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Complex line q-integrals and q-Green’s formula on the plane
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Aydin

Abstract In this study, we firstly present the line q-integral of a complex function f (z) on a piece-
wise smooth rectifiable curve γ in complex plane. After that, on a square set, we define the multiple
q-integral. At the end of this study, we prove the q-Green’s formula.
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1 Introduction

The q-derivative of a single variable real valued function F(x) is defined as

DqF(x) =
F(x)−F(qx)

(1−q)x
=

1
(1−q)x

(1−Mq)F(x) =: f (x),x 6= 0. (1.1)

Here MqF(x) = F(qx). Function F(x) is called the q-antiderivative of the func-
tion f (x).

In this study we will consider the parameter q as 0< q< 1.

Definition 1.1 If lim
n→∞

F(qnx) exists for all x ∈ [0,a], the function F(x) is called

q-regular at x = 0. If F(x) is continuous at x = 0, then

lim
n→∞

F(qnx) = F(0). (1.2)

If F(0) = 0, then q-antiderivative of f (x) can be written as,

F(x) =
1

1−Mq
[(1−q)x f (x)] = (1−q)

∞

∑
n=0

Mn
q [x f (x)]

= (1−q)x
∞

∑
n=0

qn f (qnx).
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Generally for x ∈ [0,a],
x∫

0

f (t)dqt = F(x)− lim
n→0

F(qnx). (1.3)

If x ∈ [0,a], then qx, ...,qnx ∈ [0,a] where a > 0. Let limx→0 F(x) = F(0) = 0.
The Jackson integral of f (x) is defined as

x∫

0

f (t)dqt = (1−q)x
∞

∑
n=0

qn f (xqn) = F(x) (1.4)

or
a∫

0

f (x)dqx = (1−q)a
∞

∑
n=0

qn f (aqn). (1.5)

More generally,
x∫

0

f (t)Dqg(t)dqt = (1−q)x
∞

∑
n=0

qn f (qnx)Dqg(qnx) (1.6)

or
x∫

0

f (t)dqg(t) =
∞

∑
n=0

f (qnx)[g(qnx)−g(qn+1x)] (1.7)

can be written, [6].

Definition 1.2 If the series in (1.5), in the definition of the Jackson integral, is
convergent, then f (x) is called q-integrable.

The further information about q-calculus can be found in [1], [3], [4] and [6].

Remark 1.1 If the function F(x) is not q-regular at x = 0, then the Jackson integral
may not be valid.

2 Complex q-integrals

Definition 2.1 Let D⊂C and λ ∈R be given. For every z ∈D if λ z ∈D holds, D
is called λ -geometrical set.

If D ⊂ C is a λ -geometrical set, then for every z ∈ D, the set D includes all the
sequences of the form (zλ n)∞.

Let D ⊂ C be a q-geometrical set including the origin, and f (z) be a complex
function on D. The complex q-derivative of f (z) is defined as

Dq f (z) :=
f (z)− f (qz)

(1−q)z
; z 6= 0 , |q|< 1 , z ∈ D−{0} (2.1)
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Dq f (0) := lim
n→∞

f (0)− f (qnz)
qnz

; z ∈ D−{0}, (2.2)

see [1].

Definition 2.2 Let D ⊂ C be a q-geometrical set which contains the origin and
f (z) be a complex function on D. If for every z ∈ D,

lim
n→∞

f (qnz) = f (0) (2.3)

holds, f (z) is called q-regular at z = 0.

Theorem 2.3 [1] Let D ⊂ C be a q-geometrical set that includes the origin and
f (z) be a function in D. Also, let f (z) be q-regular at the origin. Then the function

F(z) :=
z∫

0

f (t)dqt (2.4)

is q-regular at the origin. Also for every z ∈ D, DqF(z) = f (z) holds.

Conversely, for all z ∈ D, we have
z∫

0

Dq f (t)dqt = f (z)− f (0). (2.5)

Remark 2.1 If the function f (z) is not continuous at z = 0, then we have
z∫

0

Dq f (t)dqt = f (z)− lim
n→∞

f (qnz) (2.6)

or more generally, for a,b ∈ D⊆ C,

b∫

a

Dq f (t)dqt =
[

f (b)− lim
n→∞

f (qnb)
]
−
[

f (a)− lim
n→∞

f (qna)
]
. (2.7)

Lemma 2.4 Let the function h(x, t) be defined on the set [0,a]× [0,a] and, let
h(x, t) be q-integrable for all t ∈ [0,a]. Consider the function

f (x) :=
x∫

0

h(x, t)dqt. (2.8)

If h(x,qx) = 0, then

Dx
q

x∫

0

h(x, t)dqt =

x∫

0

Dx
qh(x, t)dqt. (2.9)
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Proof. By using the definition of the Jackson integral,

Dx
q

x∫

0

h(x, t)dqt = h(x,x)+
∞

∑
n=0

qn [h(qnx,x)−h(qnx,qx)] (2.10)

and

x∫

0

Dx
qh(x, t)dqt = h(x,x)−h(x,qx)+

∞

∑
n=0

qn [h(qnx,x)−h(qnx,qx)] . (2.11)

By comparing (2.10) and (2.11), the result can be seen. ut

On the complex plane C, let

γ : z(t) = x(t)+ iy(t), t ∈ [0,a] (a> 0)

be a curve which is piecewise smooth and rectifiable. Now, let us consider a func-
tion f (z(t)) = u(z(t))+ iv(z(t)), t ∈ [0,a], on the curve γ.

Definition 2.5 Let f (z) be given on a piecewise smooth, rectifiable curve γ ⊂C, or
indirectly, as a composite function f (z(t)) on I = [0,a]. It is said to be q-uniformly
continuous on the curve γ if for any given positive number ε , we can find a number
δ = δ (ε) such that | f (z(aqk))− f (z(aqk+1))|< ε for sufficiently large numbers k,
provided |z(aqk)− z(aqk+1)|< δ .

Lemma 2.6 Let γ : z(t) = x(t) + iy(t) be a continuous curve on C with t ∈ [0,a]
and f (z) = u(z) + iv(z) = u(z(t)) + iv(z(t)) be complex-valued function which is
q-uniformly continuous on the given curve γ. If x(t),y(t) have q-derivative and u,v
are q-integrable, then the Jackson integral of f (z) on γ is given by

∫

γ

f (z)dqz =

a∫

t=0

f (z(t))Dqz(t)dqt = (1−q)a
∞

∑
n=0

qn f (z(aqn))Dqz(aqn). (2.12)

Here the q-antiderivative of f (z) is q-regular at z = 0.
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Proof. Let γ : z(t) = x(t) + iy(t), for 0 ≤ t ≤ a, and f (z) = f (z(t)) = u(z(t)) +
iv(z(t)). Then

I =
∫

γ

f (z)dqz =

a∫

t=0

f (z(t))Dqz(t)dqt

=

a∫

0

[u(z(t))+ iv(z(t))][Dqx(t)+ iDqy(t)]dqt

=

a∫

0

u(z(t))Dqx(t)dqt + i
a∫

0

v(z(t))Dqx(t)dqt

+i
a∫

0

u(z(t))Dqy(t)dqt−
a∫

0

v(z(t))Dqy(t)dqt.

By calculating the real integrals and by using (1.5) we get

I =
∞

∑
n=0

[u(z(aqn))+ iv(z(aqn))][(x(aqn)− x(aqn+1)+ i(y(aqn)− y(aqn+1))]

=
∞

∑
n=0

f (z(aqn))[z(aqn)− z(aqn+1)]

= (1−q)a
∞

∑
n=0

qn f (z(aqn))Dqz(aqn).

The proof is complete. ut

If the series in (2.12) is convergent, then the complex function f (z) is called
q-integrable on the curve γ .

Lemma 2.7 If f (z) is q-integrable on the continuous curve γ , then

lim
q→1−

∫

γ

f (z)dqz =
∫

γ

f (z)dz. (2.13)

Proof. Let f (z) be defined on γ. Since of 1−q< δ , we get

|aqn−aqn+1|= |aqn||1−q|< |aqn|δ = aδqn < aδ := ε.

Since z(t) is continuous whenever |aqn−aqn+1|< ε holds, there is a sufficiently
small number ε1 such that |z(aqn)− z(aqn+1)|< ε1. By considering the definition
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of the Riemann integral, we get

∫

γ

f (z)dz = lim
n→∞

n

∑
k=0

f (z(t∗k ))[z(tk+1)− z(tk)] ,0< t1 < t2 < ... < tn < tn+1 < a

=
∞

∑
n=0

f (z(t∗n))[z(tn+1)− z(tn)] , tn < t∗n ≤ tn+1. (2.14)

On the other hand,

∫

γ

f (z)dqz =

a∫

0

f (z(t))Dqz(t)dqt =
∞

∑
n=0

f (z(aqn))[z(aqn)− z(aqn+1)]. (2.15)

Here, we notice that limq→1− [z(aqn)− z(aqn+1)] = 0.
From (2.14), t∗n → aqn, tn+1→ aqn and tn→ aqn+1 for q enough close to 1,

∫

γ

f (z)dz = lim
n→∞

n

∑
k=0

lim
q→1−

{
f (z(aqk))[z(aqk)− z(aqk+1)]

}

= lim
q→1−

∞

∑
k=0

f (z(aqk))[z(aqk)− z(aqk+1)]

= lim
q→1−

∫

γ

f (z)dqz

can be written. Here, the series is a numerical series which is convergent. So, the
limit and summation can be interchanged. ut

Example 2.1 If we use (2.12) for γ : z(t) = t2 + it, 0 ≤ t ≤ 2 and the function
f (z) = z for 0< q< 1, we get

∫

γ

zdqz =

2∫

t=0

(t2− it)Dqz(t)dqt =

2∫

0

(t2− it)[t(1 + q)+ i]dqt

= 4
(

4
1 + q2 −

2i
1 + q + q2 +

1
1 + q

)
.

Note that the result above is the same as the following classical integral result for
q→ 1−;

lim
q→1−

∫

γ

zdqz =
∫

γ

zdz = 10− 8i
3

.
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Complex line q-integrals and q-Green’s formula on the plane 7

Let’s assume that the rectifiable piecewise smooth curve

γ : z(t) = x(t)+ iy(t), 0≤ t ≤ a

is positively oriented. In that case, the initial point of γ is z(0) = z0 = x(0) + iy(0)
and the final point of γ is z(a) = za = x(a)+ iy(a).

Let f (z) be a q-integrable function on γ. Let γ̃ be γ with opposite direction of
γ , like classically. For the points aqn ∈ [0,a],n = 0,1,2, ... there correspond zn =
z(aqn) = x(aqn)+ iy(aqn), n = 0,1,2, .... Observe that zn are on γ̃ , too. In addition,
f (z(aqn)) values do not change at the partition {zn = z(aqn)} ,n = 0,1,2, ... points
on both γ and γ̃ . Hence, the line q-integral of f (z) on γ̃ is defined by

∫

γ̃

f (z)dqz := (q−1)a
∞

∑
n=0

qn f (z(aqn))Dqz(aqn) =−
∫

γ

f (z)dqz. (2.16)

Let us consider the points zn = x(aqn) + iy(aqn),n = 0,1,2, ... on the curve γ ,
and let `n := |z(aqn+1)− z(aqn)| for n = 0,1,2, .... By using the definition of the
Jackson integral, we can write

a∫

0

|Dqz(t)|dqt = (1−q)a
∞

∑
n=0

|z(aqn+1)− z(aqn)|
|aqn+1−aqn| qn

=
∞

∑
n=0
|zn+1− zn|

=
∞

∑
n=0

`n. (2.17)

For a rectifiable curve γ , the series in (2.17) is convergent. Let us now consider
the complex function f (z) = u(z) + iv(z) which is q-uniformly continuous and q-
regular at the origin on curve the γ . Here, for t ∈ [0,a],0 < q < 1, u = u(z(t)) =
u(x(t),y(t)) and v = v(z(t)) = v(x(t),y(t)) are functions and Dqx(t),Dqy(t) deriva-
tives are q-integrable on I = [0,a]. Moreover, u(z(t)) and v(z(t)) are q-uniformly
continuous because f (z(t)) is q-uniformly continuous. On the other hand, for
zk = z(aqk), we consider the following finite sums:

S(n)
1 =

n

∑
k=0

f (zk)`k, (2.18)

S(n)
2 =

n

∑
k=0

u(zk)∆qx(aqk), (2.19)

S(n)
3 =

n

∑
k=0

v(zk)∆qy(aqk). (2.20)
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Here ∆qx(aqk) := x(aqk)−x(aqk+1), ∆qy(aqk) := y(aqk)−y(aqk+1). These rep-
resentations are used for time scales in [2]. Also, let us consider the following
integrals

I1 =

a∫

0

f (z(t))|Dqz(t)|dqt, (2.21)

I2 =

a∫

0

u(z(t))Dqx(t)dqt, (2.22)

I3 =

a∫

0

v(z(t))Dqy(t)dqt. (2.23)

By using (2.22) and (2.23), if we add them, we get

I2 + I3 =

a∫

0

[u(x(t),y(t))Dqx(t)+ v(x(t),y(t))Dqy(t)]dqt (2.24)

: =
∫

γ

u(x,y)dqx + v(x,y)dqy.

Definition 2.8 (2.21) is called the first type line q-integral of f (z) and (2.24) is
called the second type line q-integral of the pair (u,v).

Since f(z) is q-uniformly continuous on γ , the number L1= supγ | f(z)| exists.
Also, ∑∞

k=0 `k= `q and the number `q ∈ (0,+∞) exists. Then, for every ε > 0 and
n ≥ n0(ε), for sufficiently large n, |∑∞

k=0 `k− `q| < ε
L1

. In this case, for any ε > 0
and for sufficiently large n, we get

|S(n)
1 − I1| =

∣∣∣∣∣
n

∑
k=0

f (z(aqk))− (1−q)a
∞

∑
k=0

qk f (z(aqk))

∣∣∣∣
z(aqk+1)− z(aqk)

(q−1)aqk

∣∣∣∣

∣∣∣∣∣

≤
∞

∑
k=n+1

| f (z(aqk))||z(aqk+1)− z(aqk)|

≤ L1

∞

∑
k=n+1

`k

= L1|`q− (`0 + `1 + ...+ `n)|
< L1

ε
L1

= ε.
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Then we get the following result:

lim
n→∞

S(n)
1 =

∞

∑
k=0

f (z(aqn))`k =

a∫

0

f (z(t))|Dqz(t)|dqt = I1. (2.25)

On the other hand, since u(z) is q-uniformly continuous on γ, there exists a
number L2 ∈ (0,+∞) such that

sup
γ
|u(z)|= sup

[0,a]

|u(z(t))|= L2. (2.26)

Hence, we can write

|I2−S(n)
2 | =

∣∣∣∣∣∣

a∫

0

u(z(t))Dqx(t)dqt−
n

∑
k=0

u(zk)∆qx(aqk)

∣∣∣∣∣∣

=

∣∣∣∣∣(1−q)a
∞

∑
k=0

qku(z(aqk))

[
x(aqk+1)− x(aqk))

(q−1)aqk

]

−
∞

∑
k=0

u(zk)[x(aqk)− x(aqk+1)]

∣∣∣∣∣

=

∣∣∣∣∣
∞

∑
k=n+1

u(z(aqk))
[
x(aqk)− x(aqk+1)

]∣∣∣∣∣

≤ L2

∞

∑
k=n+1

|x(aqk)− x(aqk+1)|

≤ L2

∞

∑
k=n+1

`k.

Since ∑∞
k=0 `k is convergent, ∑∞

k=0 |x(aqk)−x(aqk+1)| is also convergent. So, for
the remainder term of this series,

∞

∑
k=n+1

|x(aqk)− x(aqk+1)|< ε
L2
,

for some ε > 0. Thus, we have

|I2−S(n)
2 |< ε.

Therefore

lim
n→∞

S(n)
2 =

∞

∑
k=0

u(z(aqk))∆qx(aqk) =

a∫

0

u(z(t))Dqx(t)dqt = I2. (2.27)
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By using the same argument, it can be shown that

I3 = lim
n→∞

S(n)
3 =

∞

∑
k=0

v(z(aqk))∆qy(aqk) =

a∫

0

v(z(t))Dqy(t)dqt. (2.28)

On the other hand,

∫

γ

u(x,y)dqx =
∫

γ

u(z)dqx =

a∫

0

u(z(t))dqx(t) =

a∫

0

u(x(t),y(t))Dqx(t)dqt

= (1−q)a
∞

∑
n=0

qnu(x(aqn),y(aqn))
x(aqn+1)− x(aqn)

(q−1)aqn

=
∞

∑
n=0

u(z(aqn))∆qx(aqn) (2.29)

and by the similarly, we get

∫

γ

v(x,y)dqy =

a∫

0

v(x(t),y(t))dqy(t) =

a∫

0

v(x(t),y(t))Dqy(t)dqt

=
∞

∑
n=0

v(z(aqn))∆qy(aqn). (2.30)

From (2.29) and (2.30), we have
∫

γ

u(x,y)dqx + v(x,y)dqy =
∞

∑
n=0

[u(z(aqn))∆qx(aqn)+ v(z(aqn))∆qy(aqn)]. (2.31)

3 Multiple q-integrals

Let h(x,y) be a function given in D =
{

(x,y) ∈ R2 : 0≤ x≤ a,0≤ y≤ a
}

. For
(x,y) ∈ D , the multiple q-integral of h(x,y) with 0< q< 1 can be given by,

I =

x∫

0

y∫

0

h(s, t)dqtdqs = (1−q)2xy
∞

∑
n=0

∞

∑
k=0

qn+kh(qnx,qky). (3.1)

Now, let us investigate under which conditions the series (3.1) will be conver-
gent. For all (x,y) ∈D, if M ∈ (0,+∞) exists such that |h(x,y)| ≤M, integral (3.1)
always exists. However, even if h(x,y) is unbounded, integral (3.1) can exist as
well.

The following theorem is related to a function this situation:
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Theorem 3.1 Let h(x,y) be a function given in D={(x,y)∈R2 : 0 ≤ x ≤ a,0 ≤ y
≤ a}. Assume that for all (x,y) ∈ (0,a]× (0,a], 0 ≤ α < 1, 0 ≤ β < 1 there is a
positive M such that

xαyβ |h(x,y)|<M. (3.2)
Then, the series (3.1) is convergent for all (x,y) ∈ (0,a]× (0,a].

Proof. From (3.2), for x> 0, y> 0, we have

|h(x,y)|<Mx−αy−β . (3.3)

In (3.3), if we replace x with qnx and y with qky, we get

|h(qnx,qky)|<M(qnx)−α(qky)−β = Mq−nαx−αq−kβ y−β . (3.4)

Thus,
qn+k|h(qnx,qky)|<Mq(1−α)nq(1−β )kx−αy−β . (3.5)

For 0< q< 1 , we have 0< q1−α < 1,0< q1−β < 1. The geometric series
∞

∑
n=0

∞

∑
k=0

Mx−αy−β q(1−α)nq(1−β )k =
Mx−αy−β

(1−q1−α)(1−q1−β )
(3.6)

is pointwise convergent. Hence, for all (x,y) ∈ (0,a]× (0,a], we have

(1−q)2xy
∞

∑
n=0

∞

∑
k=0

qn+k|h(x,y)|< Mx1−αy1−β (1−q)2

(1−q1−α)(1−q1−β )
. (3.7)

Finally, the series in (3.1) is absolute convergent, therefore it is convergent. ut
Remark 3.1 The condition (3.2) is sufficient but not necessary for the conver-
gence of the series in (3.1).

Geometrically, the double integral

a∫

0

a∫

0

h(x,y)dqxdqy = (1−q)2a2
∞

∑
n=0

∞

∑
k=0

qn+kh(aqn,aqk) (3.8)

means the sum of the function values at right top corner of rectangles
Dn,k = {(x,y) ∈ R2 : aqn+1 ≤ x≤ aqn,aqk+1 ≤ y≤ aqk,0< q< 1},(n,k : 0,1, ...)
multiplied with the area of Dn,k. On the other hand, it is easy to see that

∞⋃

n,k=0

Dn,k = (0,a]× (0,a]. (3.9)

Remark 3.2 For all (x,y) ∈ D if we take h(x,y) = 1, then
a∫

0

a∫

0

dqxdqy = a2 = Area(D). (3.10)
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Also, by considering the geometric meaning of the multiple q-integral we can
see that

lim
q→1−

a∫

0

a∫

0

h(x,y)dqxdqy =

a∫

0

a∫

0

h(x,y)dxdy. (3.11)

Definition 3.2 Let h(x,y) be a function on a q-geometrical set
D =

{
(x,y) ∈ R2 : 0≤ x≤ a,0≤ y≤ a

}
with 0 < q < 1. For all (x,y) ∈ D and

x 6= 0,y 6= 0, if

lim
n→∞

h(qnx,y) = h(0,y) (3.12)

and

lim
k→∞

h(x,qky) = h(x,0) (3.13)

hold, then h(x,y) is called q-regular, respectively, on line segments
D1 =

{
(0,y) ∈ R2 : 0< y≤ a

}
and D2 =

{
(x,0) ∈ R2 : 0< x≤ a

}
.

Also, if

lim
n,k→∞

h(qnx,qky) := lim
n→∞

[ lim
k→∞

h(qnx,qky)] = lim
k→∞

[ lim
n→∞

h(qnx,qky)] = h(0,0),

(3.14)
then h(x,y) is called q-regular at the point (0,0).

Remark 3.3 If h(x,y) is not q-regular on D1 =
{

(0,y) ∈ R2 : 0< y≤ a
}

, D2 =

{(x, 0)∈R2 : 0< x≤ a} and at (0,0), the q-integral which is defined by (3.1) may
not be true. If h(x,y) is q-regular on D1,D2 and also at (0,0) and if it equals zero
at these points, then (3.1) is always true.

Remark 3.4 Let F(x,y) satisfy that Dx
qDy

qF(x,y) = h(x,y). In this case the suffi-
cient condition for

x∫

0

y∫

0

h(s, t)dqtdqs = F(x,y) (3.15)

is that F(x,y) be q-regular on D1 =
{

(0,y) ∈ R2 : 0< y≤ a
}

,
D2 =

{
(x,0) ∈ R2 : 0< x≤ a

}
and at (0,0), and F(x,y) be zero at these points.

Under these conditions, we have

x∫

0

y∫

0

h(s, t)dqtdqs = F(x,y) = (1−q)2xy
∞

∑
n=0

∞

∑
k=0

qn+kh(qnx,qky). (3.16)
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Example 3.1 Let F(x,y) =
q−1

(1 + q) lnq
x2 lny be. For x> 0, y> 0, it is clear that

Dx
qDy

qF(x,y) =
q−1

(1 + q)logq

[
Dx

qx2][Dy
qlogy

]

=
q−1

(1 + q)logq
1−q2

(1−q)
x

logq
(q−1)

1
y

=
x
y

= h(x,y).

So, by using (3.16), we get

x∫

0

y∫

0

s
t
dqtdqs =

q−1
(1 + q) lnq

x2 lny.

On the other hand, by considering the definition of the Jackson Integral, we get for
0< q< 1

x∫

0

y∫

0

s
t
dqtdqs =




x∫

0

dqt
t






y∫

0

sdqs




= (1−q)x
∞

∑
n=0

qn 1
qnx

(1−q)y
∞

∑
k=0

qkqky

= (1−q)2y2 1
1−q2

∞

∑
n=0

1 = +∞.

However, this is not true, because F(x,y) is not q- regular on D1.
If h(x,y) is q-integrable with respect to both x and y on D∗ = (0,a]× (0,a], we
have

x∫

0

y∫

0

h(s, t)dqtdqs =

y∫

0

x∫

0

h(s, t)dqsdqt. (3.17)

Now, let us define the function

F(x,y) =

x∫

0

y∫

0

h(s, t)dqtdqs. (3.18)

Now, we will find the conditions under which the following equality is true:

Dx
qDy

q

x∫

0

y∫

0

h(s, t)dqtdqs =

x∫

0

y∫

0

Ds
qDt

qh(s, t)dqtdqs. (3.19)

For x 6= 0 and y 6= 0 , we get
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Dx
qDy

qF(x,y) = Dx
qDy

q

x∫

0

y∫

0

h(s, t)dqtdqs

=
∞

∑
n=0

∞

∑
k=0

qn+k
[
h(qnx,qky)−qh(qnx,qk+1y)

−qh(qn+1x,qky)+ q2h(qn+1x,qk+1y)
]

= h(x,y), (3.20)

by simple calculations.
On the other hand, if we compute the right side of (3.19), we get

x∫

0

y∫

0

Dt
qh(s, t)dqtdqs =

x∫

0

y∫

0

h(s,qt)−h(s, t)
(q−1)t

dqtdqs

=

x∫

0

(1−q)y
∞

∑
k=0

qk
[

h(s,qk+1y)−h(s,qky)

(q−1)qky

]
dqs

=

x∫

0

∞

∑
k=0

[h(s,qky)−h(s,qk+1y)]dqs. (3.21)

Nextly, we see that

N

∑
k=0

[h(s,qky)−h(s,qk+1y)] = h(s,y)−h(s,qN+1y) (3.22)

lim
N→∞

N

∑
k=0

h(s,qky)−h(s,qk+1y) = h(s,y)−h(s,0). (3.23)

Therefore, we have

x∫

0

y∫

0

Dt
qh(s, t)dqtdqs =

x∫

0

∞

∑
k=0

[h(s,qky)−h(s,qk+1y)]dqs

=

x∫

0

[h(s,y)−h(s,0)]dqs

= (1−q)x
∞

∑
n=0

qn[h(qnx,y)−h(qnx,0)]. (3.24)
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Finally, we get

x∫

0

y∫

0

Ds
qDt

qh(s, t)dqtdqs =

x∫

0

Ds
q[h(s,y)−h(s,0)]dqs

= h(x,y)−h(x,0)−h(0,y)+ h(0,0).

So, we can give the following lemma:

Lemma 3.3 Let h(x,y) be q-regular on D1 =
{

(0,y) ∈ R2 : 0< y≤ a
}

,
D2 =

{
(x,0) ∈ R2 : 0< x≤ a

}
and at the point (0,0).

If h(0,y) = h(x,0) = h(0,0) = 0, then

Dx
qDy

q

x∫

0

y∫

0

h(s, t)dqtdqs =

x∫

0

y∫

0

Ds
qDt

qh(s, t)dqtdqs. (3.25)

Theorem 3.4 Let the real valued functions u(x,y),v(x,y) be given on set D =
[0,a]× [0,a] and let the functions u,v,Dx

qv,Dy
qu be q-integrable on D with respect

to both x and y. Then the q-Green’s formula
∫

∂D

u(x,y)dqx + v(x,y)dqy =
∫∫

D

[Dx
qv(x,y)−Dy

qu(x,y)]dqxdqy (3.26)

is valid. Here ∂D is oriented positively.

Proof. Let ∂D = γ1∪ γ2∪ γ3∪ γ4 be. Here, γ1 is following form that
γ1 : x = t,0≤ t ≤ a,y = 0,dqx(t) = dqt,dqy(t) = 0.
Then, if the left side of (3.26) is calculated on γ1,

∫

γ1

u(x,y)dqx + v(x,y)dqy =

a∫

0

u(t,0)dqt. (3.27)

By the same way,
γ2 : x = a,y = t, 0≤ t ≤ a, dqx(t) = 0, dqy(t) = dqt, and

∫

γ2

u(x,y)dqx + v(x,y)dqy =

a∫

0

v(a, t)dqt. (3.28)

On the other hand, the curve γ3 is the curve γ̃3 : x = t, y = a, 0≤ t ≤ a oriented
oppositely. Hence from (2.16) on γ̃3, dqy = 0 and dqx = dqt, we have

∫

γ3

u(x,y)dqx + v(x,y)dqy =−
∫

γ̃3

u(x,y)dqx + v(x,y)dqy =−
a∫

0

u(t,a)dqt. (3.29)
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By the same way, the curve γ4 is the curve γ̃4 : x = 0, y = t, 0 ≤ t ≤ a oriented
oppositely. Thus,

∫

γ4

u(x,y)dqx + v(x,y)dqy =−
∫

γ̃4

u(x,y)dqx + v(x,y)dqy =−
a∫

0

v(0, t)dqt. (3.30)

Hence we have,
∫

∂D

u(x,y)dqx + v(x,y)dqy =

a∫

0

[u(t,0)+ v(a, t)−u(t,a)− v(0, t)]dqt. (3.31)

On the other hand, from (3.24) we can write

∫∫

D

Dx
qv(x,y)dqxdqy =

a∫

0

a∫

0

Dx
qv(x,y)dqxdqy =

a∫

0

[v(a, t)− v(0, t)]dqt (3.32)

and
∫∫

D

Dy
qu(x,y)dqxdqy =

a∫

0

a∫

0

Dy
qu(x,y)dqxdqy =

a∫

0

[u(t,a)−u(t,0)]dqt. (3.33)

By using (3.32) and (3.33), we have

∫∫

D

[Dx
qv(x,y)−Dy

qu(x,y)]dqxdqy =

a∫

0

[v(a, t)− v(0, t)−u(t,a)+ u(t,0)]dqt.

(3.34)
If we compare (3.31) and (3.34), it is seen that the q-Green’s formula (3.26) holds.
ut
Remark 3.5 Let f (z) = f (x+ iy) = u(x,y)+ iv(x,y) be a complex valued function
in D. The partial q-derivatives of f (z) with respect to x and y are

Dx
q f (z) =

f (x + iy)− f (qx + iy)

(1−q)x
=

u(x,y)+ iv(x,y)−u(qx,y)− iv(qx,y)

(1−q)x
= Dx

qu + iDx
qv (3.35)

and

Dy
q f (z) =

f (x + iy)− f (x + iqy)

(1−q)iy
= −iDy

qu + Dy
qv. (3.36)

Then, the partial q-derivatives of f (z) with respect to z and z are

Dz
q f (z) =

1
2

[Dx
q f (z)− iDy

q f (z)] , (3.37)
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Dz
q f (z) =

1
2

[Dx
q f (z)+ Dy

q f (z)]. (3.38)

Hence, the complex partial q-derivative operators are given as;

Dz
q =

1
2

(Dx
q− iDy

q) (3.39)

Dz
q =

1
2

(Dx
q + iDy

q). (3.40)

Definition 3.5 [5] Let f (z) be a function in D. If Dz
q f (z) = 0 holds, then the func-

tion f (z) is called q-analytic in D.

Example 3.2 f (z) = x2−y2

1+q + ixy is a q-analytic function.

If f (z) = u(x,y) + iv(x,y) is a q-analytic function in D, from definition, the q-
Cauchy Riemann system for u,v is

Dx
qu(x,y) = Dy

qv(x,y) , Dy
qu(x,y) =−Dx

qv(x,y). (3.41)

From (3.41) and ∆q := ∆ x
q +∆ y

q ≡Dx
qDx

q +Dy
qDy

q, it can be seen that the q-Laplace
equations

∆qu = 0 , ∆qv = 0 (3.42)

are valid.

Theorem 3.6 Let D and ∂D be as in Theorem 3. If f (z) = f (x + iy) = u(x,y) +
iv(x,y) has the partial q-derivatives with respect to z and z, and these q-derivatives
are q-integrable, then

∫

∂D

f (z)dqz = 2i
∫∫

D

Dz
q f (z)dqxdqy, (3.43)

∫

∂D

f (z)dqz = −2i
∫∫

D

Dz
q f (z)dqxdqy. (3.44)

Proof. The proof of theorem is seen by directly calculations. ut
Definition 3.7 (3.43) and (3.44) are called the q-Gauss formulas in the complex
plane.

Remark 3.6 If the complex valued function f (z) is q-analytic in D = [0,a]× [0,a],
then for γ = ∂D, because of Dz f (z) = 0, and from (3.43) we have

∫

γ

f (z)dqz = 0. (3.45)

Proof. The proof is clear since Dz f (z) = 0, from (3.43). ut
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If f (z) and g(z), which are complex valued functions, satisfy the condition of
the Theorem 4, by using (3.43) and (3.44), we have

∫

γ

f (z)dqz + g(z)dqz = 2i
∫∫

D

[
Dz

q f (z)−Dz
qg(z)

]
dqxdqy. (3.46)

Remark 3.7 In [7], the partial q-derivatives of f (z) with respect to z and z, are
given as

Dz f =
1
2

[
Dx

q f (z)− iM1
q
Dy

q f (z)
]
, (3.47)

Dz f =
1
2

[
Dx

q f (z)+ iM1
q
Dy

q f (z)
]
. (3.48)

Here is My
q f (x,y) = f (x,qy). Moreover, the q-analyticity of f (z) is defined as

Dz f = 0. However, the Theorem 3 cannot be used, because, the operator M1
q

changes the definition set of f (z).

Remark 3.8 If the real valued function v(x,y) is q-harmonic, i.e. it satisfies
Dx

qDx
qv(x,y)+Dy

qDy
qv(x,y) = 0, then u(x,y), which is q-conjugate of v(x,y), can be

calculated for y 6= 0 by using

u(x,y) =
x
y

∞

∑
n=0

qn [v(qnx,y)− v(qnx,qy)]

− lim
n→∞

(1−q)y
qnx

∞

∑
k=0

qk
[
v(qnx,qky)− v(0,qky)

]
+ c (3.49)

where c is an arbitrary real constant.

Example 3.3 v(x,y) = ax + by + c,(a,b,c are real constants) is q-harmonic.
By using (3.49), the q-conjugate of v(x,y) can be found as u(x,y) = bx−ay + k,
where k is a real constant. Hence, f (z) = bx−ay + k + i(ax + by + c) is q-analytic,
in addition being an analytic function.

Example 3.4 v(x,y) = x(1− y) is q-harmonic. By using (3.49), the q-conjugate of

v(x,y) can be found as u(x,y) =
y2− x2

1 + q
− y + c.

Hence, f (z) =
y2− x2

1 + q
− y + c + ix(1− y) is q-analytic.

Remark 3.9 In this paper, we present examples of quadratic q-analytic functions
because we would like to compare the convergence value of the series in the Jack-
son Integral with the classical value. One can study convergence of the series in
the Jackson Integral for a broader class of q-analytic functions, however, it might
be difficult to find the convergence value.
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