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Positive periodic solutions for an iterative differential equation
related to a discrete derivatives sequence

Houyu Zhao

Abstract In this paper, we use Krasnoselskii’s fixed point theorem to study the existence and unique-
ness of periodic solutions of a class of iterative differential equation

1
L) (o)) - (fule))

where K € R\ {0},q; € R, f;(¢) denotes ith iterate of f(r),i = 1,2,...,n. The above equation is
closely related to a discrete derivatives sequence F’(m) (see [Y.-E.S. Pétermann, Jean-Luc Rémy,
Ilan Vardi, Discrete derivatives of sequences, Adv. in Appl. Math. 27 (2001) 562-584]).
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1 Introduction

Consider a sequence F : N — N which is nondecreasing and onto. Then the quan-
tity defined by

1

F'(m):= ———,
[F=1(F (m))]

where as usual F~! (k) denotes the set {/|F () = k}, can be interpreted as the slope

of F at m. The function F’ : N — R is called the discrete derivative of F. If the

sequence F is defined by |[F~!(k)| = F (k) in which k appears exactly F (k) times,

then its discrete derivative is
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2 Houyu Zhao

This is known as Golomb’s sequence (see [3,8]). Golomb [3] asked for an asymp-
totic formula for the Golomb’s sequence. Marcus in [3] suggested and Fine in [3]
(see also [5]) proved that F (m) is approximated by

1+v5\3%2 s
(2) m

for sufficiently large m. Marcus’ idea is based on the conjecture that an asymptote
f(t) of {F(m)} satisfies the functional differential equation

1
f)=
fof()
Recently, Y.-E.S. Pétermann, in [6] and [7], considered the increasing solutions of
Eq. (1.1) and discovered a link between a particular solution of

1
/
1) =
T0= KRB o
and the asymptotic behaviour of sequence F, where f;(z) denotes ith iterate of
f(t),i=1,2,...,n.In[12], by Schroder transformation, Si and Zhao discussed the
analytic solutions of (1.2) under the Brjuno condition.

Since Burton [1] applied Krasnoselskii’s fixed theorem to prove the existence of
periodic solutions, this theorem has been extensively used in proving stability, pe-
riodic of solutions and boundedness of solutions in functional differential (differ-
ence) equations. 2005, Raffoul [10] used fixed point theorem to show a nonlinear
neutral system

. (1.1

(1.2)

d

27 (0 —ax(t = )] = r(0)x(r) = f(1,x(r = 7))

has a periodic solution. Some other works can also be found in [2], [4], [9], [11],
[14].

In this paper, we consider the existence of periodic solutions of Eq. (1.2).
Throughout this paper, we assume that K > 0,a; € R. For convenience, we will
make use C(R,R) to denote the set of all real valued continuous functions map R
into R.

For T > 0, define

Py = {feC(R,R) f(+T) = f(t), Ve eR}.

Then &7 is a Banach space with the norm

1= max 1£(0)] = max |£(0).

teR
For p,P > 0,L > 0, define the set

Zr(p,PL) = {f € Pr:p<f(t) <P |f(ta) - f(t1)| < Llta —t1], Vi1, € R},

which is a closed convex and bounded subset of &2y, and we wish to find T-
periodic functions f € Zr(p,P,L) satisfies (1.2).
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Positive periodic solutions for an iterative differential equation 3

2 Periodic solutions of (1.2)

In this section, the existence of periodic solutions of equation (1.2) will be proved.
Now let us state the Krasnoselskii’s fixed point theorem, which will be used to
prove our main theorem.

Theorem 2.1 (Krasnoselskii [13]) Let Q be a closed convex nonempty subset of a
Banach space (B, || - ||). Suppose that A and B map Q into B such that

(i) A is compact and continuous,

(ii) B is a contraction mapping.

(iii) x,y € , implies Ax+ By € Q,

Then there exists z € £ with 7z = Az+ Bz.

We begin with the following lemma.
Lemma 2.2 For any ¢,y € Zr(p,P,L),
n—1
||<pn—wn||§j_ZOLfH<p—wll,n=1,2,..-. @1
The result can be obtained by the definition of ¢ (p,P,L).
Lemma 2.3 If f € Py, then f is a solution of equation (1.2) if and only if

t+T 1
i) = /z (fi(s) @ (fa(s))% - (fals))n

+T
+ F($)G(¢,s)ds.

G(t,s)ds

where

eK(s—t)

Proof. Itis easy to find Eq (1.2) can be written in the form of

eKt

(AO) (H0)= - (fulr))®

Let f € &1 be a solution of (2.3), integrate from 7 to ¢ + T to obtain

Kf'(1)e" + f(1)eX = + ()X, (23)

eKs

+T
/t (fi(s)n(fa(s))®2--- (fa(s))
t+T
—i—/t f(s)eXsds

ds

F+T)eEKT) — f(r)ekt =
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4 Houyu Zhao

Using the fact f(r+T) = f(¢), the above expression can be put in the form

B t+T 1 eK(sft)d
0= | GG
t+T K1)
+ . f(s)eKTi_lds

This completes the proof. O

It is clear that G(t,s) = G(t + T,s+T) for all (¢,s) € R?, and for s € [t,t + T,
we have

1 KT

e
=—— <|G(t <—F =M. 2.4
m=ger =y <1609 < ey @4

Now we will need to construct two mappings that satisfy the hypotheses of The-
orem 2.1. To this aim, consider the maps A, B : &y (p,P,L) — P defined as fol-
lows:

t+T 1
/, (fi(s))a(fa(s))®2--- (fu(s))

(Af)(r) = G(t,s)ds, t € R, (2.5)
t+T
(Bf)(1) = /, F(5)G(1,5)ds, t € R, (2.6)

where G(¢,s) is defined as in (2.2).
Lemma 2.4 The operator A is continuous and compact on Pr(p,P,L).

Proof. Take @,y € Pr(p,P,L),t € R. Using (2.1) we have

(i)™ = (wi(r) ™
= laillE 11| @itr) — (o)

i—1
<lailp™ 'Y Lo —vl,
=0

J

where & (1) lies between ¢;(7) and y;(t).
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Positive periodic solutions for an iterative differential equation 5

From (2.4),
[(A@) (1) — (Ay)(1)|

t+T
=0 [ (@i(9) (@) (uls))

—(W1 () (wa(s)) ™+~ (Yals))

t+T
<m
t

ds

<(<P1 ()" = (w (5))_a')(§02(5))_a2"-((pn(s))_“" +...

+(yr(s) "4 (g_q (s)) "%t <((pn(s))*an _ (llfn(s))fa"> ds
n i—1
< Tp Eae DY Y Hlailo - vl
i=1j=0

This proves the continuity of A.

Now we will show that A is a compact map. It is easy to see that &7 (p,P,L)
is uniformly bounded and equicontinuous on R, then using Arzela-Ascoli theorem
we know Zr(p, P,L) is a compact set. Since A is continuous, it maps compact sets
into compact sets, therefore A is compact. This completes the proof. O

Lemma 2.5 I[f MT <1, then the operator B is a contraction mapping on
{@T (p7 P7 L)

Proof. Take @,y € Pr(p,P,L). Then
t+T
1Bo— Byl <M max [ |o(s)~ y(s)|ds < MT o~ v,
t€0,T] Jt
hence B defines a contraction mapping. O

Theorem 2.6 Suppose MT < 1 and the following inequalities hold
MTp~ Y14 < (1—=MT)P, (1 —mT)p < mTP Li=1%, Q2.7

2(p T4 P) <L, (2.8)
then Eq. (2.1) has a periodic solution in Pr(p,P,L).
Proof. For any @,y € Pr(p,P,L), by (2.7) and (2.8),
(A@)(1) + (By)(1)
+T 1
<m
r o (@1(s) 1 (@a(s))2 - (@als))
< MT(P+ p~ L)
<P

t+T
o ds—b—M/t y(s)ds
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(A9) (1) + (By)(1)

< t+T 1 4 t+T J
> IO ORI i S
> mT (p+ P~ Lim1%)

> p.

Without loss of generality, we assume t, > #1. By (2.8),

(A9)(12) — (A@) (1)

< 1
7 |€
T K1

eKs

ke [T
L eormor e

eK s

1 +T
_e—Kll S
L wormar e

eKs

1 +T
/n (@1(5)) 91 (@2(s))%2 - (@n(s))n

—Kt,  _—Kn

e ds

< ]
T 11 1€
et =1

eK s

L(%ﬁWW@@VLw%@Wn

e—Klz

+ ds

KT 1]

tH+T eKS d
+
/ (@1()) (92() @ (@uls))
< 2p72?:1a"|t2 —t1| (2.9)
and
|(BY) (1)~ (BY) (1)
] t2+T t1+T
< KT 1] }eiK’Z/ l,l/(s)ests—efK”/ l//(s)ests‘

[5) 51

1 +T
/ v(s)eKeds
il

tr+T

—Ktp _ —Kn

e

1
< ———|e
- |eKT—1|}
e—Klz

kT ]

/tl v(s)eKds + l//(s)ests’
th H+T
< 2P|t27t1| (2.10)
From (2.9), (2.10) and (2.8) we have
[((49)(w2) + (BY)(©2)) — ((4@) 1) + (BY)(n) )|

<2(p =% 4P|ty — 1y
< L|l‘2—tl‘.
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Positive periodic solutions for an iterative differential equation 7

This shows that (A@) (¢)+(By)(t) € Zr(p,P,L). By Lemma 2.4 and Lemma 2.5,
we see that all the conditions of Krasnoselskii’s theorem are satisfied on the set
Pr(p,P,L). Thus there exists a fixed point f in &7 (p,P,L), hence

f(t) = (Af)(1) + (Bf)(2)
1

t+T
:[ (f1())@ (fo(5))22 - (fuls))on
t+T
—I—/ t s a’s

G(t,s)ds

From Lemma 2.3, f is a T-periodic solution of equation (1.2). This completes the
proof. O

3 Uniqueness and example

In this section, we show that under a suitable condition equation (2.1) has a unique
solution. An example is also provided to illustrate that the assumptions of Theo-
rem 2.6 do not self-contradict.

Theorem 3.1 In addition to the assumption of Theorem 2.6, suppose that

n i—1

(1+p iy @it 1) ZZUW) 3.1)

i=1j=0

then (1.2) has a unique solution in P (p,P,L).

Proof. Define an operator H from &7 (p,P,L) into &1 by

(Hf)(t) = (Af)(1) + (BS)(1)

. t+T 1 G d
_/f (f1(s)) 1 (fa(s))%2 -~ (fuls)) ™ (t,5)ds
t+T
+ / G(t,s)ds, (3.2)
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8  Houyu Zhao

where G(t,s) is defined as in (2.2). Denote by @,y € P7r(p,P,L) two different
T -periodic solutions of (1.1). From Lemma 2.4 we have

()~ (o)
— |(Ho) (1)~ (Hw)(0)

- t+T |
| [eormor e
1
_ (w1 (5))1 (v ()% - - - (Y (s)) |G(z,s)|ds
t+T

[ 106) — ws)l16(0,5)lds

<t (145 e E T Lo o vl
Y

where I" = TM(I +p ELjatyn ):j;loLj|a,-|). Thus
lo—vll<Tlo—wvl.
By (3.1), we know I < 1 and the fixed point ¢ must be unique. O

Example 3.1 Now, we will show that the conditions in Theorem 2.6 do not self-
contradict. Consider the following equation:

2
o= YO a3

wherea; =1, ap =—-2, K=2,take T = %7p =1,P=5,L=15. A simple calcu-
lation yields

158 < M = Ll <159, 0.79 < MT <08 < 1,

0.58 <m= % <0.59, 0.29 <mT < 0.3.
and

MTp<08<1<(1—MT)P,
(1—mT)p<0.71 < 1.45 < mTP,

20p+P)<12<15=L,

then (2.7) and (2.8) are satisfied. By Theorem 2.6, equation (3.3) has a %—periodic
solution f such that 1 < f(t) <5, and |f(t2) — f(t1)| < 15|ta — 11, V11,0 €R.
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