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Lorentzian stationary surfaces and null curves in
4-dimensional space forms of index 2
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Abstract We discuss a property of the Gaussian curvature and the normal curvature of
Lorentzian stationary surfaces in 4-dimensional semi-Riemannian space forms of index 2,
which is related to a property of null curves via a characteristic initial value problem.
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1 Introduction

Recently, the geometry of Lorentzian surfaces in 4-dimensional semi-Rie-
mannian space forms of index 2 has been studied actively (cf. [1], [2], [4],
[5], [8], [12], [13], [16]). In this paper, we will study Lorentzian surfaces with
zero mean curvature vector in 4-dimensional space forms of index 2.

Let N (c) denote the n-dimensional semi-Riemannian space form of con-
stant curvature ¢ and index g. Namely, it is either the n-dimensional semi-
Euclidean space Ry of index ¢, the n-dimensional pseudo-sphere S,?(c)
of constant curvature ¢ > 0 and index ¢, or the n-dimensional pseudo-
hyperbolic space Hg'(c) of constant curvature ¢ < 0 and index ¢q. We shall
write N§'(¢) = N"(c). A surface in Ni*(c) is called Lorentzian if the induced
metric is Lorentzian. We say that a Lorentzian surface is stationary if it has
zero mean curvature vector.

For a minimal surface in N*(c) and a spacelike maximal surface in N4 (c),
the Gaussian curvature K and the normal curvature K, satisfy (K —c¢)? —
K2 > 0, where the equality holds at isotropic points. Those surfaces have
similar geometric properties on the rigidity, isometric deformations and cur-
vatures (cf. [14] and [10]). A related work can be seen also in [7].

For a Lorentzian stationary surface in Ni(c), the value (K — ¢)? — K2
also plays an important role, but its sign is not fixed. According to the
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2 Makoto Sakaki

sign of (K — ¢)? — K2, there are different situations on the rigidity and

isometric deformability (see [12]). So it should be important to investigate
the geometric meaning of the sign of (K — ¢)? — K2. In a previous paper
[13], we consider the case where ¢ = 0, and discuss the sign of K? — K2 for
Lorentzian stationary surfaces in R3, from the view point of the geometry
of null curves in R3. Here we will consider the case where ¢ # 0.

Let (, ) denote the inner product of the semi-Euclidean space Ry. When

¢ > 0, N#(c) is the pseudo-sphere S3(c) which is given as
S3(c) = {z € R3|(z,z) = 1/c}.

When ¢ < 0, Ny(c) is the pseudo-hyperbolic space Hj(c) which is given as
Hj(c) = {x € R}|(z,x) = 1/c}.

Let M be a Lorentzian surface in Ng(c) (¢ # 0), and f be the inclusion
map. Then f is an R3-valued map with (f, f) = 1/c when ¢ > 0, and f
is an R3-valued map with (f, f) = 1/c when ¢ < 0. There exists a local
coordinate system (u,v) on M such that the induced metric g satisfies

g =a(du® dv+ dv® du)

for some function a # 0 (cf. p.13 of [15], [6]). Then f, and f, are null, and
(fu, fo) = a # 0. Let H* be the mean curvature vector of M as a surface in
the ambient semi-Euclidean space R3(D Si(c)) or R3(D Hj(c)). Then we
have

. Juw
H* = .
(fus fo)
So M is stationary as a surface in Nj(c) if and only if
fuv = *C<fu7fv>f- (1.1)

Now we state the result as follows:

Theorem 1.1. Let M be a Lorentzian stationary surface in Ni(c) (c # 0),
and let f(u,v) be the inclusion map such that f,, and f, are null. Assume
that { fu, fo, fuus fou} are linearly independent. Then the Gaussian curvature
K and the normal curvature K, satisfy

K C27K3: <fuu7fuu><fvv7fvv>'
( ) <fu7 f’t}>4
So, under the condition of Theorem 1.1, the sign of (K — ¢)? — K2 is the

same as that of {fuu, fuu) {(fovs fm,> If { fus fv7 Suus fou} are hnearly dependent
a point p, then K, =0 and (K —¢)? — K2 = (K —¢)? >0 at p.

By [11] we can see the existence of Lorentzian stationary surfaces in Nj (c)
satisfying (K —¢)? — K2 = 0. Next we show the existence of Lorentzian sta-
tionary surfaces in N4 (c) such that (K — ¢)? — K2 is positive, or negative.
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Lorentzian stationary surfaces and null curves 3

Theorem 1.2. Let P(u) and Q(v) be null curves in Ni(c) (¢ # 0) which
),

satisfy P(0)=Q(0) and (P'(0),Q’(0)) #0. Suppose that { P'(0),Q’(0), P"(0),

Q"(0)} are linearly independent, and (P"(0), P"(0))(Q"(0),Q"(0)) >0 (resp.
< 0). Then there exists a Lorentzian stationary surface in Ny (c) whose inclu-
sion map f(u,v) satisfies f,, and f, are null, f(u,0) = P(u), f(0,v) = Q(v),

and (K —¢)? — K2 >0 (resp. <0) near (u,v) = (0,0).

In Section 2, we recall the method of moving frames and basic facts for
Lorentzian surfaces in N3 (c). In Section 3, we prove Theorems 1.1 and 1.2.
In Section 4, using Theorem 1.2, we give examples. In Section 5, we give a
remark on the right hand side of the equation in Theorem 1.1.

2 Preliminaries

We use the following convention on the ranges of indices:
1<AB, --<4, 1<ij,---<2 3<aqpB, - <4

Let {e4} be a local orthonormal frame field in N3 (c), and {w”} be the dual
coframe field, so that the metric g of N3(c) is given by
g:w1®w1 —w2®w2+w3®w3—w4®w4.

The connection forms w# are given by

dep = ngeA.
A

Then wjé = —EAEB(UE, where ¢ = e3 = 1 and e9 = ¢4 = —1. In other
words, wit = —wk if |A — B| is even, and wj = w¥ if |[A — B| is odd. The

structure equations are given by
—ngAwB, (2.1)

B
1
dwp = —Zwé/\wg+ §ZRABCDwCAwD, (2.2)
C C,.D

R%ep = cep(0608Dp — 6“pon0). (2.3)

Let M be a Lorentzian surface in N3(c). We choose the frame {e4} so
that {e;} are tangent to M. In the following the argument will be restricted
to M. Then w® = 0 on M, and by (2.1), we have

- E w AW
i
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So there exists a symmetric tensor {A{;} so that
J

where h% are the components of the second fundamental form A of M.

The Gaussian curvature K and the normal curvature K, of M are given
by
dwy = —Kw' Aw?,  dwl = —K,w' AW (2.5)
Then by (2.2), (2.3), (2.4) and (2.5), we have
K = ¢ — hi1h3y + (h15)” + hithas — (h12)?, (2.6)
and
K, = b hiy — hishiy — hishas + h3shis. (2.7)
The mean curvature vector H of M is given by
H = 3 (0 — e

«

We say that M is stationary if H = 0 on M. When M is stationary, by (2.6)
and (2.7), we have

K =c—(hi)? + (h},)* + (h11)? — (hi2)?, (2.8)
and

K, = 2(h‘i’1h‘f2 - h§2h%1)- (2~9)

3 Proof of Theorems

Proof of Theorem 1.1. Let M be a Lorentzian stationary surface in Ng(c)
(¢# 0), and let f(u,v) be the inclusion map such that f,, and f, are null.
Then the equation (1.1) is satisfied. We assume that {fu, fu, fuu, fov} are
linearly independent.

Set a = (fu, fv) # 0. Changing the parameter, we assume that a > 0. We
note that the Gaussian curvature K is intrinsically given by

1 1 aua
K = fg(loga)uv == (am, - l;v) : (3.1)
Since f,, and f, are null, and noting (1.1), we can see that

Ay, = <fuu>fv>, Ay = <fu>fvv>> (3'2)
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Lorentzian stationary surfaces and null curves 5

Ayy = <fuuv7 fv> + <fuu7 fvv> = <(_Caf)mfv> + <fuu7fvv>
= —ca® + <.fuuv fvv>' (33)

Set

(fu - fv) (34)

s~
S

€1 _\/127a(fu+fv)7 €y =

Then {e;,e2} is an orthonormal frame field on M of signature (4, —). Set

Ay

V= fuu - ;fua

which is nonzero, because {fu, fv, fuu, fov} are linearly independent. Using
(3.2), we see that

<V?f> = <‘/7 fu> = <V) fv> =0, <Va V> = <.fuu»fuu>

So V is a nonzero normal vector to M.
(i) We consider the case where (fuy, fuu) > 0. We can write (fuy, fuu) = 73
for some positive function r;. Then the vector

(fuu =22 12)

is a spacelike unit normal vector to M. Set

1 1
€3 = —V =—
1 1

Ay 1 9 Ay Oy
7f1) - (Ca + Qyy — €3,
a T a

W:fvv_

which is nonzero, because {fu, fv, fuu, fov} are linearly independent. Using
(3.2) and (3.3), we can see that

<I/va> = <Vvafu> = <I/V7fv> = <VV763> = 0.

So W is a nonzero normal vector which is orthogonal to e3. Since the normal
plane is 2-dimensional Minkowskian, W is a timelike vector.
By (3.1) we can rewrite W as follows:

2
Gy a
W = fv'u - ;fv + E(K - 0)63-

Then, by (3.1), (3.2) and (3.3),

a4

<VVa W> = <fvvafvv> - (K — 0)2 =: —T'% <0, (35)

2
51
for some positive function 75, and the vector

1 1 : 2
eg = —W=— (f'uv - %fv + &(K - 0)63>

2 2 T1

191



6  Makoto Sakaki

is a timelike unit normal vector which is orthogonal to es. So {es,e4} is a
normal orthonormal frame field to M of signature (4, —).
Using (3.1), (3.2), (3.3) and (3.5), we can compute that

a2

<fumeS> =T, <f’t}’U7€3> = _E(K - C)v (36)

<fuua €4> =0, <fvv7 €4> = —T2. (37)

We denote by D the flat connection of R when ¢ > 0, or R} when ¢ < 0.
Using (3.4), (1.1), (3.6) and (3.7), we have the components of the second
fundamental form h as follows:

1
h?l = <D€1elae3> = %<fuu +2fuw +fvv763>

1 a?
g (n -t a) =g

™

1
hzl))Z = <D€162763> = %(fuu - fU’U763>

:21a<r1+“2(1(c)>,

1
4 T2 4 4 2
hiy = —(De,e1,€4) = % hag,  hig = —(De,e2,64) = Tou
By (2.9), the normal curvature K, is given by
172

K, =32 (3.8)

a

By (3.5) and (3.8), we get

<fuua fuu)(f'uva fvv>
(fus f)*

(ii) Next we consider the case where (fyu, fuu) <0. We can write (fuu, fuu)
=—r? for some positive function r;. Then the vector

(fuu—212)

is a timelike unit normal vector to M. Set

)2 2 _ ﬁ _
(K C) KV - 0,4 <fvvafvv> -

1 1
€4 — —V =—
1 1

a 1 Ay
W:fvv_lfv+*<ca2+auv_ uv)e4
a ry a

a2

Gy
= fvv - *fv - *(K - 0)64.
a 1
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Lorentzian stationary surfaces and null curves 7

Then we can see that W is a nonzero normal vector which is orthogonal to
e4. So W is spacelike, and

4
<I/V7 W> = <fvva fvv> + %(K — 0)2 = 7"% > 0, (39)

for some positive function ry. Then the vector

1 1 Ay 2
e3=—W=— <fvv ——fo— 7(K - C)€4>
a T1

T2 T2

is a spacelike unit normal vector which is orthogonal to e4. So {e3,e4} is a
normal orthonormal frame field to M of signature (+, —).
Using (3.1), (3.2), (3.3) and (3.9), we can get

(l2

<fuu>e4> =T, <fvv,64> = _E(K - C),

(fuuses) =0,  (fun,e3) =ra.
Then, as in the case (i),

3 _ 13 _ 3 _ T2
h11*h22*%7 hiy = )

2
1 a? 1 a?
h‘fl—h§2—2(l(r1+ﬁ(K—c)), h%2—2a<7’1_(K_C)>>

and

By (3.9) and (3.10), we have
<fuu7fuu><fvv7fvv>
(fus fo)*

Remark. Changing the roles of u and v, we can show the theorem also in
the case where (fyp, fov) > 0 or (fuu, fou) <O.

N2 2 _ﬁ _
(K C) Kl/ - a4 <fvvafvv> -

(iii) We consider the case where both f,, and f,, are null at a point
p € M. Set

a a
lefuu_lfua NQZfUU_lf’U'
a a
Then Ny and Ny are null and linearly independent normal vector at p. So

(N7, N3) # 0 at p, because the normal plane is 2-dimensional Minkowskian.
By (3.1), (3.2) and (3.3), we have

Ay Gy

<N1,N2> = <fuu7fvv> - = *GQ(K — C).

a
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So K # ¢ at p. When K < ¢ at p, set

1 1
(N1 +N2) 6427(]\717]\[2).

eg = ——— )

° av/2(c — K) av/2(c — K)
When K > c at p, set

1 1

eg= (N, = No), =

’ a\/Q(K—c)< 1= Na) e av/2(K — ¢)
In each case, {e3,e4} is a normal orthonormal basis at p of signature (+, —).

Using (3.1), (3.2) and (3.3), we have at p,

<fuu7N1> :07 <fuu7N2> = (

— ),
<va7N1> = _a‘2(K - C)v <fvv;N2> =0.
So, when K < ¢ at p, we get

(Nl + Ng)

c— K
h1—h22— 5 h?QZ
c— K
héﬁ :h%QZO’ h12— 9

and
K,=c— K, (K-¢?-K2=0.
When K > ¢ at p, we get

K—c
h?l = th =0, h12 = 9
K—c
hl111 = h22 -V o h4112 =0,
and
K,=—(K—-c¢), (K—-¢?-K:=0.
Now, from (i), (i ) d (iii), we have proved Theorem 1.1.

Proof of Theorem 1.2. Let P(u) and Q(v) be null curves in Ng(c) (¢ # 0)
which satisfy P(0) = Q(0) and (P’(0),Q'(0)) # 0. By Theorem 2 of [3], there
exists a Lorentzian conformal stationary immersion F'(s,t) from a domain
containing (0,0) of R? into N4(c), which satisfies

<F87FS>:_<Ft7Ft>#07 <FS,F1‘/>:07
F(878) = P(8)7 F(Sv _S) = Q(S)
It is a kind of characteristic initial value problem. Set f(u,v) = F(u+v,u—
v), which gives a Lorentzian stationary surface M in Ni(c) such that f,
and f, are null, and f(u,0) = P(u), f(0,v) = Q(v).

Assume that {P’ (0),Q'(0), P"(0),Q"(0)} are linearly independent, and
(P"(0), P"(0))(Q"(0),Q"(0)) > 0 (resp. < 0). Then, using Theorem 1.1 for
the surface M, we have (K — ¢)? — K2 > 0 (resp. < 0) near (u,v) = (0,0).
Thus we have proved Theorem 1.2.
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Lorentzian stationary surfaces and null curves 9

4 Examples

Let RS be the 5-dimensional semi-Euclidean space of index 2 with standard
coordinate system (x1,x2, T3, z4,25) and signature (4, +, +, —, —). Then

53(1) = {(x1, 22, 3,24, 5) € Rg\x% + a:% + x% — mz — mg =1}

Example 4.1. Let P(u) be a null curve in Sj(1) given by
2 2
P(u) = <cos <u2) , sin <u2> , ucoshu, u, usinhu) .

P(0) = (1,0,0,0,0), P'(0)=(0,0,1,1,0), P"(0) =(0,1,0,0,2),
and (P”(0), P"(0)) = —3. Next, let Q(v) be a null curve in S3(1) given by
Q(v) = (2cosv — cos(V2v), V2sin v, 0, sin(v/2v), —v/2 cos v + V2 cos(v/20)).
Then
Q(O) = (17070?070)7 Q/(O) = (0’\/5707 \/5’0), Q"(O) = (0,0,0,0,—ﬁ),
and (Q"(0),Q"(0)) = 2.

We can see that P(0) = Q(0), (P'(0),Q'(0)) = —v/2 # 0,
{P’(0),Q’'(0), P"(0),Q"(0)} are linearly independent, and

(P"(0), P"(0)){Q"(0), Q"(0)) = 6 > 0.

So by Theorem 1.2, there exists a Lorentzian stationary surface in S3(1)
whose inclusion map f(u,v) satisfies f,, and f, are null, f(u,0) = P(u),
f(0,v) = Q(v), and (K —1)?2 — K2 > 0 near (u,v) = (0,0).

Then

Example 4.2. Let P(u) be a null curve in S5(1) given by

u? U2
P(u) = (cosh <2> , wcosu, usinu, u, sinh (2>> ,

which satisfies
P(O) = (170’ 07 0’ 0)7 Pl(o) = (07 1707 170)’ P//(O) = (07 07 27 07 1)7
and (P”(0), P”(0)) = 3. Let Q(v) be a null curve in S3(1) given by

v? v?
Qv) = (COS (2> , sin (2> , U, UCOSV, Usinv> ,
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which satisfies
Q(0) = (1,0,0,0,0), Q'(0)=(0,0,1,1,0), Q"(0)=(0,1,0,0,2),

and (Q"(0),Q"(0)) = —3.
We can see that P(0) = Q(0), (P'(0),Q’(0)) = -1 #0,
{P'(0),Q'(0), P"(0),Q"(0)} are linearly independent, and

(P"(0), P"(0))(Q"(0), Q"(0)) = =9 < 0.

By Theorem 1.2, there exists a Lorentzian stationary surface in S5 (1) whose
inclusion map f(u,v) satisfies f,, and f, are null, f(u,0) = P(u), f(0,v) =
Q(v), and (K —1)? — K2 < 0 near (u,v) = (0,0).

Let 0 : R} — Rj be the canonical anti-isometry from R3 to R3, which
naturally induces the anti-isometry from S3(1) to H3(—1) (cf. p.110 of [9]).
For the null curves P(u) and Q(v) in S3(1) in Example 4.1 or 4.2, consid-
ering null curves o(P(u)) and o(Q(v)) in Hj(—1), we can get Lorentzian
stationary surfaces in Hy(—1) such that (K + 1)? — K2 is positive, or neg-
ative.

5 A remark

Let f(u,v) be a Lorentzian surface in a semi-Euclidean space Rj with co-
ordinate system (u,v) such that f,, and f, are null. Then the value

<fuua fuu><fvva fU'U>
(fus fo)*

is an invariant, which is independent of the choice of such coordinate sys-
tems. So, some more general treatment will be possible. Furthermore, it
should be interesting to find and study higher order invariants for Lorentzian
surfaces in Ry.
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