have rnm ∈
N1∩N2. For the last, if rn1−1m ∈ N1 and rn2−1m ∈ N2, then rn−1m ∈ N1∩N2. Thus
we conclude either rn+1 ∈ (N1∩N2 :R M) or rnm ∈ (N1∩N2 :R M), as needed.

(2) One can easily obtain the proof by using induction method on t.
(3) We use induction method on t. If t = 3, then the claim is clear from (1) and

(2). So assume that t > 3 and the claim is satisfied for t−1. Then N1∩ ·· ·∩Nt−1
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is semi (nt−1 + 2)-absorbing. If nt−1 + 2 < nt , then N1 ∩ ·· · ∩Nt is semi (nt−1 +
1)-absorbing submodule of M by part (1). Thus N1 ∩ ·· · ∩Nt is semi (nt−1 + 2)-
absorbing submodule of M by Theorem 2.7 (5). If nt−1 +2 = nt , then N1∩·· ·∩Nt
is semi (nt−1 + 2)-absorbing submodule of M by part (2). If nt−1 + 2 > nt , then
N1∩·· ·∩Nt is (nt−1 +3)-absorbing by part (1). Here observe that nt−1 +3 = nt +2
as nt−1 + 2 > nt and nt−1 < nt . Therefore N1∩ ·· ·∩Nt is semi (nt + 2)-absorbing
submodule of M. ut
Theorem 2.16 Let R be a division ring, M a cyclic R-module, and N1, ...,Nt be
(k j,n j)-closed submodules of M. Then N1∩ ...∩Nt is a (k,n+1)-closed submodule
of M for all integers k ≤min{k1, ...,kt} and n≥min{k,max{n1, ...,nt}}.
Proof. Suppose that N1, ...,Nt are (k j,n j)-closed submodules of M. Hence (N1:R

M), ...,(Nt :R M) are (k j,n j)-closed ideals of R by Theorem 2.2. Then
t⋂

j=1
(N j :R

M) = (
t⋂

j=1
N j :R M) is a (k,n)-closed ideal of R for k ≤ min{k1, ...,kt} and n ≥

min{k,max{n1, ...,nt}} by Theorem 2.3 in [4]. Thus we conclude that
t⋂

j=1
N j is a

(k,n + 1)-closed submodule of M by Theorem 2.5. ut
A non-zero submodule N of an R-module M is called a secondary submodule of

M if for each r ∈ R the homothety N r→N is surjective or nilpotent (resp. surjective
or zero). In this case P =

√
(0 :R N) is a prime ideal, and we call N a P-secondary

submodule of M. For more details concerning secondary submodule of a module
refer to [8].

Theorem 2.17 Let N be a secondary submodule of an R-module M. If K is a semi
n-absorb-ing submodule of M, then N∩K is a secondary submodule of M.

Proof. Suppose that N is a P-secondary submodule of M and r ∈ R. If r ∈ P =√
(0 :R N), then clearly r ∈

√
(0 :R N∩K). So assume that r /∈ P. Since rn /∈ P for

all n≥ 0, this implies that rnN = N. It is needed to show that r(N∩K) = (N∩K).
Let m ∈ N ∩K. Since N = rnN, there is an element m1 of N such that m = rnm1 ∈
N ∩K ⊆ K. Since K is semi n-absorbing, we conclude either rn ∈ (K :R M) or
rn−1m ∈ K. If rn ∈ (K :R M), then N = rnN ⊆ K, and so r(N ∩K) = rN = N ∩K.
If rn−1m ∈ K, then m = rnm1 ∈ r(N∩K), we are done. ut
Corollary 2.18 Let N and K be proper submodules of an R-module M with K ⊆
N. If N is a secondary semi n-absorbing submodule of M, then K is a semi n-
absorbing submodule of M.

Proof. This is a direct consequence of Theorem 2.17. ut
Let N and K be submodules of M with K ⊆ N. If N is a semi n-absorbing sub-

module of M, then K is not need to be a semi n-absorbing submodule of M as the
following example verifying this case. So Example 2.4 shows that the condition
”secondary” in Corollary 2.18 is necessary.
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Example 2.4 Consider a submodule N = 4Z of Z-module Z and K = 12Z. Then K
is clearly a semi 2-absorbing submodule and K ⊆N, but N is not semi 2-absorbing
submodule of M as 22 ·3 ∈ K but 22 /∈ (K :R M) and 2 ·3 /∈ K.

Let R be an integral domain. Recall that if for every element r of its field of
fractions F , at least one of r or r−1 belongs to R, then R is called valuation domain.

Proposition 2.19 Let R be a valuation domain with quotient field K. Let M be an
R-module and N a proper submodule of M Then N is a semi n-absorbing sub-
module of M if and only if whenever r ∈ K, m ∈ M with rn+1 ∈ N implies that
rnm ∈ N.

Proof. Suppose that N is a semi n-absorbing submodule of M. Assume that rn+1m
∈ N but rn+1 /∈ (N :R M) for some r ∈ K and m ∈M. If r ∈ R, then we are done.
So assume that r /∈ R. Since R is a valuation domain, r−1 ∈ R. Hence we get
r−1(rn+1m) = rnm ∈ N. The converse part is clear. ut
Definition 2.20 Let N be a proper submodule of M.

1. N is said to be strongly semi n-absorbing submodule if whenever I is an ideal and
L is a submodule of M with InL⊆ N implies that In ⊆ (N :R M) or In−1L⊆ N.

2. N is said to be strongly (k,n)-closed submodule if whenever I is an ideal and L
is a submodule of M with IkL⊆ N implies that In ⊆ (N :R M) or In−1L⊆ N.

Note that every strongly (k,n)-closed submodule is a (k,n)-closed submodule
of M. Clearly a (k,1)-closed submodule is also a strongly (k,1)-closed submodule
of M. Also observe that a strongly semi n-absorbing submodule is a n-absorbing
submodule of M.

Lemma 2.21 Let N be a proper submodule of M. Then the following statements
are equivalent:

1. N is a strongly (k,n)-closed submodule of M.
2. If I is an ideal of R and m ∈M with Ikm⊆ N, then In ⊆ (N :R M) or In−1m⊆ N.

Proof. (1) =⇒ (2) It is obvious.
(2) =⇒ (1) Suppose that IkL ⊆ N for an ideal I of R and a submodule L of M.

Assume that In−1L* N. Then there is an element m of L such that In−1m* N for
some m ∈ L. Since Ikm ⊆ N, we have In ⊆ (N :R M) by (2). Thus N is a strongly
(k,n)-closed submodule of M. ut
Theorem 2.22 Let R be a principal ideal domain and N be a proper submodule of
an R-module M. Then the following are equivalent:

1. N is a (k,n)-closed submodule of M.
2. N is a strongly (k,n)-closed submodule of M.

Proof. (1) =⇒ (2) Since I is principal, I = (a) for some a ∈ R. So we are done by
Lemma 2.21.

(2) =⇒ (1) It is clear. ut

181



10 Ece Yetkin Celikel

Proposition 2.23 Let N be a proper submodule of an R-module M. If N is a (k,n)-
closed submodule of M, then (N :M I) = {m ∈ M : Im ⊆ N} is a (k,n)-closed
submodule of M for all ideal I of R. Moreover if N is a strongly (k,n)-closed
submodule of M, then (N :M Ik) = (N :M In−1).

Proof. Suppose that rkm ∈ (N :M I) for r ∈ R and m ∈M. Hence rkIm⊆ N, which
implies that either rn ∈ (N :R M) or rn−1Im ⊆ N by Lemma 2.1. This means rn ∈
((N :R M) :R I) = ((N :M I) :R M) or rn−1m ∈ (N :M I). Thus (N :M I) is a (k,n)-
closed submodule of M for all ideal I of R. Now suppose that N is a strongly
(k,n)-closed submodule of M. Since (N :M In−1) ⊆ (N :M Ik) is always true, it is
sufficient to show the inverse inclusion. Let m ∈ (N :M Ik). Then Ikm ∈ N, and we
have In ⊆ (N :R M) or In−1m∈N from Lemma 2.21. If In−1m∈N, then m∈ (N :M
In−1), so we are done. So suppose that In ⊆ (N :R M). Thus Ik ⊆ (N :R M), as
needed. ut
Theorem 2.24 Let N be a proper submodule of M. Then the following statements
are equivalent:

1. N is a strongly (k,n)-closed submodule of M.
2. For any ideal I of R and N ⊆ L a submodule of M with IkL ⊆ N implies that

In ⊆ (N :R M) or In−1L⊆ N.

Proof. (1) =⇒ (2) It is clear.
(2) =⇒ (1) Let K be a submodule of M and I an ideal of R such that IkK ⊆ N.

Hence Ik(K + N) = IkK + IkN ⊆ N. Put L = K + N. Since N is strongly (k,n)-
closed, we conclude that either In ⊆ (N :R M) or In−1L ⊆ N by hypothesis (2).
Thus In ⊆ (N :R M) or In−1K ⊆ N. ut
Theorem 2.25 Let N be a (k,2)-closed submodule of M, and L a submodule of M.
Then:

1. If LkM ⊆ N, then 2L2 ⊆ (N :R M).
2. If 2 ∈U(R), then N is a strongly (k,2)-closed submodule of M.

Proof. (1) Suppose that LkM ⊆ N. Then lk
1m, lk

2m, (l1 + l2)km ∈ N for all m ∈M,
for all l1, l2. Since N is (k,2)-closed, we conclude that (either l2

1 ∈ (N :R M) or
l1m ∈ N) and (either l2

2 ∈ (N :R M) or l2m ∈ N) and (either (l1 + l2)2 ∈ (N :R M) or
(l1 + l2)m ∈ N) which means l2

1m, l2
2m, (l1 + l2)2 ∈ N. Then 2l1l2m = ((l1 + l2)2−

l2
1 − l2

2)m ∈ N. Thus 2L2M ⊆ N, and so 2L2 ⊆ (N :R M).
(2) Let 2 ∈U(R). Since 2L2M ⊆ N from (1), we conclude that L2 ⊆ (N :R M).
ut

Now we extend well-known results about prime submodules, n-absorbing sub-
modules and (m,n)-closed ideals to (k,n)-closed submodules.

Theorem 2.26 Let N be a proper submodule of M, and S be a multiplicatively
closed subset of R such that (N :R M)∩ S = /0. If N is a (k,n)-closed submodule
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of M, then S−1N is a (k,n)-closed submodule of S−1M. In particular, if N is a
semi n-absorbing submodule of M, then S−1N is a semi n-absorbing submodule of
S−1M.

Proof. Let
(

r
s1

)k(
m
s2

)
∈ S−1N. Hence urkm ∈ N for some u ∈ S. Hence (ur)km ∈

N. Since N is (k,n)-closed, (ur)n−1m ∈ N or (ur)n ∈ (N:RM) which follows either(
r
s1

)n−1(
m
s2

)
= un−1rn−1

un−1sn
1

m
s2
∈ S−1N or

(
r
s1

)n
= unrn

unsn
1
∈ S−1(N :R M)⊆ (S−1N :S−1R

S−1M). ”In particular” part is clear as a semi n-absorbing submodule is a (n,n)-
closed submodule of M. ut

Corollary 2.27 Let S be a multiplicatively closed subset of R such that S∩ (N :R
M) = /0 with 2 ∈ S. If N is a strongly (k,2)-closed submodule of M, then S−1N is a
strongly (k,2)-closed submodule of S−1M.

Proof. Let S−1K be a submodule of S−1M such that (S−1K)k(S−1M) ⊆ S−1N.
Since 2 ∈ S, 2 /∈U(S−1R), we are done by Theorem 2.25 (2). ut

Corollary 2.28 Let N be a proper submodule of M, and P a prime submodule of
M containing N. Then N is a (k,n)-closed submoule of M if and only if NP is a
(k,n)-closed submodule of MP.

Proof. If N is a (k,n)-closed submodule of M, then NP is a (k,n)-closed submodule
of MP by Theorem 2.26. Conversely suppose that r ∈ R, m ∈ M with rkm ∈ N.
Let Ω = {u ∈ R : urnm ∈ N}. Then

( r
1

)k m
1 ∈ NP implies that

( r
1

)n−1 m
1 ∈ NP or( r

1

)n ∈ (NP :RP MP) as NP is (k,n)-closed. Therefore urnm ∈ NP for some u ∈ R\P.
Hence Ω * P. Also Ω * P′ where P′ is any prime submodule of M with I * P′.
Therefore Ω = R, which means that rnm ∈ N. Thus N is a (k,n)-closed submodule
of M. ut

Theorem 2.29 Let M, M′ be R-modules, and f : M→M′ an R-module homomor-
phism.

1. If N′ is a (k,n)-closed (resp. semi n-absorbing) submodule of M′, then f−1(N′)
is a (k,n)-closed (resp. semi n-absorbing) submodule of M.

2. If f is onto and N is a (k,n)-closed (resp. semi n-absorbing) submodule of M
containing Ker f , then f (N) is a (k,n)-closed (resp. semi n-absorbing) submod-
ule of M′

Proof. The reader can easily obtain the proof, so it is omitted. ut

Corollary 2.30 Let M, M′ be R-modules and N, K be proper submodules of M.
Then the following statements hold:

1. If M ⊆ M′ and N is a (k,n)-closed (resp. semi n-absorbing) submodule of M′,
then N∩M is a (k,n)-closed (resp. semi n-absorbing) submodule of M.
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2. If K ⊆ N, then N/K is a (k,n)-closed (resp. semi n-absorbing) submodule of
M/K if and only if K is a (k,n)-closed (resp. semi n-absorbing) submodule of
M.

Theorem 2.31 Let M1, M2 be R-modules with M = M1⊕M2, and let N1, N2 be
proper submodules of M1, M2, respectively.

1. N1 is a (k1,n1)-closed submodule of M1 if and only if N1⊕M2 is a (k,n)-closed
submodule of M1⊕M2 for all positive integers k1 ≤ k and n≥ n1.

2. N2 is a (k2,n2)-closed submodule of M2 if and only if M1⊕N2 is a (k,n)-closed
submodule of M1⊕M2 for all positive integers k2 ≤ k and n≥ n2.

Proof. (1) Suppose that N1 is a (k1,n1)-closed submodule of M1. Assume that
rk1(m1,m2) ∈ N1⊕M2 but rn1−1(m1,m2) /∈ N1⊕M2. Then rn1−1m1 /∈ N1, which
implies rn1 ∈ (N1 :R M1). Thus rn1 ∈ (N1⊕M2 :R M). Consequently, N1⊕M2 is
a (k,n)-closed submodule of M1⊕M2 for all positive integers k1 ≤ k and n ≥ n1
by Theorem 2.7 (4). The converse part can be obtained easily by using the similar
argument.

(2) It can be easily verified similar to (1). ut

Theorem 2.32 Let M1, M2 be R-modules, N1 be a (k1,n1)-closed submodule of
M1, and N2 be a (k2,n2)-closed submodule of M2. Then N1⊕N2 is a (k,n)-closed
submodule of M1⊕M2 for all positive integers k ≤min{k1,k2} and n≥max{n1,
n2}+ 1.

Proof. Suppose that r∈R and (m1,m2)∈M such that rk(m1,m2)∈N1⊕N2. Hence
rkm1 ∈N1. Since rk1m1 ∈N1 and N1 is a (k1,n1)-closed submodule of M1, we have
rn1m1 ∈ N1. Similarly, since rk2m2 ∈ N2 and N2 is a (k2,n2)-closed submodule of
M2, we get rn2m2 ∈ N2. Thus rnm1 ∈ N1 and rnm2 ∈ N2 for all n ≥ max{n1,n2}.
Therefore rn(m1,m2) ∈ N1⊕N2, as needed. ut

D.F. Anderson and A. Badawi determined in [4] when the powers of principal
prime ideal or the ideals of the form pt1

1 ...p
ti
i where p1, ..., pt are non associate

prime elements of R and t1, ..., tn are positive integers are (m,n)-closed ideal of
an integral domain R. Analogous to them, we may conclude many results for sub-
modules of multiplication modules over commutative rings. Some of them are
presented as the following.

Theorem 2.33 Let R be an integral domain and M a multiplication R-module. Let
(N :R M) = ptR where p is prime element of R and k > 0. If N is a (k,n)-closed
submodule of M, then the following statements are hold:

1. t = ka+r,where a and r are integers such that a≥ 0, 1≤ r≤ n, a(k modn)+r≤
n, and if a 6= 0, then k = n + c for an integer c with 1≤ c≤ n−1.

2. If k = bn+c for integers b and c with b≥ 2 and 0≤ c≤ n−1, then t ∈ {1, ...,n}.
If k = n + c for an integer c with 0≤ c≤ n−1, then t ∈ ∪n

h=1{ki + h : i ∈ Z and
0≤ ic≤ n−h}.
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Proof. Suppose that N is a (k,n)-closed submodule of M. Then (N :R M) is a
(k,n)-closed ideal of M by Theorem 2.2. So we are done from Theorem 3.1 in [4].
ut

Corollary 2.34 Let M be a multiplication R-module where R is an integral do-
main, and (N :R M) = ptR where p is prime element of R, t > 0. If N is a semi
n-absorbing submodule of M, then t = na+ r, where a and r are integers such that
a≥ 0, 1≤ r < n; that is t ∈ ∪n

h=1{ni + h : i ∈ Z and 0≤ i< n−h}.

Proof. Since a semi n-absorbing submodule is a (n,n)-closed submodule of M, the
resut is clear by Theorem 2.33. ut

Corollary 2.35 Let R be an integral domain and (N :R M) = ptR where p is a
prime element of R and t is a positive integer. Then N is a semi 2-absorbing sub-
module of M, then t ∈ {1,2}.

Consider a Z-module M = Z and a submodule N = 23Z of M. It is shown in
Example 2.1 that N is not a semi 2-absorbing submodule of M for t = 3.

Theorem 2.36 Let R be a principal ideal domain, N a proper submodule of a
multiplication R-module M and k, n be integers with 1≤ n≤ k. If N is a (strongly)
(k,n)-closed submodule of M, then N = Pt1

1 · · ·P
ti
i where P1, ...,Pi are nonassociate

prime submodules of M, t1, ..., ti are positive integers, and one of the following two
conditions holds:

1. If k = bn+c for integers b and c with b≥ 2 and 0≤ c≤ n−1, then t j ∈ {1, ...,n}
for every 1≤ j ≤ i.

2. If k = n + c for an integer c with 0 ≤ c ≤ n− 1, then t j ∈ ∪n
h=1{kv + h : v ∈ Z

and 0≤ vc≤ n−h} for every 1≤ j ≤ i.

Proof. Suppose that N is (k,n)-closed submodule of M. Then (N :R M) is a (k,n)-
closed ideal of R by Theorem 2.2. Hence (N :R M) = pt1

1 · · · p
ti
i R for some nonas-

sociate prime elements of R, t1, ..., ti are positive integers, and the conditions (1)
or (2) is satisfied for k and n by [4]. Thus N = pt1

1 · · · p
ti
i M. Put Pti

i = pti
i M for all

i = 1, ..., t, so N = Pt1
1 · · ·P

ti
i , we are done. ut

Theorem 2.37 Let N be a proper submodule of a multiplication R-module M
where R is an integral domain and k, n be integers with 1 ≤ n ≤ k. Suppose that
N = Pt , where P is a prime submodule of M and t is a positive integer. If N is a
(k,n)-closed submodule of M, then one of the following statements holds:

1. 1≤ t ≤ n.
2. There is a positive integer a such that t = ka + r = na + d for an integer r and d

with 1≤ r, d ≤ n−1.
3. There is a positive integer a such that t = ka+ r = n(a+1) for an integer r with

1≤ r ≤ n−1.

Proof. From Theorem 2.2 and Theorem 3.8 in [4], the result is clear. ut
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